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Abstract

We show here the impact on the initial-boundary value problem, and on the
evolution of viscoelastic systems of the use of a new definition of state based on the
stress-response (see, e.g., [48, 16, 41]). Comparisons are made between this new
approach and the traditional one, which is based on the identification of histories
and states. We shall refer to a stress-response definition of state as the minimal state
[29]. Materials with memory and with relaxation are discussed.

The energetics of linear viscoelastic materials is revisited and new free ener-
gies, expressed in terms of the minimal state descriptor, are derived together with
the related dissipations. Furthermore, both the minimum and the maximum free
energy are recast in terms of the minimal state variable and the current strain.

The initial-boundary value problem governing the motion of a linear viscoelas-
tic body is re-stated in terms of the minimal state and the velocity field through
the principle of virtual power. The advantages are (i) the elimination of the need to
know the past-strain history at each point of the body, and (ii) the fact that initial
and boundary data can now be prescribed on a broader space than resulting from
the classical approach based on histories. These advantages are shown to lead to
natural results about well-posedness and stability of the motion.

Finally, we show how the evolution of a linear viscoelastic system can be de-
scribed through a strongly continuous semigroup of (linear) contraction operators
on an appropriate Hilbert space. The family of all solutions of the evolutionary
system, obtained by varying the initial data in such a space, is shown to have expo-
nentially decaying energy.

1. Introduction

In the classical approach to materials with memory, the state is identified with
the history of variables carrying information about the input processes. We show in
this paper how the notion of state given in [16, 41] (for the linear case), based on
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Noll’s definition of equivalent histories [48], is more convenient for application to
such materials. Indeed, Noll’s approach takes the material response as the basis for
such an equivalence, leading to the definition of state: if an arbitrary continuation
of different given histories leads to the same response of the material, then the given
histories are equivalent and the state is represented as the class of all the equivalent
histories. We shall refer to this definition of state as the minimal state [29].*

The idea of minimal state was developed and applied in [41] to the case of
linear viscoelasticity with scalar relaxation functions given by a sum of exponen-
tials. A subsequent paper [16] presents a more comprehensive treatment in three
dimensions, and in the more general context of thermodynamically compatible
(tensor-valued) relaxation functions, taking into account the weak regularity of
histories and processes.

For such materials, the past strain history E’(s) (s € ]R++) and the current
value of the strain E(¢) determine the stress response. The state is, however, iden-
tifiable through the variable

I'(t) = —G(0)E®) — /Oo G(t + $)E'(s)ds, (1.1)
0

which is the negative of the stress response to the constant process E(r) = E(¢), r €
[0, 7). The negative signs on the right are to maintain consistency with develop-
ments in Section 4. The relaxation tensor @ is discussed in Section 4. The regularity
assumptions made in [16] on histories, processes and the relaxation function yield

lim I'(r) = —T,(t), (1.2)
T—>00
with | T, (¢)] < 4o0; in fact:
T, (1) = GooE(2), (1.3)

which is the constitutive equation of an elastic (in fact hyperelastic) material with
elastic modulus Go.. Equation (1.2) is a fading memory property for the stress
functional in linear viscoelasticity.

This property enters directly into the definition of state, which we shall consider
below.

Because of equations (1.2) and (1.3), it seems more appropriate to refer to such
materials as materials with relaxation instead of materials with fading memory. In
order to better understand this distinction, we see that the state is now characterized
by the future response of the material when, ideally, the null process is imposed for

* Surprisingly, the first contribution in the direction of applying Noll’s approach to linear
viscoelasticity was presented in [1]. As far as the authors are concerned, being aware of this
paper might have helped to develop the subject one decade ahead of time.
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a finite time interval on a material element (i.e., a “small” neighborhood of a fixed
and arbitrary point of the body). This characterization of the state is then alternative
to the usual one based on knowledge of the deformation history.

A fading memory property of the response functional [5] is usually required,
as opposed to the case in which the minimal state is adopted, where indeed the
relaxation property of the response functional suffices. Obviously, whenever the
stress response functional is such that the knowledge of the minimal state turns is
equivalent to the knowledge of the past history, the property of relaxation of the
stress response implies the fading memory of the related functional. In this sense,
the class of materials with relaxation is larger than that described by constitutive
equations with fading memory.

The first characterization of such a definition of state for linear viscoelastic
materials in the frequency domain was provided in [20], whereas an extension of
such a characterization was given in [35] in terms of equivalent variables.

As was already pointed out in [16], the main advantage of a response-based
definition of state relates to the physical features of the state itself. Indeed, the
“future stress”, I’ (1), is detectable through measurements and does not require any
knowledge of the past history.

Another advantage that we shall highlight is the fact that the response-based
definition of state is useful for both the study of Initial-Boundary Value Problems
(IBVP) (see Section 9) on one hand, and for the evolution of linear viscoelastic
systems on the other (Section 10).

To this end, we shall show that I’ () leads to the minimal information required
to identify the state of the material. Indeed, from (1.1) we see from any given equiv-
alent history, and from the knowledge of the current strain, that the state variable
I’ (t) is completely, and uniquely, determined, although the converse is not true.
Indeed, if I’ (t) is given instead, the current value of strain can be determined but
not, in general, the history. The inability to determine the history is due to the fact
that I (7) represents all the equivalent histories leading to the same future stress,
that is to say, the new state variable represents a family of histories. Examples in
which the set of equivalent histories is not a singleton are well known [41, 16].
These are cases in which the relaxation functions a finite sum of exponentials, in
which the state is described by a finite list of quantities (see, e.g., [52]). This topic
is addressed in Section 8.

In Sections 2 and 3, definitions and properties relating to a general theory of
materials, including nonlinear viscoelasticity, are presented in terms of the abstract
formulation of thermodynamics [8, 9, 29]. In particular, the minimal state and a
notion of fading memory viarelaxation are established, and theorems characterizing
the minimal and maximal free energies are recalled.

In Section 4, linear viscoelasticity is considered and various formulae, required
in subsequent sections (including an explicit expression for the minimum free
energy), are presented. The functional I, given by (1.1), and related quantities
are introduced and discussed.

In Section 5 the space of processes is defined.

As is well known, there are two different definitions of free energy in visco-
elasticity (see, e.g., [16]), and according to one of these definitions, a free energy



LucA DESERI, MAURO FABRIZIO & MURROUGH GOLDEN

has to be a function of state, i.e., of I'(7).! In this paper, we provide new thermo-
dynamic potentials for the stress, i.e., new free energies, which are also functions
of state. Indeed, a new class of single-integral type free energy is introduced in
Section 6 as a quadratic form of the time derivative of the state variable (see, e.g.,
[43, 44] for discussions and analysis of single integral-type free energies that are
quadratic forms of histories). For exponentially decaying relaxation functions, it
can be shown that the dissipation associated with such energies is bounded from
below by a time-decay coefficient multiplied by the purely viscoelastic part of the
free energy. This property turns out to be crucial in the analysis of PDE's developed
in Section 9.

An analogous property holds for a family of multiple-integral free-energy func-
tionals which are the generalization of the previous single-integral type free energy.
We may refer to such a family as the n-family. Incidentally, for n = 0, the free energy
for single-exponential relaxation functions is recovered, whereas for n = 1, one
recovers the single-integral type free energy discussed above.

An explicit formula is derived in Section 7 for the minimal free energy starting
from the original formula derived in [20]. This is a quadratic functional depending
on the second derivative of I’ (t) with respect to 7. The use of such derivatives
of I is connected with convergence issues of certain inverse Fourier transforms.
The dissipation associated with the minimal free energy is also given as a similar
quadratic form.

A natural question may be how can the maximum free energy be represented in
terms of the minimal state descriptor. It is noteworthy that a new way to link the
minimum and maximum free energy, together with many other interesting results
has been recently established [15] in a very general context; in particular, the maxi-
mum free energy as a function of the minimal state has been characterized, although
no explicit formula for it has been provided.

In our paper (see Section 8), the Euler-Lagrange equation associated with the
problem of determining the minimum work expended going from the natural state
to a prescribed state is solved for a fairly large class of relaxation functions. First,
the issue of whether the set of equivalent histories corresponding to a given I' is a
singleton, or not, is addressed in a fairly general context (the argument is restricted
to materials for which the eigenspaces of G are time-independent [20, 26], which
almost certainly must be assumed in any case if the formulae giving the minimum
free energy are used to get explicit results). It is shown that the set is a singleton,
unless all the singularities of the Fourier transform of @ are isolated. This corre-
sponds to G5 given by sums (not integrals) of decaying exponentials multiplying
trigonometric functions and polynomials or convergent-power series.

In this case, an explicit formula is given for the maximum free energy, gener-
alizing results given previously in [29, 26]. It is similar in structure to the formula
for the minimum free energy in [20]. This formula can also be expressed as a qua-
dratic functional of the second derivative of a quantity closely related to I' by steps

1 The phrase “function of state” shall, in general, be taken to mean “function of the minimal
state”.
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entirely analogous to those for the minimum free energy. An explicit expression
is also given for the dissipation associated with the maximum free energy, as a
similar quadratic functional. If the set of equivalent histories is a singleton, then
the minimal state is the current value and history of strain, and the maximum free
energy is the work function.

The new approach outlined above to the theory of viscoelasticity, and the new
free energies, lead to applications to the PDE's governing the motion of a suitable
class of viscoelastic bodies. In particular the use of the new quadratic forms of the
minimal state variables yield results relating to well-posedeness and stability for
the IBVP. This formulation allows for initial data belonging to broader functional
spaces than those usually considered in the literature, which are based on histories.

