
A boundary element technique for incremental,
non-linear elasticity

Part I: Formulation

M. Brun a, D. Capuani b, D. Bigoni a,*

a Dipartimento di Ingegneria Meccanica e Strutturale, Universit�aa di Trento, Via Mesiano 77, I-38050 Povo, Trento, Italy
b Dipartimento di Ingegneria, Universit�aa di Ferrara, Via Saragat 1, 44100 Ferrara, Italy

Received 19 November 2002; accepted 11 February 2003

Abstract

Incremental elastic deformations superimposed upon a given homogeneous strain are analyzed with a boundary

element technique. This is based on a recently-developed Green�s function for non-linear incremental elastic defor-

mations. Plane strain perturbations are considered of a broad class of incompressible material behaviours (including

hyper-, hypoelastic and Navier–Stokes constitutive equations) within the elliptic range. Numerical treatment of the

problem is detailed. A possibility of employing the method in the fully non-linear range is outlined, which yields a

boundary element approach where the use of domain integrals is avoided, at least in a conventional sense. The methods

for bifurcation and shear band analyses will be reported in Part II.

� 2003 Elsevier Science B.V. All rights reserved.

1. Introduction

The analysis of the response to perturbations of a pre-stressed, non-linear elastic solid is important in a

broad range of technological circumstances. For instance, pre-stress affects the design of Microelectro-

mechanical Systems [11], it is a concern in the behaviour of geological formations [38,39], biological tissues

[10,14], and various structural elements, including seismic insulators and rubber bearings [9,18].

Referring to plane strain deformations of incompressible materials, Biot [2] has shown that the incre-
mental elastic response is governed by two incremental moduli, functions of the current stretch. Biot�s
constitutive framework was assumed by Bigoni and Capuani [1] to obtain a Green�s function and a

boundary integral formulation for incremental deformations superimposed upon a given, homogeneous

strain. Both Green�s function and integral formulation provide the basis to build a boundary element
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technique for solving incremental problems of non-linear elasticity. This is the purpose of the article. In
particular, we formulate a general numerical scheme to handle generic boundary value problems with

prescribed nominal tractions and/or displacements. When restricted to perturbations of homogeneously

deformed, incompressible solids, our boundary elements technique retains all well-known advantages of the

small strain formulation. These are:

• discretization only of the boundary of the body;

• automatic satisfaction of the incompressibility constraint;

• possibility of describing singularities arising near corner points of the boundary;
• possibility of employing meshes thoroughly varying in size throughout the body.

Several attempts can be found in the literature to analyze non-linear problems using boundary elements

techniques. In some cases the non-linearities were related to the material [4,5,20,34,41], in other cases to

large elastic [24,31,35] or elastoplastic [6–8,12,17,28–30] strains. In all cases, in addition to the usual

boundary integrals, a domain integral is introduced, leading to the so-called �field-boundary element

method�. The introduction of this term nullifies a main advantage of BEM and originates from the dis-

crepancy between the non-linear character of the equations governing the problem and the employed
fundamental solution (usually referring to linear, isotropic elasticity). In the present paper, the focus is on

incrementally-linear problems, so that domain integrals do not appear in the formulation that will be

presented. However, we believe that the solution of incrementally linear problems should be regarded as

the first step toward the analysis of fully non-linear situations and, in particular, we anticipate with a

simple example that when employed as a tool to analyze large (thus non-linear) deformations, our incre-

mental method naturally leads to a volume discretization different––in essence––from all those already

known.

The paper is organized as follows: the incremental constitutive framework––which includes hyper- and
hypoelasticity and the equations governing Stokes flow of fluids––is presented in Section 2 for plane strain,

whereas the fundamental solution and boundary integral equations are summarized in Section 3. The

boundary element formulation is presented in Section 4 and the discretization detailed in subsequent

Section 5. A numerical example is given in Section 6, which offers the simplest context to illustrate the

capability of the method to computationally follow a non-linear path of deformation. Systematic investi-

gations of bifurcation and shear band phenomena in two-dimensional elastic materials will be reported in

Part II.

2. Incremental constitutive equations

The general expression given by Biot [2] for rate constitutive equations of an incompressible material

incrementally deformed in plane strain are obtained here with reference to a broad class of material be-

haviours.

2.1. Elasticity

The relation between the Cauchy stress r and the left Cauchy–Green strain tensor B ¼ FFT, with F

denoting the deformation gradient, for a Cauchy-elastic, incompressible and isotropic solid can be written

as [40]

r ¼ �qI þ b0B þ b1B
�1; ð1Þ

where q is a parameter connected to the hydrostatic pressure p̂p ¼ trr=3 through
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q ¼ �p̂p þ b0I1 þ 1
2
b1 I21
�

� I2
�
; I1 ¼ trB; I2 ¼ trB2; ð2Þ

and b0 and b1 are generic functions of two invariants of B

b0 ¼ b0ðI1; I2Þ; b1 ¼ b1ðI1; I2Þ: ð3Þ

The two particular cases of Mooney–Rivlin and neo-Hookean materials are recovered when b0 and b1 are
taken constant and, in addition, when b1 ¼ 0 in the latter case.

Constitutive equation (1) corresponds to Cauchy elasticity, so that it describes a class of behaviours

broader than hyperelasticity. The requirement of existence of an elastic potential influences the dependence

of coefficients b0 and b1 on the invariants of B. To develop this point, let us consider that the constitutive

equation (1) implies coaxiality of tensors B and r, so that these share (at least) one principal reference

system––the Eulerian principal axes––where

diagB ¼ ðk2
1; k

2
2; k

2
3Þ; diagr ¼ ðr1; r2; r3Þ; ð4Þ

in which ki > 0, i ¼ 1, 2, 3 are the principal stretches, satisfying the incompressibility constraint

k1k2k3 ¼ 1: ð5Þ

Expressing Eq. (1) in the Eulerian principal reference system and solving for b0 and b1 yields

b0 ¼
1

k2
1 � k2

2

ðr1 � r3Þk2
1

k2
1 � k2

3

"
� ðr2 � r3Þk2

2

k2
2 � k2

3

#
;

b1 ¼
1

k2
1 � k2

2

r1 � r3

k2
1 � k2

3

 
� r2 � r3

k2
2 � k2

3

!
;

ð6Þ

two equations that can be alternatively expressed employing every permutation of 1, 2 and 3 as indices. It is

clear from the expression (6) that existence of an elastic potential restricts the functional dependence of

coefficients bi on the stretch. In particular, the standard definition of elastic potential W ¼ W ðk1; k2; k3Þ for
incompressible materials is [27]

ri � rj ¼ ki
oW
oki

� kj
oW
okj

; i 6¼ j ¼ 1; 2; 3; not summed; ð7Þ

which can be immediately employed into Eq. (6).