Furthermore, we present an application of semi-group theory to the class of
materials discussed above. Here, besides having the system of equations in a more
general form than in the classical approach, results on asymptotic stability are
obtained again for initial data belonging to a space broader than that usually em-
ployed when states and histories are identified.

Various notations and assumptions used in later sections are defined in the
Appendix.

2. Fading memory and thermodynamics

The mechanical properties of any material are based on the concepts of state
and process [48, 8, 34]. We consider a body occupying the region 5. For any mate-
rial point X € B and time ¢, we define the configuration C (X, t) given by the
deformation gradient F(X, t). Writing C(¢) or F(¢) means that the dependence on
t is examined, while X is kept fixed.

A mechanical process P, of duration d,, > 0, is a piece-wise continuous func-
tion on [0, d,), with values in Lin(R?), given by

P(r) =L (1), 2.1)

where L = Vv is the velocity gradient and L” is the specified segment of values
of this quantity. The assignment Py, ;,) is the restriction of P to [t1, f2) C [0, d p).
In particular we denote by P; the restriction of P to [0, 1) , ¢ < d.

Given two processes Py, P, of duration dp,, dp,, the composition P; * P, of
Py with P, is defined as

Pi(7) ift €0,d,,),
Pix Py(1) = [ pl)

Pyt —dp,)  ifr € [dpy,dp, +dp,) .

Definition 2.1. A simple material element, at any X € B, is a set {H, T, Z, 0, T}
such that

1. IT is the space of mechanical processes P satisfying the following properties:
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(i) if P € IT, then Py, 1,y € Il for every [11, 1) C [0, dp),
>ii) if Py, P € IT, then P; x P, € I1;
2. the set Y is the space of all the stress tensor processes T, defined by Property
5 below;
. X is a set, the state space, whose elements o are the possible states of the system;
4. the map p : T x I1 — X is the state transition function with the property

[98]

p(o, PL* Py) = p(p(o, P1), Pp)

forall P, P, €Il,o € X;
S.themap T : ¥ x IT — 7Y is the response function which, to any state o and
process P, assigns the stress tensor process T? over the time interval [O, dp):

TP (r) = T(o, P)(1), ©€[0,d)).

Definition 2.2. The system is said to be causal, if property 5 can be replaced by
the new condition:

5'.themap T : & x Lin — Sym is such that
TP (1) = T(o (), P(x)), o(r) = p(o, Py).

Remark 2.3. In this paper we consider only causal systems. For these systems, the
funtion T is connected to T by

T(p(o, P;), P(x)) = T(o, P)(1). (2.2)

In this framework, following [48], we can introduce a concept of equivalence
in the state space X.

Definition 2.4. Two states o1, 02 € X are said to be equivalent, if they satisfy the
identity

T(o1, P) = T(o2, P) (2.3)
forall P € IT.

Moreover, we introduce the concept of a minimal state o as the equivalence
class of the states according to Definition 2.4. In the following we denote by Xz
the set of all og.

A material with fading memory is defined by a constitutive equation which
relates the stress tensor T and the deformation gradient F by a functional of the

type
TX,t) = 'i‘(F’ X)), 2.4

where F' (X, s) = F(X,t — 5),s € R, is the history of F. The fading memory
property is characterized in detail below. Usually, for these materials, the state is
represented by the history F’.
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If the initial state is o9 = F© and P(1) = LY (1), t € [to, to + dp) is a process
in I, then the transition function is defined by

Fo(s —d)) ifs € [a’p,oo),

5(00, P) := Fotdr(s) =
,0( 0 ) ( ) FP(t0+dp —s) ifs € [0, dp)v

2.5)

where F¥ is the solution of the Cauchy problem on the interval [to, to+d ,,):

do_ip
EF(S) = L" (s)F(s),
F(ty) = F(0). (2.6)

The response function is represented by the constitutive equation (2.4).

Materials with fading memory, described by (2.4)—(2.6), are simple material
elements in the sense of Definition 2.1.

A history F’ will be viewed as the pair (F(z), F’ (s)) of the present value F(¢) and
the past history F(s), s > 0. One way to intrepret these two pieces of information
as one item can be found in [15], where a history F? is defined as follows: past
histories are taken to be (i) of total bounded variation on R, and (ii) continuous
from the right. Thus, F’(s) = F'(s™) for all s € (0, 00).

We define the static and null continuations of duration T > 0, to be the histories
F? and . F' defined by

i <
F(s) = F() ?fs:r;
Fi(s —1) ifs >t
0 ifs<t
Fl(s) := - 2.7
) {Ft(s—r) if s > 1. @D

Now we are in a position to characterize the fading memory property of the
constitutive equation (2.4).

Definition 2.5. A material with memory represented by (2.4) satisfies the fading
memory property if the function T(F.) is bounded for any F’ € X and for all
T > 0; and there is an elastic material ’i‘el (F (1)) such that

lim T(F.) = T, F@));
T—>00
moreover

lim T(GF) = 0.
T—>00
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3. The dissipation principle and maximum recoverable work

Thermodynamics plays a central role in the characterization of natural states in
which to consider physical problems, and in the determination of the most suitable
norms for such studies. We show later how, for linear problems, explicit expressions
for various free energies allow us to decide on suitable norms and function spaces.

We begin by recalling the traditional Clausius-Duhem inequality and the defi-
nition of a cycle, which is a pair (o, P) such that (o, P) = o. For any state o and
process P, the function p determines the one-parameter family of states o (t) =
plo, P, t €[0,dp).

Moreover, we define the space

Sy ={0’ € £;3 P €11, suchthat o' = (o, P)}. 3.1

Let us define the work done by a process P acting on a given state o as follows:
dp
W(o, P) = / T(o (1), P (1)) - LY (1) dx. (3.2)
0

Clausius-Duhem inequality (for isothermal processes)
For every cycle (o, P) € ¥ x I, the inequality

dp
f T@ (), P () L (x) dt =0 (3.3)
0

holds, where LY determines P as in (2.1).

For materials with fading memory, cycles are quite rare, because usually the
material reaches a state, which is different from the initial state, although it may be
“close” to it. For this reason it is more convenient to use the following approach
[27].

Strong dissipation principle
The set

W(o):={W (o, P); P eIl} 3.4

of the work done in passing from a given state o to any state o € 2, is bounded
below. There exists a state ¢, called zero state, such that

ian(oT>=O, and W(Oj,P> >0,VP#OQ

For materials with fading memory, the zero state is given by the history F (s) equal
to the unit tensor for all s € [0, c0) .

Definition 3.1. A function v : Sy, — R™ is a free energy if

(i) the domain Sy C X is invariant under p, namely, for every o1 € Sy and
P €11, the state 0 = p (01, P) € Sy. Also ot e Sy, and ¥ (JT) =0;
(i) for any pair o1 , 02 € Sy, and P € IT such that p (o1, P) = 0 we have:

Y (02) — Y (01) = W (01, P). (3.5)
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It is well known that for materials with memory there are many free energies (see,
e.g., [8] for general dissipative materials and [28, 16] and many others), no matter
what the definition of the energy. Depending on the definition of the free energy,
the family F of the free energies might be a convex set. A general property of
the resulting sets is that they are bounded [16] and their minimum and maximum
elements are denoted here by v, and ).

Definition 3.2. A free energy v, is called the minimum free energy if:

(1) ¥, is a non-negative function with domain § = X,

(ii) the zero state o € ¥ is such that ¥, (c7) = 0,
(iii) for any free energy ¥ : S — IRT such that o™ € S and ¥ () = 0, we have

V(o) Z Ym(o), VoeS.
The following theorem is proved in [27].
Theorem 3.3. The functional
Ym(0):= —inf W(o) (3.6)

is the minimum free energy.

Equivalent characterizations for the minimum free energy have been proved in [35].
Let us recall definition (3.1) given above for the set ¥, . For any pairog, 0 € X,
such that o € X, we can consider the set:

N(09p,0) = {W(oo, P), ¥ P €Il; p(oo, P) =0}. (3.7

From the Strong Dissipation Principle, this set is bounded below.
The following theorem is proved in [29].

— RT, defined by

ol

Theorem 3.4. For any fixed ol the functional 1///7/; x

Yo (0) = inf N(o'; 0) + Ym (o), (3.8)

is a free energy, called a maximum free energy. For any free energy ¥ : Sy — RT,
such that Sy D X, and Y (0') = Y (o),

V()<Y (@), Y o3, (3.9)

Remark 3.5. Of course, for any o € ¥ we may obtain a different free energy.
Moreover, for a fixed o/ € X, the definition of maximum free energy may depend
on the definition of state. We can, however, construct a maximum free energy that is
defined on the space of minimal states. In other words, if we consider the definition
of minimal state, then (3.7) is replaced by

N(oor,or) = {W(oor, P), VY P eTl; p(oor, P) =og}.
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This set is generally larger than N (09, o), if 09 € ogr and o € og. For this reason
the maximum free energy, defined on Xy as

YR (oR) = inf N(ok: 0g) + Yim (0h), (3.10)

satisfies the inequality

i i . .
Ror) SYG (o), o eoh, o€og.
M M R

Relation (3.9) will apply to any free energy v (og) defined on X, provided
V(og) = ¥m(og).

It follows from (3.2) and (3.5) that, for any time # where the process is continuous,
we have

Y o) £T(o @), P (1) L (). (3.11)

4. Linear viscoelasticity

Let us now consider the linear theory of viscoelasticity. For this case the tensor
F is replaced by the infinitesimal deformation gradient

_ Vu+ (Vu)”
a 2

where u denotes the displacement field, such that F = Vu + I (where I is the sec-
ond-order identity tensor), while a process is now given by a specified set of values
of E(t), 7 € [0, d,) . We denote position by x which, in the linear approximation,
can be taken to be either the current or reference position. Then the constitutive
equation (2.4) becomes

E € Sym, “.1)

T(Et) =Tk, t) = Gox)E(x, ) + /oo (ﬁ(X, S)EI(X, s)ds
0
=@ﬂ@ﬂxn+/wmmgmaﬁmﬁ
0

E'(x,s) :=E(x,t —s), E.(x,s):=E'(x,5s) —E(x,7), s e R,
Go(x) := G(x,0), Goo(x):= G(x, 00). “4.2)

The quantity E(x,t) € Sym is the instantaneous or present value of the strain
and E' : Rt" — Sym denotes the past history. We refer to E. as the relative
strain history. The quantity Go(x) € Lin(Sym), the instantaneous modulus, is a
symmetric tensor as is the equilibrium modulus, given by [34],

o]

Goo(x) = Go(x) + / G(x, s)ds. (4.3)
0

Both Go(x) and G (X) are positive tensors. The function (0} represents the time
derivative of the relaxation function. We will assume that G(x,-) € L'(RTT,
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Lin(Sym)) and is symmetric. The first assumption is simply a weak “fading”
memory requirement on the response functional T (see, e.g., [17, 16]) whereas the
second is introduced here for convenience. Some results for the case where G is not
symmetric are presented in [34]. Henceforth, it is understood that the statements
are relative to any fixed point x € B, if this variable is omitted.

We also assume that G(x, -) € L2(RT, Lin(Sym)) (see Appendix (A.6) and
after). From now on we shall drop the dependence upon the space variable x. The
Fourier transform of G(7), namely Gr (0) = G (w) — i Gy (w), for real , belongs
to L2(R, Lin(Sym)). It is clear that G <(w) is even, as a function of w, and that
(]} (w) is odd. The quantity G} (w) therefore vanishes at the origin. In fact, a con-
sequence of our assumption of analyticity of Fourier-transformed quantities on the
real axis of €2, is that it vanishes at least linearly at the origin. It is assumed that it
vanishes no more stronger than linearly.

From [33, 34] we have, on the basis of thermodynamical arguments

Gy(@) <04 Yo e RTT, (4.4)

where 04 is the zero in Lin(Sym), and from [34], we also have

_ :_/ G(“’) 4.5)

By virtue of (4.4), this yields
Go > Goo- (4.6)
It is shown in [34] that (4.4) implies the inequality
Gy — G(s) > 04. .7
It follows that G(0) < 04. For G(0) < 04, we have (see (A.12))

) @ @
Ge(w) ~ —%, 5 () ~ % 4.8)

at large w, where ~ stands for “behaves as”.

From the conclusions and assumptions of the Appendix, G is analytic on Q™
which includes the real axis. The analyticity of G implies that any singularities are
at least slightly removed into (), which turn means that G decays exponentially
at large positive times. However, formulae of physical interest will generally be
continuous with respect to taking the limit to non-exponential behavior.

Applying Plancherel’s theorem to (4.2), we obtain

[o S

T(t) = GoE(r) + % / Gr(0)E, (0) do

— GooE() + % f Gr(0)E., () do. 4.9)

—00

It is worth noting that if we replace TGF (w) by [TGF(a)) + ]F(a))], where FF €

Lin(Sym) is analytic on Q~ and goes to zero at large frequencies at least as ™!,
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the relationship still holds. This follows by a simple application of Cauchy’s theo-
rem. In particular, we have

1 00— .
T(t):(]}oE(t)—l—E/ [GF(w)HGF(w)] E (o) do,  (4.10)

where A is any complex constant. Choosing A = —1 yields

o0

T() = GoE() + % / G (0)E' (w)dw

= GooE(1) +7’T¥ / G (0)EL, (0)dw, @.11)
E
El, (0) =E/ (») — lwi_)

where Eﬁ . is the Fourier transform of E’r, defined in (4.2)3, as can be seen from
(A.9). The equivalence of the two expressions for T can be seen with the aid of
4.5). For A =1,

oo

T(r) = GoE() + % / Ge(0E, (w)dw

(4.12)

1 [ .
= G E() + = / (]}C(a))E£+(w)da).
—0oQ
In fact, (4.11) corresponds to taking the even extension of G to IR, namely G(s) =
G(Js|), s € IR which yields the odd extension of G. This amounts to writing (4.2)
as
o0

T(t) = (E()E(t)—i—/ dim(|s|)Ef(s) ds, 4.13)
S

—00
noting that E’ is taken to be zero on R™. We can then derive (4.11); by observing
that

o0 d . .
f —G(|s))e 'S ds = —2i G (w). (4.14)
—oo ds

Also, (4.12) corresponds to taking the even extension of @, which we denote by
@,. We see that (4.2) can be written as

T() = GoE(t) + /OO @, (s)E'(s) ds. (4.15)
Then (4.12) follows from
/oo G, (s)e 19 ds = 26, (). (4.16)

We define G : Rt — Lin(Sym) as
G(s) := G(s) — G(oo), 4.17)
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and note the relation

Gr(w) = iwGy(w) — GO), (4.18)
or
G () = —0Ge(w), G(0) = oG (w) — G0). (4.19)
The relation
t
dE;# = —ioE!, () + E@), (4.20)

obtained by differentiating the integral definition of E/, (w) and carrying out a partial
integration, is required for manipulations relating to the minimum and maximum
free energies. Generally, it is sufficient that it holds almost everywhere. For this to
be so, it is sufficient to assume that E' € BV (R™) N D'*"?(IRT), where BV (R™)
is the space of functions of bounded variation on Rt and D’¢"*? (IR") is the space
of tempered distributions on IR™ (see, e.g., [20]). For the sake of simplicity, it will
be assumed here that, as well as belonging to L>(R*"), E! € L'(R*) N C'(R*)
and that its derivative also belongs to L'(IRT) [50].
The work done on the material by the strain history E’ is

t

W(E(), E') := / T(7) - E(t)dt

—00

t 00
= %(EOE(t) -E(1) —i—/ / G(s)E™(s) - E(r)dsdt. (4.21)
—o0 J0

It will be clear from the representation of W(E(t), E’) in the frequency domain,
given below, that it is a non-negative quantity. We will restrict our considerations
to histories such that W (E(#), E') < 0o (see Section 5). The quantity W(E(t), E')
is, in some circumstances, the maximum free energy (see [18, 16] and Section 8).
It will be denoted by W (¢). We can show that

1 oo (0.¢]

W) = o) + 5/0 /0 EL(s1) - Gia(ls1 — $2D)E; (s2)ds1ds2
1 oo oo

=5 + Efo /0 E'(s1) - Gia(Is1 — s2DE' (s2)ds1ds;

Jd 0
Gi2(ls1 — $21) = — —G(|s1 — s20); (4.22)
ds1 082

1
¢ (1) = 5 GooE(t) - E(1):
S(@) =Tq) -E(t) — %(BOE(I) -E(1).

A representation of the work W (¢), given by (4.22), in the frequency domain,
has been obtained in [27] (see also [24]) in terms of integrals over R™. Using sym-
metry arguments, this representation can be expressed as an integral over R of the
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form

1 _
W) =¢®+— f H()E., () -E, (0)dw
o (4.23)

1 [ _
= S(0)+ 5 [ H(0)E, (0) - E, (0)do,

where, for each given w € IR, the fourth-order tensor H(w) € Lin(Sym) is defined
as

H(w):= — o6, (o). (4.24)

The equivalence of the two forms of (4.23) follows from (4.5) and (4.11). These
reduce to the relations of GOLDEN [37] in the scalar case. It follows from (4.8);
that

H(oco) = —G(0). (4.25)

As discussed at the beginning of the Appendix, H(w) (or indeed any tensor in
Lin(Sym)) can be represented as a matrix acting on R®. From a result in [20],
based on a theorem of GOHBERG & KREIN [36], H(w) can be factorized as:

H(w) = Hi(w) Ho(w), (4.26)
with
H, (0) = H’ (w), 4.27)

where H* is the hermitean conjugate of H_ (see (A.4)). The matrix functions
H. admit analytic continuations which are analytic in the interior and continuous
up to the boundary of the complex half planes QF, and are such that

det He(¢) #0 , ¢ e QF. (4.28)

Similarly, H has a right factorization with corresponding properties [20]. The fac-
torization is unique up to a multiplication on the left of IH_ by a constant, unitary
matrix, and multiplication of IH. on the right by the inverse of this matrix. From
(4.25), Hi(o0) are non-zero and

H, (00) H_(c0) = —@(0). (4.29)

The notation for H; (w) and H_ (w) follows the convention used in [37], i.e.,
the sign indicates the half plane where any singularities of the tensor, and any zeros
in the determinant of the corresponding matrix, occur.

Consider now the second-order symmetric tensors H_ (w)EL. L(w)and H_(w)
E’ (w), whose components are continuous by virtue of the properties of H_(w)
and E_ (»). The Plemelj formulae [47]

P (w) :

H_(0)E!, () =p’(0) — P/, (®),
@Pral) =Pl T (4.30)

Qo) :

H_(0)E} (0) = ¢ (0) — ¢/, (),
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where
1 o pt

p'(2) = — @) do, p'i(w):= lim p'(w+ia),

271 J_so 0 — 2 a—0F

; 4.31)
i QN w) £ N e .

q' @) =— do, qi(w):=1lm q (w+ia).