Taking the material derivative of (1) yields

_rr ¼ � _qqI þ b0
_BB þ b1ðB�1Þ� þ _bb0B þ _bb1B

�1; ð8Þ

where

_BB ¼ DB þ BD þ WB � BW; ð9Þ
and

ðB�1Þ� ¼ �B�1D � DB�1 � B�1W þ WB�1; ð10Þ
in which D is the Eulerian strain rate and W the spin tensor. Keeping into account now Eq. (1) and the
definition of Jaumann derivative

r
r ¼ _rr � Wr þ rW; ð11Þ
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the constitutive equation (1) becomes

r
r þ _qqI ¼ b0ðDB þ BDÞ � b1ðB�1D þ DB�1Þ þ _bb0B þ _bb1B

�1: ð12Þ

Noting that

_bbi ¼
obi

oI1
tr _BB þ 2

obi

oI2
B � _BB; ð13Þ

where bi ¼ biðI1; I2Þ, with i ¼ 0; 1 and

tr _BB ¼ 2B � D; B � _BB ¼ 2B2 � D; ð14Þ

or

_̂bb̂bbi ¼
ob̂bi

ok1

_kk1 þ
ob̂bi

ok2

_kk2; ð15Þ

where b̂bi ¼ b̂biðk1; k2Þ with i ¼ 0; 1 are the coefficients b0 and b1 expressed as functions of the principal

stretches, we arrive at

r
r þ _qqI ¼ b0ðDB þ BDÞ � b1ðB�1D þ DB�1Þ þ 2 B � D ob0

oI1

�
þ 2B2 � D ob0

oI2

�
B

þ 2 B � D ob1

oI1

�
þ 2B2 � D ob1

oI2

�
B�1; ð16Þ

which is equivalent to

r
r þ _qqI ¼ b0ðDB þ BDÞ � b1ðB�1D þ DB�1Þ þ ob̂b0

ok1

_kk1

 
þ ob̂b0

ok2

_kk2

!
B þ ob̂b1

ok1

_kk1

 
þ ob̂b1

ok2

_kk2

!
B�1: ð17Þ

The incremental constitutive equation in the form (16) or (17) is valid for three-dimensional, incompressible

Cauchy elasticity.

We are interested here in the particularization of (16) to incremental plane strain deformations super-

imposed on a generic state of homogeneous deformation. In the Eulerian principal reference system

diagB ¼ k2
1; k

2
2;

1

k2
1k

2
2

 !
; Di3 ¼ D3i ¼ 0; i ¼ 1; 2; 3; ð18Þ

so that the out-of-plane stress rate components can be determined as

r
r
3i ¼ r

r
i3 ¼ 0; i ¼ 1; 2 ð19Þ

and

r
r
33 ¼ � _qqþ ðk2

1 � k2
2Þ

1

k2
1k

2
2

ob0

oI1

	(
þ 2ðk2

1 þ k2
2Þ
ob0

oI2

�
þ k2

1k
2
2

ob1

oI1

	
þ 2ðk2

1 þ k2
2Þ
ob1

oI2

�)
ðD11 � D22Þ; ð20Þ

or

r
r
33 ¼ � _qqþ 1

k2
1k

2
2

k1

ob̂b0

ok1

 "
� k2

ob̂b0

ok2

!
þ k2

1k
2
2 k1

ob̂b1

ok1

 
� k2

ob̂b1

ok2

!#
ðD11 � D22Þ

2
: ð21Þ
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Finally, the in-plane rate components can be expressed in the Biot [2] form as

r
r
12 ¼ 2lD12;

r
r
11 � r

r
22 ¼ 2l	ðD11 � D22Þ;

D11 þ D22 ¼ 0;

8><>: ð22Þ

where l and l	 are two incremental moduli corresponding respectively to shearing parallel to, and at 45� to,
the Eulerian principal axes. These can be expressed as functions of the invariants of B

l ¼ k2
1 þ k2

2

2
b0

 
� b1

k2
1k

2
2

!
;

l	 ¼
k2
1 þ k2

2

2
b0 þ

ðk2
1 � k2

2Þ
2

2

ob0

oI1

	
þ 2ðk2

1 þ k2
2Þ
ob0

oI2

�
� 1

k2
1k

2
2

k2
1 þ k2

2

2
b1

(
þ ðk2

1 � k2
2Þ

2

2

ob1

oI1

	
þ 2ðk2

1 þ k2
2Þ
ob1

oI2

�)
;

ð23Þ

or as functions of the principal stretches

l ¼ k2
1 þ k2

2

2
b̂b0

 
� b̂b1

k2
1k

2
2

!
;

l	 ¼
k2
1 þ k2

2

2
b̂b0 þ

k2
1 � k2

2

4
k1

ob̂b0

ok1

 
� k2

ob̂b0

ok2

!

� 1

k2
1k

2
2

k2
1 þ k2

2

2
b̂b1

"
þ k2

1 � k2
2

4
k1

ob̂b1

ok1

 
� k2

ob̂b1

ok2

!#
:

ð24Þ

An alternative expression for the two incremental moduli l and l	, related to the existence of a strain-

energy function, was given by Biot [2] (see Appendix A) in the form

l ¼ 1

2

k2
1 þ k2

2

k2
1 � k2

2

ðr1 � r2Þ;

l	 ¼
1

4
k1

oW
ok1

 
þ k2

oW
ok2

þ k2
1

o2W

ok2
1

þ k2
2

o2W

ok2
2

� 2k1k2

o2W
ok1ok2

!
:

ð25Þ

As it will become clear later, constitutive relations of the form (22) with generic coefficients l and l	
embrace a much broader class of material behaviours than Cauchy, isotropic elasticity.