270 J_ oo W — 2 a—0F

Moreover, p’(z) = p',.(z) is analytic in z € Q) and p’(z) = p’(2) is analytic
in z € Q). Both are analytic on the real axis (as indeed is P*) by virtue of the
assumption in Section 10 on the analyticity of Fourier-transformed quantities on
the real axis, and by virtue of an argument given in [37]. Similar statements apply
to ¢’ and Q’. It can be shown that

¢, (@) =p' (v). (4.32)

The minimum free energy has the form [20, 21]:

1 o t 2
U0 = (1) + / P’ (@)?dow
T J-c0

B (4.33)
[ 2
=S8+ 7 lq_ ()" dw,
T J 00
while the work function W (¢), defined by (4.22), is given by
1 o0
Wy =0+ o [ o @F + 1 @P]do
T J—o0o
- (4.34)
=S+ 4- (@) + 14} (@) | do 2 ¥ (¢
= B q_ ()" + |q+(w)| @ 2 Y ().
T J-co
Using the static continuation defined by (2.7) and (4.2) we have
o
T(E)) = G(r)E(r) + / G(s + )E! (s)ds. (4.35)
0
From Definition 2.5
(T(Eg) <00, Y120
(4.36)
lim [y G(s + 0E (s)ds = 0,
T—>00
giving
lim T(E.) = GooE(r). (4.37)
T—>00

Relation (4.37) follows from (4.35) and (4.36),. Since the right-hand side is the
constitutive equation for an elastic solid, we must have

Goo > 0. (4.38)
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It follows from (4.6) that
Go > 0. 4.39)

In [16, 18], it is observed that the linear constitutive equation (4.2) allows us
to rewrite the equivalence relation among states specified by Definition 2.4 as an
equivalence relation among histories (see also [41]). Itis easy to prove the following
statement.

Proposition 4.1. Two histories E,, E’2 represent equivalent states, if
Ei(r) =Ex(1), (4.40)

and the past histories satisfy:

/Oo G(s + 1)E| (s)ds = /Oo G(s + 1)Ey(s)ds, YreR'T. (441)
0 0

The equality (4.41) allows us to define the minimal state by means of the function
2 o0 .
I'(r,E) := —f G(s + 7)EL(s)ds, (4.42)
0

instead of the past history E’. The state is given by the pair (E(z), I'()), or equiv-
alently by the function

I'(t,E') := —G(0)E@t) — /Oo G(s + T)E'(s)ds = —GooE(t) + I'(z, EY),
0
(4.43)

which is of course the negative of the stress associated with the static continuation
in the interval [0, ), namely —T(E.), given by (4.35). From I' (¢, E’), we can
obtain both E(¢) and I’ (7, E?), since

lim I'(7, E') = —GooE(1),
T—>00
and
I'(t,E) =I'(tr, E) — lim I'(z, E).
T—>00

Thus, an equivalent form of the statement of Proposition 4.1 is: we say that E{ ~ E}
if

I'(t, E) =T'(t,E}), VteRY, (4.44)

Hence, the function I’ (t, E') represents the equivalence class of histories,
because any history E’ which belongs to this class yields the same value of I’ (z, E")
or (E(t), X' (1)). For this reason, I’ (t, E") will be referred to as the minimal state.
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We also define

I'(t, E) := —/ G(s + )E (s)ds
0 (4.45)

= G()EQ®) +I'(tr, E) = G(0)E@®) + I' (1, E').

In the following, for the sake of simplicity, we will usually denote by I'(1),
I'(t) and I (7) the functions I’ (r, E"), I’ (z, E') and I’ (z, E'). The quantities I’
and I’ are functions of the minimal state I in the sense that they have the same
value for different histories in the same minimal state.

We will require later the result

d . o . N
EII(T) =-—GOEQ®) +1I'(v), (4.46)
where
S d . oo .
I'(t)=—T'(7) = —/ G(t + s)EL(s)ds. 4.47)
dt 0
Plancherel’s theorem yields
yt 1 * = t —iwT
I't)=—— Gr(w)E,, (w)e do, 120. (4.48)
27 J_ o
Just as in (4.10):
M 1 X r— . :
I'(v) = ——/ [(I}F(a)) + )»([}F(a))] E£+(a))e_lwr dow, 120,
27 J

(4.49)

since the added term gives zero, which can be seen by integrating over a contour
around 7 (noting that the exponential goes to zero as Imw — —00). Let

J@):=T'(-1), t=0. (4.50)

We now have

0 .
J () :=/ J (e ' dr

— . 451
: /oo |Gr (@) + 2Gr (@) | Bl (@)dof 41

27i J_oo o — ot

Similarly, let J* be defined by (4.49), (4.50) for T > 0. In this case, it depends on
A. Thus

‘(1) = / Y (z, e 9%,
0 — .
| o [GF(w/)Jr,\a}F(w/)] E, (o)de

270 J oo o —w”

(4.52)
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and

(@0 =T (@0 + I @, ) = = [Gr@) + 165 @) | L @),

(4.53)

by the Plemelj formulae. Referring to (4.8), we see that
L) ~o 3 A#1 e D) ~ot A=1, (4.54)

at large w, since E! | (w) ~ @ ™2 by (A.11).
For A = —1, we obtain
1 [*®° H(o)EL, (o)do'
() = ;,/. o' (o i o)

o (4.55)

_ 1 /oo H, (o) [pL (o) — P/ (@) ] de’
I A o' (@ — ™)

by virtue of (4.24) and (4.30);. The p’+ (') term vanishes on integrating over 7,
and we obtain

1 [ Hy(o)p' (0)dw
nwz—f iy (4.56)
T J_x o' (0 — o)
which is the frequency space version of a result given in [20] (for histories rather
than relative histories). Since p__ is a function of the minimal state [20], it follows
that J*_ is also—which we have already observed. There is of course no correspond-
ing result for J', .

Note that J%; (@, —1) (or J'(s, —1) in the time domain) corresponds to I'(—1),

defined by the odd extension of G to R, or
o
v d
I'(-17) = / a—(l}(|t —uDEL(w)du, teR. (4.57)
0 T

The integral can be extended over R, if E. is understood to vanish on R ™. Taking
the Fourier transform immediately yields (4.53) (for A =-D with the aid of (4.14).
Also, J} (w, 1) corresponds to the even extension of @ to R:

I'(-1)=— /OOO Go(r — wEL(u)du, 1 e€R, (4.58)

where G, was introduced in (4.15). Again, we can extend the integration to IR and,
with the aid of (4.16), obtain (4.53) (for A = 1), by taking the Fourier transforms.

These formulae are generalizations of (4.13) and (4.15).

A central aim of this work is to express various free energies in terms of
(E(@), I ), or equivalently in terms of I’. This ensures, in particular, that they are
functions of the minimal state. New functionals, expressible in terms of I’, which
are free energies for a fairly wide class of materials, are introduced in Section 6.
Also, the minimum free energy, which can be shown to be a function of the minimal
state in all cases where it exists [20], is expressed in terms of (E(z), I’ ) in Section 7.
Materials for which the maximum free energy is a function of the minimal state
are characterized in Section 8. For these materials, the maximum free energy is
expressed as a function of I'.
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5. The space of processes

We define any process P € IT over R, by means of the trivial extension

P(7), € 10,d,),
poy=1 T [0-d) (5.1)

0, 1€ldp 00).

This new space will be denoted by 12[ Now let us consider the work W(cro,};),

where o9 = E? is the history at 7 = 0, and P € 19[ is a process such that P(t) =
E(r), t€[0.dp).
We have E/ = ,6(E0, Py); also the stress is given by

t o0
T(E') = GoE() + / G()E (s)ds + f G(s)E (s)ds
0

t

t
= GoE() + / G(s)E (s)ds — I°(), (5.2)
0

where I? is defined by (4.45) with t = 0. From (5.1), we conclude that the limit
E(oc0) =1lim;— o0 E(?) exists. Then,

o0 t o0
W (o, P):/ {(I}OE(I)—i-/ d}(s)E’(s)ds}-E(t)dt—/ I°0) - E@) dt
0 0 0
= / OO(([}OE(t)~E(t)dt

0
o0 t

+/ {(B(s)E(t—s) |g+/ q}(s)Ef(s)ds)} ‘E®)dt  (5.3)
0 0

- fooio(z) K@) dt

0
= 1/00 /OO G(|t — tDEQ) - E(v)ddt — /oolo(t) -E@) dt,
2 0 0 0
where (see (4.45))
1°¢) = —GHOE©) +1°0). (5.4)

As noted after (4.1), we interpret E()( > 0)asa process, denoting it by EP (7).
Let us consider the following definition of a finite work process, given by GENTILI
in [35].

Definition 5.1. A process E? : [0, 00) — Sym is said to be a finite work process
if

. dP A . .
w o, EP) =/0 T Ef ;) - Ef (t)dr < 0.
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Here, the notation of (2.2) has been used. It follows from the Strong Dissipation
Principle that for any EX # 0,

wo', EP) > 0.
Moreover, by virtue of (5.3), the work W (0T, E? ) can be written as
b P 1
WO E") = EG}OOE(dP) -E(dp)
1 00 oo . .
+§/ / G(r — sDEF (z) - EF (s)dtds (5.5)
0o Jo
1 1
= E(I}OOE(dp) -E(dp) + E[ G (w)E (w) - EFP (a))da)

where (T}C(a)) is defined by (4.19).
Then, GENTILI [35] defines the process space as the set of finite work processes:

He(RT) :{EP € Sym; E(d)) = 0; %/OO /oo Gt — sDEP (v) - EF (s)dtds
0 0

- — q} (@)EL (0) - Ef (w)do < oo} (5.6)

Letus return to (5.3), referred to an arbitrary time ¢, denoting (o, P) by (I, EP ).
We can write:

wI, EP) = / / )EP (@) - EF (v)drdt’

—f I'(</,E") -EP (") d7’

0
1
= E(BOOEO(OO) - Eg(00)

+l foofoo (Ti(|1: - t/|)EP(r’) -EP (v)drdt’
2Jo Jo

+GooE(7) - Eg(c0) —/ I'<,E)-E (z)d7', (5.7)

0

where E,(c0) = [ Ef (1)dr, and I' is defined by (4.42). Thus,

W', EP) = %(]}OOEO(OO)-EO(OO)—F % f G, (@EL () - E” (o). P(w)dw
- 5.8
. — (5.8)

HEaE(0) - Eo(00) — 5 / ' (@) - E7 (@)do < oo,

where

oo .
I' (0) = f I'(v)e ' dr,
0
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which is in fact equal to J'_(—w) defined by (4.51).