2.1.1. Mooney–Rivlin material

A simple explicit form of strain-energy functions for isotropic rubber-like elastic media was proposed by

Mooney [22] in the form

W ðI1; I2Þ ¼
l1

2
ðI1 � 3Þ � l2

4
ðI21 � I2 � 6Þ; ð26Þ

or

bWW ðk1; k2Þ ¼
l1

2
ðk2

1 þ k2
2 þ k�2

1 k�2
2 � 3Þ � l2

2
ðk�2

1 þ k�2
2 þ k2

1k
2
2 � 3Þ; ð27Þ
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where l1 and l2 are material parameters and l0 ¼ l1 � l2 represents the shear modulus in the original

unstressed state.

In this case, with reference to the representation (1), we simply obtain:

b0 ¼ l1; b1 ¼ l2;

l ¼ l	 ¼
1

2
ðk2

1 þ k2
2Þ l1

 
� l2

k2
1k

2
2

!
ð28Þ

and

r
r
33 ¼ � _qq: ð29Þ

2.1.2. Ogden material

The following class of strain-energy functions was proposed by [25] to fit experimental results on rubber:

bWW ðk1; k2Þ ¼
XN
i¼1

li

ai
kai
1

�
þ kai

2 þ ðk1k2Þ�ai � 3
�
; ð30Þ

where li and ai are material parameters, subjected to the constraints:

2l0 ¼
XN
i¼1

liai; with liai > 0; i ¼ 1; . . . ;N ; ð31Þ

in which, N is a positive integer determining the number of terms in the strain-energy function, li are
constant shear moduli and ai are dimensionless parameters, with i ¼ 1; . . . ;N . In particular, Mooney–

Rivlin material can be recovered as a particular case taking N ¼ 2, a1 ¼ 2 and a2 ¼ �2.

An excellent correlation with experimental data relative to simple-tension, equibiaxial tension and pure

shear of vulcanised rubber is obtained employing the values [25,36,37]:

a1 ¼ 1:3 l1 ¼ 6:3
 105 N=m2;
a2 ¼ 5:0 l2 ¼ 0:012
 105 N=m2;
a3 ¼ �2:0 l3 ¼ 0:1
 105 N=m2;

8<: ð32Þ

yielding l0 ¼ 4:225
 105 N/m2.

Coefficients in the representations (16) and (22) can be obtained from Eq. (30) in the form:

b̂b0 ¼
1

k2
1 � k2

2

XN
i¼1

li
kai
1 � ðk1k2Þ�ai

k2
1 � ðk1k2Þ�2

k2
1

"
� kai

2 � ðk1k2Þ�ai

k2
2 � ðk1k2Þ�2

k2
2

#
;

b̂b1 ¼
1

k2
1 � k2

2

XN
i¼1

li
kai
1 � ðk1k2Þ�ai

k2
1 � ðk1k2Þ�2

"
� kai

2 � ðk1k2Þ�ai

k2
2 � ðk1k2Þ�2

# ð33Þ

and

l ¼ 1

2

k2
1 þ k2

2

k2
1 � k2

2

XN
i¼1

liðkai
1 � kai

2 Þ;

l	 ¼
1

4

XN
i¼1

ailiðkai
1 þ kai

2 Þ:
ð34Þ

The component r
r
33 is given in Appendix B.
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2.2. Hypoelasticity and the loading branch of elastoplastic constitutive laws

We consider a general incremental constitutive equation relating the Jaumann derivative of the Cauchy

stress tensor to the Eulerian strain rate D through a generic tensor T 2 Sym in the form

r
r ¼ � _qqI þ c1D þ ðc2T � D þ c3T

2 � DÞI þ ðc4T � D þ c5T
2 � DÞT

þ ðc6T � D þ c7T
2 � DÞT2 þ c8ðDT þ TDÞ þ c9ðDT2 þ T2DÞ; ð35Þ

where coefficients ci, i ¼ 1; . . . ; 9 are polynomial functions of the invariants of T. In the particular case in

which T is identified with the Cauchy stress r, the constitutive equation (35) describes an incompressible,

hypoelastic material [40]. However, even if T does not represent the Cauchy stress and the coefficients ci,
i ¼ 1; . . . ; 9, remain completely unspecified (but independent of D), in a principal reference system of T and

for plane, incremental deformation, we get

r
r
i3 ¼ r

r
3i ¼ 0; i ¼ 1; 2;

r
r
33 ¼ � _qqþ ðT1 � T2Þ½c2 þ c4T3 þ c6T

2
3 þ ðT1 þ T2Þðc3 þ c5T3 þ c7T

2
3 Þ
D11;

ð36Þ

where Ti with i ¼ 1; 2; 3 denote the principal values of T and r
r
12, r

r
21 and r

r
11 � r

r
22 can be expressed in the

form (22), with

l ¼ c1 þ c8ðT1 þ T2Þ þ c9ðT 2
1 þ T 2

2 Þ
2

;

l	 ¼
1

2
fc1 þ ðT1 � T2Þ2½c4 þ ðT1 þ T2Þðc5 þ c6Þ þ ðT1 þ T2Þ2c7


þ ðT1 þ T2Þc8 þ ðT 2
1 þ T 2

2 Þc9g:

ð37Þ

2.2.1. J2-deformation theory of plasticity: hyperelastic and hypoelastic approaches

A J2-deformation theory of plasticity was proposed by Hutchinson and Neale [15] (see also [16,23]) in

the framework of hyperelasticity, to model metals subject to proportional loading. With reference to

the representation (1), the constitutive-law in the J2-deformation theory of plasticity can be expressed as

ri ¼
2

3
Es�i þ p̂p; i ¼ 1; 2; 3; �1 þ �2 þ �3 ¼ 0; ð38Þ

where �i ¼ log ki are the logarithmic strains and p̂p ¼ trr=3. In the same equation Es is the secant modulus to

the curve representing the effective stress rE versus effective strain �E

�E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
ð�21 þ �22 þ �23Þ

r
; rE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
ðS2

1 þ S2
2 þ S2

3Þ
r

; ð39Þ

where Si are the principal components of deviatoric stress. The curve is assumed to be determined by

Es ¼ K�N�1
E ; ð40Þ

where N 2 
0; 1
 is an hardening exponent, K is a positive constitutive parameter. The strain-energy function

results therefore to be

W � ¼ K
N þ 1

�Nþ1
E : ð41Þ
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The above framework corresponds to the following choice of parameters q, b0 and b1 (see (1) and (38)):

q ¼ �p̂p þ 2

3
Es

ðk4
2 � k�2

2 Þðk2
1 þ k2

3Þ�1 � ðk4
1 � k�2

1 Þðk2
2 þ k2

3Þ�2
ðk2

1 � k2
2Þðk

2
1 � k2

3Þðk
2
2 � k2

3Þ
;

b0 ¼
2

3
Es

1

k2
1 � k2

2

ð�1 � �3Þk2
1

k2
1 � k2

3

"
� ð�2 � �3Þk2

2

k2
2 � k2

3

#
;

b1 ¼
2

3
Es

1

k2
1 � k2

2

�1 � �3

k2
1 � k2

3

 
� �2 � �3

k2
2 � k2

3

! ð42Þ

and to the incremental shear moduli:

l ¼ 1

3
Esð�1 � �2Þ cothð�1 � �2Þ;

l	 ¼
1

9

Es

�2E
½3ð�1 þ �2Þ2 þ Nð�1 � �2Þ2
:

ð43Þ

The out-of-plane stress increment is given by

r
r
33 ¼ _̂pp̂pp: ð44Þ

Differently from Hutchinson and Neale [15], St€ooren and Rice [33] present the following hypoelastic law

(their Eq. (26)) to model elastoplastic materials subject to proportional loading:

S
r
¼ 2h1D � 1� N

N
S � rr

S � SS; ð45Þ

where S ¼ r � Itrr=3, is the deviatoric stress, N is a work-hardening exponent and h1 is the secant modulus

on the shear stress–strain curve. Eq. (45) can be written as

r
r ¼ _̂pp̂ppI þ 2h1 D

	
� ð1� NÞS � D

S � S S

�
; ð46Þ

where _̂pp̂pp ¼ tr _rr=3, which is, evidently, a particular case of (35) and can therefore be cast in the form (22).

2.2.2. The loading branch of non-associative, elastoplastic law

A generic constitutive equation for an incompressible isotropic-elastic, plastic material depending on a

generic collection of state variables K can be written in the form

r
r � _̂pp̂ppI ¼ 2lD � 4l2

H hQ � DiP if f ðr;KÞ ¼ 0;
2lD if f ðr;KÞ < 0;

�
ð47Þ

where f is the yield function, Q 2 Sym is the yield function gradient and P 2 Sym the plastic potential

gradient. The Macaulay brackets h�i apply to every scalar a in such a way that hai ¼ ða þ jajÞ=2 and in-

troduce the incremental non-linearity, typical of plasticity. The scalar H > 0 is the plastic modulus, related

to the hardening modulus h through

H ¼ hþ he with he ¼ 2lQ � P: ð48Þ
Finally, tensors D, P and Q are subject to the incompressibility constraints

trD ¼ 0; trP ¼ 0; trQ ¼ 0; ð49Þ

so that _̂pp̂pp ¼ trr
r
=3.

Restricting the constitutive equation (47) to its loading branch is synonymous of assuming f ðr;KÞ ¼ 0

and eliminating the incremental non-linearity, thus obtaining

2468 M. Brun et al. / Comput. Methods Appl. Mech. Engrg. 192 (2003) 2461–2479



r
r ¼ _̂pp̂ppI þ 2lD � 4l2

H
ðQ � DÞP: ð50Þ

Let us assume now that P and Q are coaxial (and not necessarily coaxial with the Cauchy stress). In the

principal reference system of P and Q and for plane incremental deformations, Eq. (50) can be cast in the

form (22) with

l	 ¼ l � l2

H
ðQ1 � Q2ÞðP1 � P2Þ: ð51Þ

The constitutive fourth-order tensor in (50) contains the non-symmetric term P � Q, where Q 6¼ P

corresponds to the so-called non-associative elastoplasticity. However, due to the incompressibility and

plane strain constraints and without altering the material response, we can add a term

P � Q þ A � ðI � 3e3 � e3Þ; ð52Þ
where A is a symmetric tensor coaxial to P and Q and e3 is the unit vector singling the out-of-plane di-

rection. Now, the choice

diagA ¼ fP2Q1 � P1Q2 þ a; a;�P2Q1 þ P1Q2 � 2ag; ð53Þ
taken in the principal reference system of P and Q, symmetrizes the constitutive operator for every a 2 R,

so that non-associativity does not yield an unsymmetric tangent constitutive operator for incompressible,

isotropic-elastic, plane-strain plasticity with coaxial yield function and plastic potential gradients.

2.3. Newtonian fluids

The constitutive equation describing a Newtonian, incompressible fluid takes the form

r ¼ p̂pI þ 2lD; ð54Þ
where the Cauchy stress is related to the Eulerian strain rate through the viscous coefficient l and the

pressure in the fluid p̂p ¼ trr=3. Clearly Eq. (54) has a structure identical to a very particular case of (35), so

that, for plane strain

ri3 ¼ 0; i ¼ 1; 2; r33 ¼
r11 þ r22

2
;

r11 � r22 ¼ 2lðD11 � D22Þ; r12 ¼ lD12;
ð55Þ

a form akin to (22). Therefore, keeping into account that we will address the problem of quasi-static de-

formations, our framework can be immediately employed to describe––mutatis mutandis––two-dimensional

Stokes flow. As a consequence, several results presented in the following reduce to findings by Ladyz-

henskaya [19] as particular cases.

2.4. The general form of constitutive equations for plane, incompressible, incremental deformations

We have shown in the section above that a very broad class of incremental material behaviours––in-
cluding Cauchy elasticity, hyperelasticity, hypoelasticity, the loading branch of coaxial elastoplasticity, and

Newtonian fluids––can be described by constitutive equation (22).