Therefore, the set of admissible states I' or (E(z), it(~)) belongs to the set
Sym x Hg(RT), where Hi; (IRT) is the dual of Hg (RT), namely

H(RT) = {if; / I'(t) - Ef (1)dt < o0, VE? € HG(R+)}. (5.9)
0

6. New free energies expressed as functionals of I

Let us first present the Volterra-Graffi functional [39, 40, 16, 18]
1 [,
Ve (E) =60 — 5 /0 G (5)EL(s) - EL(s)ds, 6.1)

which is a free energy if G(s) < 04, G(s) = 04, Vs € RT. This is the Graffi-
Volterra free energy and is frequently used in applications.

Remark 6.1. Note that the assumption Gu) = 04, u = s implies G(s) = 04. It
implies G(s) < 04 if G is non-zero on a set of finite measure with elements u# > s,
which further implies that G(0) < 04, except in trivial cases.

We now introduce a functional which is a free energy for a certain class of
materials, in fact the same class for which the Volterra-Graffi functional, given by
(6.1), is a free energy. We also present a family of related functionals which are
free energies for more restrictive conditions on the material.

Let us first write down a general representation of a free energy, noting some
of its properties. These were presented for the scalar case in [37]. Consider the
quantity

VO =)+ 5 / ” / TELS) - Guals. w)EL(w)dsdu, 6.2)
0 0

where ¢ (¢) is given by (4.22)4 and a numerical subscript on G indicates differen-
tiation with respect to the corresponding argument, so that

a0
Gra(s,u) ;= ——G(s, u). (6.3)
ds du
We obtain
Gia(s, 1) = Gy (u, 5) (6.4)

without loss of generality. Since the integral in (6.2) must exist for finite relative
histories, we have G12(00, s), Gi2(s, 00) = 0.

The requirement that ¥ (¢) = ¢(¢) for all # [5, 20] implies that the kernel
@12 must be such that the integral term in (6.2) is non-negative for all histories.
Furthermore, we must have

Y (@t) + D) =T@) - E@), (6.5)
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where D(¢) must be non-negative according to the second law. Equation (6.5) leads
us to impose the properties

Gi(s,0) = G2(0,5) = G(s), Gar(o0,s) = Gi(s,00) =0 (6.6)
where G(s) is the derivative of the relaxation function and
1 o o
D) = —5/ / El(s) - Kia(s, w)EL (w)dsdu = 0,
0 0
K(s,u) = Gi(s, u) + Go(s, u). 6.7)

Thus, the kernel IK must be such that the non-negativity of D is ensured. If we
assume that

G(s, 00) = G(00, 5) = Goo, s € RT, (6.8)
where Go, G are defined by (4.2)4, then (6.6); yields
G(s,0) = G0, s) = G(s), G(0,0) = Go, (6.9)

and
o o
G(s, u) = Goo +f / Go(s', u')ds'du/, (6.10)
N u

which clearly obeys (6.3). It follows that ¥ () can be expressed as

V(1) = o (1) + % f - / T B (s) - G5, w)E (w)dsdu,
0 0

1 . d d
or (1) = () — E(BooElr(Oo) -EL(00), E'(s) = —gEt(S) = EEZ(S)
6.11)

if E(—0o0) is finite.

It is worth noting that G(-, -), given by (6.10), is an absolutely continuous func-
tion whenever Gjo € L'(Rt x R™); in this case, (6.2) is well defined even if
E! € BV(R™). The corresponding expression (6.11) is also well defined since the
kernel is absolutely continuous and E elL! (R™).

Consider the functional

W) = (1) — %/0 G (ol (o) - T'(0)dr, 6.12)

where (i}fl(t) is the inverse of the tensor G(t) and I' is defined by (4.47). It is
assumed that (T}(‘L') is positive semidefinite for all T € R™, from which it follows
that d}(r) is negative semidefinite for all T € R™. Thus, the integral term in (6.12)
is non-negative. The tensor G~ becomes singular at large 7, but it is clear from
the representation (6.13) below that the integral exists.
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The domain of definition of the functional ¥ will be denoted by Hp(R') =
Sym x Hi(R™T), where

£ (RY) = {i’; [oo G (X (r) - T (D)dT < oo} .
0

This space is very much larger than the domain of definition of the Graffi-Volterra
free energy, as we see for a kernel given by an exponential or a sum of exponentials.
As a function of the relative history E’r, the functional W can be written

VrI') = ¢ (1)

—1/ / f Bi(r + 526G (1)
2Jo Jo Jo

G(t + sDEL(s1) - EL(s2)ds1ds2dT

1 o o0
=¢@) + 5/0 /0 Gi2(s1, 52)EL(s1) - EL(s2)ds1ds2,
(6.13)

where
0 . . _1 .
Gs1,52) = —f G(r + 526 (©)E(x + 51)d7 + Goo = Gls, 51),
0
(6.14)

and @Gy, is given by (6.3). We see that G(s1, s2) obeys (6.4) and (6.9). Also, the
quantity K in (6.7) is given by

o
K(s1, 52)=— f (@(r + 56 (G +52)+G(x +5)G (D) E(x + s2)dr.
0
Partial integration with respect to T gives
. -1 . 0 . d .1 .
K(si, s2) = GGG (0)G(sp) + G(t + sl)d_r(E () G(t + s2)dr,
0

which yields a non-negative dissipation since, under our assumptions,

;—Td}‘l(r) — 6 ' (GO () (6.15)

is a non-positive tensor (i.e. negative semidefinite).
In fact, a more direct demonstration of the fact that W is a free energy can be
given, though the above, general, approach is used later. From (4.46),

%i'(z) — —GOE®) +1'(0), (6.16)
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so that

%‘PF(P) =T() E(@) — /OO & (o)l (z) X (z)dr
0

=T@) - E@) + %d}_l(O)i’(O) 1(0)
41 /oo [iG_l(r)} (o) ¥ (0)dr. 6.17)
2 0 dt

Thus, we have

D) = —%G_I(O)it(O) T0) — %/OOO [id}‘l(r)} () -T'()dr > 0.

dt
(6.18)
Note that
1 7 d ._i ¢ ¢
D)2 —= —G@G ()| I'(x) - I'(v)dr = 0. (6.19)
2 0 dt
Let us further assume that there exists a non-negative «| € R*T, such that
G(r) +a1G(r) =20 Vr e RT. (6.20)
This yields
d -1 .1
—G (1) a6 (1) 20, (6.21)
dt
and, from (6.19),
D(1) Z a; (Vr) — ¢(1)). (6.22)

We can express a family of free energies using a simple generalization of the
above procedure. Consider, for a given integer n = 1,

W, (') = ¢(r) + (_2”" / G, (O, (z,) - T (),
n v dn v
G, (1) = G(7), L) =—I,(7), (6.23)

dt" dt" "

(o.¢] o o oo
/::/ dn/ d‘[z/ dr3~--f dt,.
n 0 7] 5] Tn—1

It is assumed that for all 7,
(=DM Gpp1(2) 2 0. (6.24)
It follows that

(=D"Gp(r) 20, (6.25)
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where m is any integer in the interval 0 < m < n. Using a generalization of (6.16):

d . o
EIZ(I) =—-G,(n)E@®) + If1+1(t), (6.26)

and we can show that

d N " (_l)n_l —1 ¥t ¥t
d—\l’n(l ) =T@) -EQ@) + G, (iDL, (zh—1) - L, (th—1)
t 2 n—1
—(_zl)nl[—jt (Bnl(rn)} I (t,) - 1 (z,). 6.27)

For n = 1, the middle term on the right-hand side of (6.27) is understood to yield
the middle term on the right of (6.17),. We have

—1"
D) = ( 2)

/ G, (tp DI (tym1) - I (7-1)
nl (6.28)

(_l)n i —1 Yt . %t >
+ B /n |:d‘L'n (Bn (Tn):| In(Tn) In(-[n) > O’

which is non-negative since
d
(—D”E(H;l(r) = (=D""G ! ()G (0)EG, (1) 20

by virtue of (6.24). Because the first term on the right of (6.28) is positive we have

" (T ot Ty 1

D(t) 2 G, (ty) [, (z) - T (7a) 2 0. (6.29)
2 2 LdT,

Again, if we assume that an o, > 0 exists such that

(=) [Gry1(0) + @n Gy (1)] 20, VT e RT, (6.30)

then
d .
(=)"—G, (v) 2 (=", G (1)
drt

and (6.22) holds, with «;, replacing «;.

We deduce from (6.25) that each ¥,,,, 0 < m < n is also a free energy if (6.24)
holds. Note that if G is completely monotonic, in other words, if (6.25) holds for
all integers m = 0 [16, 18], then there is an infinite sequence of free energies given
by (6.24).