It is expedient now to transform the constitutive equation (22) in terms of material derivative of the

nominal stress tensor t. In particular, a Lagrangean formulation of field equations is employed in the

following, with the current state taken as reference. As a consequence, constitutive equations (22) become

_ttij ¼ Kijklvl;k þ _ppdij ¼ eKKijklvl;k þ _ppdij; vi;i ¼ 0; ð56Þ
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where vi is the velocity, dij the Kronecker delta and

_pp ¼ _rr1 þ _rr2

2
; _pp ¼

_tt11 þ _tt22
2

¼ _pp � r1 � r2

2
v1;1: ð57Þ

Both _pp and _pp measure the in plane hydrostatic stress rate (positive in tension) as related respectively to
Cauchy and to nominal stresses. Tensor Kijkl represents the instantaneous moduli, possessing the major

symmetry Kijkl ¼ Kklij and having the form [13]

K1111 ¼ l	 �
r
2
� p; K1122 ¼ �l	; K1112 ¼ K1121 ¼ 0;

K2211 ¼ �l	; K2222 ¼ l	 þ
r
2
� p; K2212 ¼ K2221 ¼ 0;

K1212 ¼ l þ r
2
; K1221 ¼ K2112 ¼ l � p; K2121 ¼ l � r

2
;

ð58Þ

with

r ¼ r1 � r2; p ¼ r1 þ r2

2
: ð59Þ

Note that in Eq. (56) eKKijkl differs from Kijkl only in the following components:eKK1111 ¼ eKK2222 ¼ l	 � p; ð60Þ

so that eKKijkl also possesses the major symmetry. Only the forms (58) and (60) of the constitutive equation

(22) will be needed in the following.

The formulation in the present paper is restricted to the elliptic range (E), where the characteristic

equation associated to the equilibrium equations governing perturbations superimposed upon a given

homogeneous strain does not admit real solutions. In particular, the elliptic range corresponds to negative

or complex coefficients c1 and c2, functions of the material properties and state of pre-stress as follows:

c1
c2

�
¼

1� 2
l	
l
�

ffiffiffiffi
D

p

1þ k
; ð61Þ

where

D ¼ k2 � 4
l	
l
þ 4

l	
l

� �2

: ð62Þ

Employing Eq. (25)1, parameter k appearing in Eqs. (61) and (62) can be written as

k ¼ r
2l

¼ k2
1 � k2

2

k2
1 þ k2

2

; ð63Þ

and it represents a normalized measure of the pre-stress or––more precisely––a measure of the current state

of stretch.

The elliptic range may be further sub-divided into elliptic-imaginary (EI) and elliptic-complex (EC)

regimes. These are defined as follows:

• D > 0, so that c1 and c2 are both negative in (EI),

• D < 0, so that c1 and c2 are a conjugate pair in (EC).

It may be important to remark that shear bands, corresponding to the appearance of discontinuous strain

rates, are formally excluded within the elliptic range, i.e. in the context analyzed here. However, as shown

2470 M. Brun et al. / Comput. Methods Appl. Mech. Engrg. 192 (2003) 2461–2479



by Bigoni and Capuani [1] and Radi et al. [32], formation of zones of concentrated strains in response to a

perturbation becomes possible when the boundary of the elliptic regime is approached. This will be also

demonstrated with numerical examples referring to van Hove conditions in Part II.

The boundary of the elliptic range is characterized by the following conditions:

• elliptic imaginary/parabolic (EI/P) boundary is attained when k ¼ 1, corresponding to c1 ¼ 0;

• elliptic complex/hyperbolic (EC/H) boundary is attained when D ¼ 0, corresponding to c1 ¼ c2.

3. The fundamental solution

With reference to the constitutive equation (56), the Green�s function set fvgi ; _ppgg for an infinite and

uniformly pre-strained medium can be written in the form [1]

vgi ¼
1

2p2lð1þ kÞ
pdig log r

½ð2� iÞc2 þ 1� i
 ffiffiffiffiffiffiffiffi�c1
p þ ½ð2� iÞc1 þ 1� i
 ffiffiffiffiffiffiffiffi�c2

p
�

�
Z p

2

0

½Kg
i ða þ hÞ þ ð3� 2iÞð3� 2gÞKg

i ða � hÞ
 logðcos aÞda

�
;

_ppg ¼ � 1

2pr
cos h
h(

� ðg � 1Þ p
2

i
þ 1

pð1þ kÞ

p

0

eKKgða þ hÞ
cos a

da

)
;

ð64Þ

where r and h are the polar coordinates singling out the generic point with respect to the position y of the

concentrated force and

Kg
i ðaÞ ¼

sin a þ ði� 1Þ p
2

h i
sin a þ ðg � 1Þ p

2

h i
KðaÞ ;

KðaÞ ¼ sin4 aðcot2 a � c1Þðcot2 a � c2Þ > 0;

ð65Þ

eKKgðaÞ ¼ Kg
g ðaÞ cos a

h
þ ðg � 1Þ p

2

i
CðaÞ;

CðaÞ ¼ 2
l	
l

�
� 1

�
ð2 cos2 a � 1Þ � k:

ð66Þ

Note that in expression (64)2 of _ppg we have introduced the usual symbol to denote the Cauchy principal

value integral.

The gradient of the Green�s velocity may be obtained directly from (64) and can be written as

vii;g ¼
1

2p2lð1þ kÞr
ð3� 2iÞp cos h þ ð1� gÞ p

2

h i
½ð2� iÞc2 þ 1� i
 ffiffiffiffiffiffiffiffi�c1

p þ ½ð2� iÞc1 þ 1� i
 ffiffiffiffiffiffiffiffi�c2
p

8<:
þ sin h

h
þ ð1� gÞ p

2

i Z p
2

0

R a
�

þ h þ ði� 1Þ p
2
; a þ h

�
logðcos aÞda

� sin h
h

þ ð1� gÞ p
2

i Z p
2

0

R a
�

� h � ði� 1Þ p
2
; a þ h

�
logðcos aÞda

9=;; ð67Þ

where index i is not summed and

Rða; bÞ ¼ sin a½2 cos aKðbÞ � sin aK0ðbÞ

K2ðbÞ

; K0ðbÞ ¼ oKðbÞ
ob

: ð68Þ
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The four components of the velocity gradient not included in Eq. (67) can be obtained using incom-

pressibility and symmetry of Green�s tensor:

v12;2 ¼ v21;2 ¼ �v11;1; v12;1 ¼ v21;1 ¼ �v22;2: ð69Þ

According to constitutive equations (56)–(58), from Green�s velocity gradient and pressure rate _ppg we

obtain the in-plane hydrostatic stress rate

_ppg ¼ _ppg � r
2
vg1;1; ð70Þ

and the associated incremental nominal stress

_ttg11 ¼ ð2l	 � pÞvg1;1 þ _ppg; _ttg12 ¼ ðl � pÞvg1;2 þ ðl þ lkÞvg2;1;
_ttg21 ¼ ðl � pÞvg2;1 þ ðl � lkÞvg1;2; _ttg22 ¼ �ð2l	 � pÞvg1;1 þ _ppg:

ð71Þ

It is important to note that the Green�s velocity vgi can be given the form

vgi ðr; hÞ ¼ nig
1 log r þ nig

2 ðhÞ; ð72Þ
where the dependence on the current state is condensed in the coefficients nig

1 and nig
2 . The former coefficient

satisfies nig
1 ¼ 0 if i 6¼ g, while the latter contains the directional dependence on h. It follows from repre-

sentation (72) that the gradient of the Green�s velocity, the in-plane hydrostatic stress rate and thus the

incremental stress rate can be expressed as explicit functions of 1=r.

4. Boundary element formulation

We restrict the presentation to mixed boundary value problems in which velocities and incremental

nominal tractions _ss are prescribed functions defined on separate portions oBv and oBs of the boundary

oB ¼ oBv [ oBs

vi ¼ �vvi; on oBv; _ttijni ¼ _�ss�ssj on oBs; ð73Þ

of a solid B, currently in a state of homogeneous, finite deformation. In this context, two integral repre-
sentations exist relating the velocity and the pressure rate in interior points of the body to the boundary

values of nominal traction rates _ssj ¼ _ttijni and velocities [1]. These are

vgðyÞ ¼
Z
oB
½ _ssjðxÞvgj ðx; yÞ � _ssgj ðx; yÞvjðxÞ
dlx; ð74Þ

and

_ppðyÞ ¼ �
Z
oB

_ssgðxÞ _ppgðx; yÞdlx þ
Z
oB
niðxÞvjðxÞKijkg _pp

g
;kðx; yÞdlx

� 4ll	

�
� 4l2

	 þ lr � 2l	r � r2

2

�Z
oB
niðxÞviðxÞv11;11ðx; yÞdlx

� r l
�

þ r
2

�Z
oB
niðxÞviðxÞv22;11ðx; yÞdlx: ð75Þ

If the point y is on the boundary, Eq. (74) becomes [1]

Cg
j vjðyÞ ¼

Z
oB

_ssjðxÞvgj ðx; yÞdlx �
oB

_ssgj ðx; yÞvjðxÞdlx; ð76Þ
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where

Cg
i ¼ lim

e!0

Z
oCe

_ssgi ðx; yÞdlx ð77Þ

is the so-called C-matrix [3], depending on the material parameters, the state of pre-stress and the geometry

of the boundary (in the case of a smooth boundary, Cg
i ¼ ð1=2Þdgi). Note that symbol oCe introduced in (77)

denotes the intersection between a circle of radius e centred at y and the domain B.

5. Boundary discretization

The boundary equation (76) is the starting point to derive the collocation boundary element method. To

this purpose, the boundary oB is divided into m elements Ceðe ¼ 1; . . . ;mÞ, with subsets mv and ms belonging

respectively to oBv and oBs (clearly m ¼ mv þ ms).

For simplicity the same discretization is assumed for velocity and traction rates at the boundary. In

particular, inside each boundary element Ce we use

viðxÞ ¼ uaðxÞ�vvia;
_ssiðxÞ ¼ uaðxÞ _�ss�ssia; a ¼ 0; . . . ;H;

ð78Þ

where �vvia, _�ss�ssia are the nodal values of velocities and nominal traction rates, respectively, and ua are the

relevant shape functions, selected as polynomials of degree H.
The discretized form of Eq. (76), collocating the point y at yð�ee;�aaÞ, corresponding to the node �aa of the

element �ee, is

Cg
i �vv

�ee
i�aa þ

Xm
e¼1

�vveia

Z
Ce

uaðxÞ _ssgi ðx; yð�ee;�aaÞÞdlx ¼
Xm
e¼1

_�ss�sseia

Z
Ce

uaðxÞvgi ðx; yð�ee;�aaÞÞdlx; ð79Þ

where indices a and i are summed and range between 0 and H and 1 and 2, respectively.

An analysis of Eq. (79) reveals that the number of unknowns is nunk ¼ 2ðmu þ msÞH ¼ 2mH, being �vveia
prescribed on oBv and _�ss�sseia on oBs.

Collocating now Eq. (79) at mH nodes along the two directions x1 and x2, yields the following algebraic

system:

Hv̂v ¼ Gŝs; ð80Þ
where v̂v and ŝs are the vectors collecting �vveia and _�ss�sseib

v̂v2Hðe�1Þþ2aþi ¼ �vveia; ŝs2Hðe�1Þþ2aþi ¼ _�ss�sseia: ð81Þ

Solution of system (80) gives the nodal velocities �vveia on oBs and the nominal traction rates _�ss�sseia on oBv.

Once system (80) has been solved, fields vðyÞ and _ppðyÞ can be evaluated at internal points y by applying

the discretized forms of Eqs. (74) and (75). In particular, Eq. (74) reduces to Eq. (79) with Cg
i ¼ dgi and the

integration is straightforward, as r is always different from zero.