Finally, we consider

l.— o <
Yo(I') = ¢(1) + 56 (O 0) - 1(0),
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where the second term is positive by virtue of the fact that (T}fl (0) > 0 (see (4.6)).
By similar manipulations to those in (6.13) and (6.14), we obtain

o v —1 o
G(s1,52) = GlsDG  (0)B(s2) + CGoos
which clearly obeys (6.9). Also
. o —1 o o v —1 .
K(s1,52) = Gs)EG  (0)G(s2) + Gls)G  (0)G(s2).
Let us assume that
G(r) £0 Vr e R, (6.31)

which implies that (T}(r) >0, 7 € RT, and further assume that there exists a
non-negative op € R such that

G(r) + ao@G(r) =0 Vr e RT, (6.32)

so that G consists of a single exponential term. We then have (6.22) as an equality
with 20 replacing o1, which implies a non-negative dissipation. Note that we can
write Wq as

l.—
Wo(I") = ¢(1) + 5@ H(0) (T(1) — GE®) - (T(1) — GE (). (633)

In [18] (Section 4, Corollary 4.2), it is proved that (6.33) is a functional of the
minimal state (which is also a free energy first considered in [4]). They show that
it is a free energy if, and only if, @ is of exponential type with G(0) < 04.

7. The minimum free energy in terms of I’

Consider (5.3), referred to time # rather than the origin. It is convenient to write
it over R™ rather than R™ so that we obtain

W Py = 4 [0 [0 Glls — ulEX(s) - Ef (u)duds o

— [P T (=s) El(s)ds,

where E/ (s) describes the process E( + Is]), s € R™ and I’ is given by (4.43).
~ We seek the maximum recoverable work respect to the set of processes where
E'(-) € Hg(IR™) given by

E'(s) =E! (s)4+ce(s) , seR™,
where ¢ is a real parameter and e € Hg(R™). If Efn is the process for which we
obtain the maximum recoverable work, we have.

LW, P)loey =

— [0 [0 G(s — ul)E!, (u) - e(s) duds + [°_T'(—s) - e(s)ds = 0,
(7.2)



The Concept of a Minimal State in Viscoelasticity

From (7.1) by virtue of the arbitrariness of e(s), we obtain

0
/ G(ls — uE! () du =T (=s), s Z0. (7.3)

—00

Equation (7.3) is a Wiener-Hopf equation, the solution of which maximizes the
recoverable work. The minimum free energy is given by (3.6). From (7.1), (7.3)
we obtain

0 0
x/fm(E’)=wm(r>=% f / G(ls — uDEL, ) - EL (s)duds,  (7.4)

where E/, is the solution of (7.3).
We now seek to solve (7.3). We can write it as

0

—GooE(1) + GooEl, (—00) +/ G(ls — u)E, () du =T (—s), s Z0.
—0o0
(7.5)
Noting that
ot 8 t t 13
B, () = — -, (). E}, () =), () — EQ),
and carrying out a partial integration relation (7.5) yields
0 P .
/ —G(|s — u|)E£n,(u) du —T'(—s)=-J'(s), s <0, (7.6)
00 08
on utilizing (4.43). The quantity J’ is defined by (4.50), so that
> 9
Ji(s) = / a—([i(u + |s|)Elr(u) du
0 0§ (7.7)

9
:/ —G(s — uDE.(u)du, s <O.
0 as

We will use this last form to define J* on IR, which in fact corresponds to (4.57) or
J'(s, —1) in the notation in the integrand of (4.52);.

In order to solve the Wiener-Hopf equation (7.6), we write it in the form [35,
29]

0
/ i(]}(Is — u|)Efn,(u) du+J(@s)=R'(s), seR, (7.8)

00 08
where R is, for the moment, unknown apart from the fact that
Ri(s) =0, seR". (7.9)

Using (4.14), we take the Fourier transform of (7.8) to obtain

2i t t t
P H(w)E,, (@) + Jp () = R (@), (7.10)
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where EE m) (w) is the Fourier transform of the optimal relative continuation, related
to the optimal relative process. It is analytic on Q). Also, R/, (w), by virtue of
(7.9), is analytic in Q). The behavior of J% (w, —1) for large w is given by (4.54),
which is important in the present context. Any other value of A could be used.
However, it is undesireable to choose J (w) = J-(w) (in other words, where the
extension is zero). This choice vanlshes as w~! at large w. Such weak decay to
zero causes convergence problems (which can in fact be overcome with care) in
integrals introduced later (see (7.19)). Recalling the factorization of H(w) given
by (4.26), it is clear that (7.10) may be written in the form

H_(0)E{,, () + % [ 1H+(w)] Jp() = [ 1H+(w)] R} (),
(7.11)

if []H+ (a))]_1 exists, which is true in particular for @ € R\{0}. The factor w
ensures that it is well-defined at the origin. We put

P'() = 5 [Hi@)] ' @)
=p_(») — p'y (@), (7.12)

where p’, (w) is analytic on QT respectively. They can be written, with the aid of
the Plemelj formulae, in the form
1 o0 Pt /
PL(®) = >— &dw’, (7.13)

270 J_ oo @ — @7

the integral being convergent since J’(w) decays as w3 for large w, or, more
strongly, if A = 1. This step is of course identical to (4.30) and (4.31), as can be
seen from (4.53) for A = —1. By means of a standard argument, [35, 29], we deduce
that

El, (@) = —[ H-(0)] ' p’ (o). (7.14)
It follows from (4.54) and (7.13) that

o G H )] T
- _/ ——— do, (7.15)
where (see (A.11))
(o) Iy (0)
) (@3 =T (0 )+J( ) 22 M HOES Jf<s>. (7.16)

The quantity J' (w)3 is that part of J* (w) with the terms decaying as ™!, w2

removed. Itis easy to show that the term J, (w)3, where J_ (w)3 +J, (0)3 = J (w),
does not contribute to p’_(w). If A is varied from —1, p”_ is not affected. However,
there is no similar argument for p/,, which will change if A is varied. If A = —1,
(4.34) holds.
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It is convenient to use (7.13) rather than (7.15) in the sequel.

The minimum free energy is given by (4.33). Our objective is to write this
quantity in the time domain, as a quadratic form in I

Let IT” be the inverse Fourier transform of P’. Then

P (w) = foo I (5)e 195 ds (7.17)

and

t( )=_ OOHI() —ia)sd ,
i) = = o (e 0ds (7.18)

p(w) =[O T (s)e i®Sds.

The quantity IT” can be written more explicitly, by means of the Faltung theorem.
However, we first need to write P? as the product of two functions both in L2(R).
Let us divide and multiply by (w™)?, omitting the superscript for factors in the
numerator, where it is irrelevant. Thus, we obtain

t _ [H+(w)]_l 2yt
P'(@) = - [a) JF(a))], (7.19)

where both factors are in L?(IR) and where the first factor has all its singularities
in Q). We define

d2 1 00 .
22)(s):=ﬁ,]’(s) =5 / * I (w)e! S do. (7.20)

Also, let us define M € Lin(Sym) by

[ele] -1 .
]M(s):=i/‘ Melwsdw, s € R. (7.21)

27 J_ o 2iw

The integrand has a quadratic singularity near the origin, owing to the explicit pole
term and the factor w in Hy (w) which is taken, for consistency, to be w™. This
gives a finite contribution, which is easily calculated. The quantity IM vanishes for
se R .

By the Faltung theorem, we have

' (s) = — / ' M(s — u)ng)(u)du. (7.22)

From (7.18) it is clear that only non-positive arguments of J€2) contribute to p’_.
Also, from (7.18) and Parseval’s theorem,

00 0
L / p"(0)Pdw = / T () |°ds. (7.23)
27 J_x —o0
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Extending the upper limit in (7.22) to zero and interchanging integrations, we have

0 0
Ym (1) = ¢ (1) + / f Jio) ) - L(u, v)Jp) (v)dudv. (7.24)

where IL € Lin(Sym) is given by

0
Lu,v) := / M*(s —u) M(s — v)ds
—o0 (7.25)
= / M*(s — u) M(s — v)ds,

max (u,v)

where IM* is the hermitean conjugate of IM, which also vanishes on R™~.
Observe that

IL*(u, v) = L(v, u), (7.26)

which ensures that ¥, is real. If M(s1), M*(s2), ¥ s1, s2 € RT, commute, then
IL is hermitean. Note that

Lu,0)=L0,v)=0Yu,veR" (7.27)
and also, since M, M* € L2(R"),
Lu,—00) =L(—00,v) =0VYu,ve R™". (7.28)

Therefore, we can write (7.24) as

0 0
YD) = $(1) + / / 3,00 - LG, ), (0 dudv

2

0
Lip(u, v) = ML(W v). (7.29)

It follows from (7.21) that the quantity IL1, will have singular delta distribution
terms. This can be avoided by using (7.24). Referring to (4.50), it can be written in
terms of I as

Um (@) = (1) + /0 fo I, ) - K(u, v)I{y (v)dudv, (7.30)
where
y d* .,
Ib(s)::PI (s) (7.31)
and
K(u, v) = L(—u, —v)

min(u,v)
= / M*(u — 5) M(v — s)ds. (7.32)
0
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We now give an expression for the rate of dissipation. This quantity is given by
[37,20]

Dy (1) = |K(1)|%, (7.33)
where
iK@) = lim op’ (w). (7.34)
w00
A slightly different formula was given in [37, 20] in terms of " (w), defined by

(4.31), which can easily be shown to be equivalent to (7.34). From (7.18),, we
deduce with the aid of (A.11) that

K(1)

0
' (0) = — / M(—u)Yy, (u)du

= / - M)I,, (u)du, (7.35)
0

on using (7.22) and (4.50). Therefore

00 . 2
Dy (1) :' /0 M)ty (u)du

:/O /0 izz)(u)]N(u,v)iEz)(v)dudv (7.36)

N, v) = M*(u) M(v).

8. Maximum free energy as a functional of I’

We now consider the maximum free energy, defined in the general theory by
(3.8) or (3.10).

Definition 3.1 has been adopted for the free energies, and the set of such free
energies has been labelled by F. A slightly different definition (which takes a
free energy to be a lower potential for the work done on processes with respect
to a suitable norm) has been given in [18] (Section 2, Definition 2.2): the set of
functions obeying this definition was called F>(@). There, G appeared in order
to emphasize the circumstance that any definition of free energy is relative to a
given relaxation function. In [16], further progress was made. In particular, besides
a normalizing constant (which in our case is zero), it has been pointed out that the
quantity W(E(t), E"), defined in (4.21), is the maximal element in a suitable set of
functions. Such a set is denoted by F1(@) and this is not, in general, coincident
with F»(@): indeed, elements in F (@) need not be functions of state. The fact
that VT’(E (t), E") is the maximal element of F(@), is no longer, in general, true
for free energies defined according to Definition 3.1, although this is certainly the
case when the minimal state coincides with the history-deformation pair.

Recent progress in the characterization of the maximal element of 7> (@) has
been achieved in [15]. There, the author characterizes the maximum free energy
by introducing the concept of relaxed work: this is the minimum work required
to approach a given history by continuations of another history. Provided that a
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suitable dissipation postulate holds, the relaxed work from the natural state, and
the opposite of the relaxed work to the natural state, are the maximum and the
minimum free energies, respectively. They both turn out to be functions of state.

Here, we take the initial state to be the zero state. Our objective is to derive an
(explicit) expression for this quantity, both in terms of the history and in terms of
I'. There are two distinct cases related to those above: (i) where the maximum free
energy is equal to the work function; this occurs when the set of minimal states
(Definition 2.4) is a singleton; and (ii) when it is less than the work function, which
is true for materials for which the space of minimal states contains more than one
member.

It was shown in [29, 26] that the latter situation prevails for discrete spectrum
materials (the relaxation function is given by a sum of decaying exponentials),
by deriving and solving a Weiner-Hopf equation, subject to a constraint enforced
by a Lagrange multiplier function. A simpler, and more general argument, is now
developed.

For continuous spectrum materials (the relaxation function is given by an inte-
gral of a density function, with some continuity characteristics, multiplying a decay-
ing exponential), it is shown in [22] that the first situation applies.

A material can be characterized by the singularity structure of G on Q) as
can be seen, at least in the case where G is analytic at infinity, by evaluating

G(s) = 1 /oo Gr(w)et S dw (8.1)
27 J_ oo

by contour integration on 1, drawing the contours past the singularities to infinity.

The possible types of singularities are: isolated singularities, discontinuities
associated with branch cuts and essential singularities. The first type, if the poles
are simple and on the imaginary axis of Q(*), corresponds to sums of decaying
exponentials in . The argument here allows for general isolated singularities, so
that each element of @ F 1s a meromorphic function of w, with a finite or even an
infinite number of singularities of various orders.> This corresponds for example to
decaying exponentials multiplied by polynomials or convergent power series. This
is observed in the scalar case by multiple differentiations of Gz with simple poles
with respect to the positions of the poles. This corresponds to the differentiation of
@(s) with respect to the coefficients of s in the exponentials. Also, the singularities
may be, in principle, anywhere on Q™) but subject to the condition that @ be real
or that Gr(w) = G F(—®). This constraint in fact means that the singularities are
symmetric under reflection in the positive imaginary axis.

The second type yields integrals over exponentials which, for cuts along the
imaginary axis in Q("), gives the standard continuous spectrum form. Again, the
branch cuts may now be anywhere on (), subject to the constraint that @ is real.

It should be pointed out that singularities off the imaginary axis may yield oscil-
latory behavior in (i}, combined with relaxation behavior, because of trigonometric

2 If the number is infinite, they must form a divergent sequence. Finite points of accumu-
lation of singularities produce an essential singularity [53], which we exclude.
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functions mutiplying the exponentials. This is not excluded by thermodynamic
principles [42, 19].

Essential singularities at infinity of a certain kind are associated with finite mem-
ory, i.e., where (i}(s), or some term in that function, vanishes for s > d > 0, the
quantity d being the duration of the memory [30]. For simplicity, such singularities
are excluded here.

Essential singularities at finite points on Q) are the remaining possibility. It
is difficult to imagine a choice of relaxation behavior that would generate such
behavior in G 7. Such singularities are excluded from consideration in this context.

One difference between isolated and branch-cut singularities is that the former
always have infinite behavior associated with them, while the latter are characterized
by generally finite discontinuities, though, in fact, infinities may occur at branch
points and indeed on the cut. However, there is the following clear-cut distinction
which is important in the present context.

Remark 8.1. If IF, generally a tensorial quantity, has isolated singularities at a set
of points, then F~! or more precisely its determinant, will have zeros at these
points. If IF has a branch cut between two branch points, then IF —! will also have a
branch cut between these two branch points. The converse of these two statements
also holds.

In [29, 26], many different factorizations of IH were obtained (in [29], only the
scalar case was considered) by interchanging some or all of the zeros of det H4
and det IH_. These were obtained under the assumption that the eigenspaces of
@ are time-independent, which implies that IH, and H_ commute. In practical
terms, it would seem that we must make such an assumption in order to obtain
explicit representations of the factors. We will do so for purposes of the present
discussion. Two factorizations will be considered, that given by (4.26) and

H() = HY(0) H (), HY (0) H" (), (8.2)

where det ]HSf) has all the zeros of det H_ and det ]H(_e) has all the zeros of
det H. . In other words, all the zeros have been interchanged. On individual ei-
genspaces, the manipulations are in effect those of the scalar case.

Let us write (4.40) and (4.41) in the following way: let (E(¢), E') be a given
current strain, strain history couple. Then (E(¢), Etl) is in the same minimal state
as (E(t), E") if

o0
E.(t) =0, / G(ls — u)E (u)du =0, se R, (8.3)
0
where E; (1) = E{ (1) —E(?), E, () = EL, (u) — E (). We write (8.3)2 in the form

f G(ls — u))E (u)du = R(s), s e RTT
0

-0, seR™ (8.4)
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and take Fourier transforms, using (4.14), to obtain
2i /
> H(w)E,, (0) = Ry (). (8.95)

Equations (4.30) and (4.31) can now be utilized to write

.
= HY @)@ — pl @) ] =Ry @), (8.6)

where the factorization H(w) = ]Hsrl) (w) ]H(_l)(w) can mean either (4.26) or (8.2),
and (cf. (4.31) and (7.13))

ey L [ D @B, @)do
Pasl®) =50 oo o —oF '

(8.7)

It was shown in [20] that 3
p_(w) =0, weR (8.8)

for the factorization (4.26) if (E(¢), E') and (Eq(¢), E’l) are in the same minimal
state. The argument in [20] was extended to any other factorization based on an
interchange of zeros in [26] for the case of simple poles and zeros. It applies with-
out modification to the case where IH is a general memomorphic function with the
correct symmetries and behavior at zero and infinity. Thus, we have from (8.6)

_ 2y
Ry (w) = - H, (0)py (@), (8.9)
and, by virtue of (8.5),
@)= B W] p 8.10
a+(@) =—| H (@) | pgy(o). (8.10)
Now EZ > if it is non-zero, must be analytic in Q2 and convergent at infinity in

this half-plane . Therefore, H" can have no branch cut singularities. It follows
from (4.27) and (8.2); that ]HS:) and H have the same property. Also, the zeros of

det ]H(,l)(a)) must be in Q") which means that the factorization is given by (8.2).
We have thus

Proposition 8.2. For a material where G has time-independent eigenspaces, the
set of minimal states has more than one member only if G possesses no branch
cut singularities.

In other words, Gz can have only isolated singularities.

If G r has branch cut singularities, then the set of minimum states is a singleton,
EZ is zero and the work function is the maximum free energy. In this case, the state
is defined by (E(¢), E') and the work function is a function of state.