We limit the presentation to discretization of the boundary into rectilinear elements and linear shape

functions, so that H ¼ 1 and nunk ¼ 2m.
The singular integrals in (79), computed over the elements adjacent to the node e in which the equation is

collocated, are evaluated analytically. In particular, the strongly singular integral I ðig;eÞstrong in the left hand side
of Eq. (79) is equal to

I ðig;eÞstrong ¼
Z

Ce�1

u1ðxÞ _ssgi ðx; yðe�1;1ÞÞdlx þ
Z

Ce

u0ðxÞ _ssgi ðx; yðe;0ÞÞdlx; ð82Þ
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which, with reference to the geometry sketched in Fig. 1, can be transformed into

I ðig;eÞstrong ¼ le�1

Z 1

0

s0 _ssgi ðr; h1Þds0 þ le

Z 1

0

ð1� s00Þ _ssgi ðr; h2Þds00; ð83Þ

so that the change of variable

g ¼ le�1ð1� s0Þ ¼ les00 ð84Þ

yields

I ðig;eÞstrong ¼
Z le�1

0

1

�
� g
le�1

�
_ssgi ðg; h1Þdg þ

Z le

0

1

�
� g
le

�
_ssgi ðg; h2Þdg: ð85Þ

As far as the elements e� 1 and e are concerned, the incremental Green�s tractions can be computed as

_ssgi ðrÞ ¼ ð�1Þe
vigðk; l	

l Þ
r

; ð86Þ

which are independent of h, so that vig can be calculated as sgi ð1Þ. Introducing Eq. (86) into Eq. (85), we
obtain an explicit formula for the singular integrals (82) in the form

I ðig;eÞstrong ¼ ð�1Þevig log
le
le�1

� �
: ð87Þ

In all our examples we have always found numerically that v11 ¼ v22 ¼ 0, a result that can be analytically

checked in the special case of Newtonian fluid, i.e. when k ¼ 0 and l	 ¼ l, but still requires a proof in the

general case.

The weakly singular integrals I ðig;eÞweak in the right hand side of Eq. (79) is equal to

I ðig;eÞweak ¼
Z

Ce�1

u1ðxÞvgi ðx; yðe�1;1ÞÞdlx þ
Z

Ce

u0ðxÞvgi ðx; yðe;0ÞÞdlx; ð88Þ

which becomes (Fig. 1)

I ðig;eÞweak ¼
Z le�1

0

1

�
� g
le�1

�
vgi ðg; h1Þdg þ

Z le

0

1

�
� g
le

�
vgi ðg; h2Þdg: ð89Þ

Fig. 1. Geometry at node e.
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Taking Eq. (72) into account, the integral (89) can be analytically evaluated and the results are listed in

Table 1.

We note, in passing, that the use of higher-order polynomials as shape functions is straightforward, since

the singularities in the above integrals arise from the constant part of the interpolating functions.

6. A numerical example: non-linear elasticity without domain integrals

An elastic block subject to homogeneous, increasing deformation is considered, with the purpose of il-

lustrating with a simple example that our formulation does not involve domain integrals.

In particular, the elastic block is constrained to plane deformations starting from an unstressed square
configuration and is subjected to tension or compression in one direction. We refer to Mooney–Rivlin (26)

and Ogden (30) and (31) non-linear elastic laws. The trivial, analytical solution to this problem is reported

by Ogden [26]

r1 � r2 ¼ k1

o bWW
ok1

� k2

o bWW
ok2

; ð90Þ

so that for uniaxial stress (r2 ¼ 0) and plane strain deformations (k1 ¼ 1=k2 ¼ k, k3 ¼ 1), from (27) and (30)

we get

r1 ¼ ðl1 � l2Þðk2 � k�2Þ and r1 ¼
XN
i¼1

liðkai � k�aiÞ; ð91Þ

for Mooney–Rivlin and Ogden materials, respectively. Within our framework, the solution may be ob-

tained by integrating the incremental equations, using a forward Euler scheme. Since the basic step of the

method is a linear increment superimposed upon a homogeneous configuration domain integrals or volume

discretizations are completely avoided. It is worth mentioning that in the special case of homogeneous de-

formations, the domain integrals can be brought to the boundary even within the usual framework, see for

instance [21], with reference to elastoplasticity. In that case, however, specific manipulations of the domain
integrals are requested to transform these to boundary integrals, while in our method domain integrals are

simply absent.

Results are presented in Fig. 2, where for the Mooney–Rivlin material we have taken l0 ¼ 0:35412 MPa,

whereas for the Ogden material we have referred to the values listed in (32). The analytical solution is

compared to the results given by the numerical procedure with a uniform mesh of 16 boundary elements.

Table 1

Analytic expression for the weakly singular integrals (88) at the right hand side of Eq. (79)

i g Integral I ðig;eÞweak

1 1 le�1

2

2 logðle�1Þ � 3

A11

þ v11ð1; h1Þ
	 �

þ le
2

2 logðleÞ � 3

A11

þ v11ð1; h2Þ
	 �

1 2
le�1

2
v21ðh1Þ þ

le
2
v21ðh2Þ

2 1
le�1

2
v12ðh1Þ þ

le
2
v12ðh2Þ

2 2
le�1

2
� 2 logðle�1Þ � 3

A22

þ v22ð1; h1Þ
	 �

þ le
2

� 2 logðleÞ � 3

A22

þ v22ð1; h2Þ
	 �

A11 ¼ 4lpð1þ kÞðc2
ffiffiffiffiffiffiffiffi�c1

p þ c1
ffiffiffiffiffiffiffiffi�c2

p Þ, A22 ¼ 4lpð1þ kÞð ffiffiffiffiffiffiffiffi�c1
p þ ffiffiffiffiffiffiffiffi�c2

p Þ.
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Gaussian quadrature formulae have been employed with 12 integration points for Green�s functions (64)–
(71) and 18 points for integrals in the discretized equation (79).

We are in a position now to speculate on a more general procedure allowing for increments superimposed

upon a generic, non-homogeneous deformation. This would necessarily lead to some volume discretization

to describe the material inhomogeneity, but this should be regarded as different––in essence––from the

usual domain discretization (see for instance [31]). The demonstration is provided by the above example,
showing that our method does not need any domain discretization when the material properties are homo-

geneous.

7. Conclusions

A boundary element technique has been proposed for plane strain and incompressible, incremental

deformations of a broad class of materials (Cauchy-elastic, hyper- and hypoelastic, and Newtonian fluids).
Difficulties inherent to the treatment of the incompressibility constraint are simply avoided by the presented

method. When used as the basis to analyze non-linear deformations, our approach yields a formulation

avoiding domain integrals. It also allows for the analysis of different bifurcation situations, that will be

investigated in Part II of this study.
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Appendix A. Biot�s expression of incremental moduli (25)

To obtain the expression (25)1 of the incremental modulus l, let us begin by considering the spectral

representations of the left Cauchy–Green strain tensor B, and of the Cauchy stress r

Fig. 2. Uniaxial deformation of Mooney–Rivlin and Ogden elastic blocks. Cauchy stress r versus stretch k.
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B ¼ k2
1e1 � e1 þ k2

2e2 � e2 þ k2
3e3 � e3;

r ¼ r1; e1 � e1 þ r2e2 � e2 þ r3e3 � e3;
ðA:1Þ

where ðe1; e2; e3Þ denote the Eulerian principal axes. The time derivative of (A.1) is

_BB ¼ 2k1
_kk1e1 � e1 þ 2k2

_kk2e2 � e2 þ 2k3
_kk3e3 � e3 þ k2

1ð _ee1 � e1 þ e1 � _ee1Þ
þ k2

2ð _ee2 � e2 þ e2 � _ee2Þ þ k2
3ð _ee3 � e3 þ e3 � _ee3Þ;

_rr ¼ _rr1e1 � e1 þ _rr2e2 � e2 þ _rr3e3 � e3 þ r1ð _ee1 � e1 þ e1 � _ee1Þ
þ r2ð _ee2 � e2 þ e2 � _ee2Þ þ r3ð _ee3 � e3 þ e3 � _ee3Þ:

ðA:2Þ

Taking into account that for incremental plane strain deformations is _ee3 ¼ 0 and that e1 � _ee2 ¼ � _ee1 � e2, the
in-plane out-of-diagonal components result to be

_BB12 ¼ ðk2
1 � k2

2Þ _ee1 � e2;
_rr12 ¼ ðr1 � r2Þ _ee1 � e2:

ðA:3Þ

On the other hand, Eqs. (9) and (11) give

_BB12 ¼ ðk2
1 þ k2

2ÞD12 � ðk2
1 � k2

2ÞW12;

_rr12 ¼ r
r
12 � ðr1 � r2ÞW12:

ðA:4Þ

Considering Eqs. (A.4) and (A.3) yields

D12 ¼
ð _ee1 � e2 þ W12Þðk2

1 � k2
2Þ

k2
1 þ k2

2

;

r
r
12 ¼ ð _ee1 � e2 þ W12Þðr1 � r2Þ;

ðA:5Þ

from which, eliminating the term _ee1 � e2 þ W12, we get

r
r
12 ¼

k2
1 þ k2

2

k2
1 � k2

2

ðr1 � r2ÞD12: ðA:6Þ

A comparison between Eq. (22)1 and Eq. (A.6) gives the Biot�s expression of l, Eq. (25)1.
The incremental moduli l	 can be obtained by taking the time derivative of (7) written for the in-plane

components and taking into account that _kk3 ¼ 0 for plane strain incremental deformations

_rr1 � _rr2 ¼ _kk1

oW
ok1

þ k1
_kk1

o2W

ok2
1

þ k1
_kk2

o2W
ok1 ok2

� _kk2

oW
ok2

� k2
_kk1

o2W
ok1 ok2

� k2
_kk2

o2W

ok2
2

: ðA:7Þ

If instead of the potential W ðk1; k2; k3Þ the potential bWW ðk1; k2Þ ¼ W ðk1; k2; 1=k1k2Þ is used, the same relation

Eq. (A.7) is obtained, except that bWW replaces W .

Considering Eqs. (9), (A.2), and (11) for the diagonal components, we get

_kki ¼ Diiki; i ¼ 1; 2;

r
r
22 � r

r
11 ¼ _rr11 � _rr22;

ðA:8Þ

which, used in Eq. (A.7), yield

r
r
22 � r

r
11 ¼ k1

oW
ok1

�
þ k2

oW
ok2

þ k2
1

o2W

ok2
1

þ k2
2

o2W

ok2
2

� 2k1k2

o2W
ok1 ok2

�
D11 � D22

2
: ðA:9Þ

A comparison between Eq. (22)2 and Eq. (A.9) gives the Biot�s expression of l	, Eq. (25)2.
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Appendix B. The out-of-plane stress increment for the Ogden hyperelastic material

The only non-zero component of the Jaumann derivative of the Cauchy stress in the out-of-plane di-

rection is

r
r
33 ¼

XN
i¼1

li
gi1ðk1; k2Þ þ gi2ðk1; k2Þ þ gi3ðk1; k2Þ

ðk1 � k2Þ2ðk1 þ k2Þðk2
1 � k2

3Þ
2ðk2

2 � k2
3Þ

2
kaiþ1
3

" #
; ðB:1Þ

where

gi1ðk1; k2Þ ¼ kai
1 k2ðaiþ1Þ

2 ðk2
1 � k2

3Þ
2½k1ðk1 � k2Þðk2

1 þ k2
3Þðaiðk2

2 � k2
3Þ � 2ðk2

2 þ k2
3ÞÞ

� 2k4
3ððk

2
1 þ k2

2Þ � k3ð1þ k�6
3 ÞÞ
;

gi2ðk1; k2Þ ¼ ðk1 þ k2Þðk1 � k2Þ3k6
3½aiðk2

1 � k2
3Þðk

2
2 � k2

3Þð1þ k6
3Þ

þ 2k�1
3 ððk3

3 � 1Þ þ k�9
3 ðk3

3 þ 1Þ þ k�5
3 ðk2

1 þ k2
2ÞÞ
;

gi3ðk1; k2Þ ¼ kð1þ2aiÞ
1 kai

2 ðk
2
2 � k2

3Þ½aik2ðk2 � k1Þððk2
3 � k2

2Þ þ ðk�2
1 � k�2

3 Þk�2
3 Þ

þ 2k�4
1 k�4

2 ðk1 � k2Þ2 þ 2k2ðk2 � k1Þððk2
1 þ k2

3Þ þ ðk2
2 þ k2

3ÞÞ
þ 2k4

2ð1� k5
1k2Þ þ 2k�2

2 ð1� k5
1k

7
2Þ
;

ðB:2Þ

in which, due to incompressibility

k3 ¼
1

k1k2

: ðB:3Þ
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