3 Actually q;_ (w) = 0, but (8.8) follows immediately from (8.3)7.
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We now seek the choice of state (E (), E’l) such that the work done to achieve
this state is least among members of the minimal state which has (E(r), E’) as a
member. We have from (4.23) and by analogy with (4.34)

~ 1 [
W (Ei1(t), E}) = Wi(1) = ¢(r) + Z/;oo E (@) HE,, ()

1 o
—ow+5- [ B @P 4 @Fdo. @0

where

@/ Nyt / /
1 © HI(E, , (o)dw
1 ri+
= — . 8.12
P1+(@) 2mi ,/,OO o — ot ( )

The minimum of Wi, gives the maximum free energy (see (3.10)) [9, 27, 16, 29,
26] Now, recalling (8.8), we see p/ _ is fixed by virtue of the fact that it is equal to
p,_. defined by (8.12) but with ., . replaced by E] , . However, p/ , can be varied
and the choice which minimizes W is clearly

Py (@) =0, weR, (8.13)

where p}, ., is the optimal choice, corresponding to an optimal history E}, . Noting
that

Pyt (@) = P, (@) = Pey (@) = =Py (@), (8.14)

we see (8.10) gives
E, (0) =E (o) + [ HY (w)]_1 P, (@)
= [ HY (w)]_1 {p,_(®) — p, (@) + p,, (®)}
- [n{@(w)]_l pl_(@). (8.15)

Proposition 8.3. For materials where G has time-independent eigenspaces and
only isolated singularities, the maximum free energy is given by

1 [
Ym() =¢@) + 2—/ p,_(w)[*do (8.16)
T J-c0

and the Fourier transformed optimal history associated with this quantity has the
form

‘ @, 17" v
E, () = []IL (a))] p_(). (8.17)
where
o I[_I(f)(a)/)Et (a)/)da)’
p._(w) = o — : (8.18)
i J oo 0 —w

If G has branch cut singularities, then the maximum free energy is equal to the
work function.
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It remains to express ¥y in terms of I'. We can proceed very similarly to
Section 7. Instead of (7.12), we introduce

” -1
P (0) = % [lHiJ(w)] ()
= HY(0E., (o) (8.19)

by virtue of (4.53), taking J% (w) = J%(w, —1). The argument then goes through
unchanged, to yield

Um(t) = ot) + /0 /0 Iy, (u) - Ko (u, v)I) (v)dudv (8.20)

instead of (7.30), with

min(u,v)
K.(u,v) = / M (4 — s) M, (v — s)ds,
0

. -1 8.21
M.(s) =— - e dw,
21 J_ o 2iw
replacing (7.32) and (7.21).
Also, the rate of dissipation corresponding to ¥ is given by
oo . 2
Dy@®) = '/ ]Me(u)IEZ)(u)du
%0 poo .
= /() /0 122)(14)]1\Ie(u, v)IEz)(v)dudv (8.22)

INe (1, v) == M (u) M, (v)
instead of (7.36).

Remark 8.4. Similar representations can be given for the family of free energies
introduced in [29, 26] obtained by exchanging some but not all zeros in the factor-
ization and indeed generalizations of these to the case of non-simple poles.

Finally, for materials with branch-cut singularities, the maximum free energy,
which is the work function, is given by (4.23); or

1 © _
W) = o)+ E/_ El (0) - HwE! (0)dw

=¢(t)+ é [ a)zj%(a)) [ H(w)]™! b (w)dw (8.23)

on comparing the two right-hand sides of (8.19). Let us define

o) e
My (s) = My (—s) := %/ %e’wsda}. (8.24)
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Then

1 oo oo o o
W) = ¢ (1) + Z/_oo /_oo I ) - My — v)Ily (v)dudv.  (8.25)

This depends on I' defined on R which is not a function of the minimal state, a
property which holds for I' restricted to R™ (see (4.43) and (4.44)). However, we
have I (s), s € IR, given by (4.57) which is a function of the state (E(¢), E’). This
is the minimal state for the type of material under consideration.

9. Applications to initial and boundary value problems in linear
viscoelasticity

The usefulness of studying linear viscoelastic materials via the new state func-
tion I, instead of the history E!, becomes apparent when considering the partial
differential equations which describe the behavior of bodies composed of these
materials. In the classic approach, the problem is set up in the space-time domain
Qr = B x (0, T) by means of the equation:

ii(x, ) = V-T(x,1), ©.1)

where T(x, ¢) is given by (4.2). Together with equation (9.1), initial and boundary
conditions are given by

ux,0)  =up(x), u(x,0) =up(x),

u=0(x,s) =u'(x,s), s e Rt, xe B, 9.2)

ufy5 (x,5) =0,
so that besides specifying up(x) and iy (x) at the outset, it is also necessary to assign
the history u’(x, ), which is a function defined for all x € B in the time interval
IR™ . Thus, such an approach carries with it the conceptual difficulty of having to
assign all the past history of the displacement on the infinite interval (—oo, 0].

If we set up the problem using the new definition of state, then (9.1) and (9.2)
in the domain Q7 become, with the aid of (4.2) and (5.2),

ukx,7) = V- (Gox)Vu(x, t) + /00 G(x, s)Vu' (x, s)ds)
0
t
=V - (Go(x)Vu(x, ) +/ G(x, s)Vu'(x, s)ds) — V - I°(x, 1), (9.3)
0
where, (see (4.45))

I°x,7)=— /0 G(x, s + 1)Vu'=l(x, s)ds 9.4)
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and the initial and boundary conditions are now given by

u(x, 0) =up(x), u(x,0) =ug(x),
I'Ox,7) =1, 1), 7 €(0,T), 9.5
ulyz (x,7) =0.

It now appears that in order to study problem (9.3), (9.5) in the domain Q7, besides
assigning initial conditions ug(x), g (x) it suffices to give the function I° (x,-), in
the interval (0, T) only, instead of the whole past history u’(x, s), s € RT.

As we can see from (9.4), the function I” is an observable quantity. It carries a
precise physical meaning: it represents the negative of the stress associated with the
null process E(-) = 0 on (0, 7). It is therefore convenient that the initial condition
s required only over the finite time interval (0, T).

This new definition of state also has an advantage in the study of stability of
solutions where we consider (9.3), (9.5) in the domain Q = B x IRT. In fact, it
allows us to set up the problem in a very large space of initial conditions.

Usually, this differential problem is written in a weak sense, by a variational
form derived from a stationary principle. Now we show that the system (9.3), (9.5)
can be represented in a weak form by means of a virtual power principle. This new
framework allows us to pose the problem in natural spaces, related to the domain
of definition of the free energy given by the BRUEUR and ONAT equation in [3],
namely (7.4). Moreover, it is possible to obtain existence, uniqueness and stability
theorems in more regular spaces.

The virtual power principle related to the system (9.3), (9.5 ) in the domain
Qoo = Q2 x (0, 400) assumes the following form:

fo /B Wy (x, 1) - 9, (x, 1) + Go(x)Vu(x, 1) - Vo, (x, 1)
t
+ / G(x, s)Vu' (x, s)ds - Vo, (x, 1))dxdt
0

= / - / I°(x, 1) - Vo, (x, 1)dxdr, 9.6)
0 B

where a subscript time variable indicates differentiation with respect to that variable
and ¢; : Qoo — IR3 is any “test” function. Before providing a precise definition
of a solution, we have to rewrite (9.6) in the equivalent form

[e}e] t
/ / (w(x, 1) @, (x,t) — / Gx,t —1)Vu(x, 7)dt - Vo, (X, t))dxdt
0o JB 0

=— / u(x, 0) - @, (x, 0)dx — / / I°(x, 1) - Vo, (x, 1)dxdt 9.7)
B 0 B

obtained from (9.6) after integration by parts with respect to both time variables,
where I°(x,1) = —G(x,1)Vu(x,0) + I°(x,7) (see (4.45)), assuming that
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@;(x,00) = 0. Now we can consider for the system (9.7) the function v:=u, as
unknown and w:=¢, as a test function. We then have

o0 t
/ / v(x, 1) -ws(x,t) — / Gx,t —1t)Vv(x, t)dt - VW(X, t))dxdt
0 B 0
oo
= —f v(x,0) - w(x, 0)dx — f f I'(x, 1) - Vwdxdt. (9.8)
B 0 B
This problem corresponds to the differential system
t
v,(x,t) =V - / Gx,t —1)Vv(x, t)dt — V -Io(x, 1), 9.9)
0

with initial and boundary conditions
v(x,0) =vo(x), v(x, )]y =0. (9.10)

The following frequency domain quantities and results will be used later. From
(4.17), (4.18), using the notation of (A.6) and d}+ x, w) = 64(x, w)— la)% G (X),
we find that

G, (x,0) = WL_ [G(x,0) + Gr(x, 0)] = Ge(x, ©) —iCGy(x, ®), (9.11)

where, by virtue of (4.4),

1.
G (x, w) = —— G (x, w) > 0. (9.12)
w
From (4.8), we have
G
Go(X, ) ~ — O(ZX) 9.13)
10}

at large o if G(x, 0) < 04. Also, from (4.19),

G (X, w) = a% [Gox) + Ge(x, )], (9.14)
and at large w
Gy (o) ~ 20X, 9.15)
w
Thus
Gy (x, ) = —0Go(x) [Gox)] ™ Ge(x, ) +0 (é) : (9.16)

Now, we need to fix the domain of the functions u(x, #) and w(x, ¢). As we will
see, the free energy (7.4) characterizes the set of solutions.
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We introduce the spaces (the first related of course to (5.6), used in the argument
leading to (7.4), and its dual to (5.9))

He(RT; HY (B)) = {v € Lj, .(RT; H} (B));

loc

INNES
0o Jo JB

l o0
= —/ / G (x, o) VV(X, w)-VVv(X, w)dXxdw < oo} ,
T J—0oJB

T — T)Vv(x, 7)) VV(x, T)dxd7'dt

f(Q)1=H%(1R+: L*(B)) N Hg(R™; Hy (B)).
9.17)

Moreover, by means of the state function 1°, we introduce the linear functional on
Hg(RT; HY(B)) defined by

11°, Vv) := /O@/ I°(x, 7) - Vv(x, 7)dxdT.
0 B

From the Riesz theorem, there exists an element VvIO e Hg(MRT; H(} (B)) such
that for all Vv(x, 1) € Hg(RT; H] (B))

11°, Vv) =/OO /Oof G(x,
0 0 B

from which we define the function

7 — )V (x, 7') - Vv(x, T)dxd7'dT,

9.18)

r— PV x, )t , T € R. (9.19)

F(x,7) = /OO G(x,
0

Then, for any element I, we have only one function F® defined by (9.19 ) such
that I°(x, 7) = FO(x, 7), T € R and moreover

11, Vv) =/ /Io(x, 7) - Vv(x, T)dxdt
0 B

:/ /Fo(x, 7) - Vv(X, 1)dxdt
0 B

for all Vv(x, 1) € Hg(RT; HJ (B)) .
Let us consider the new function G*(x, s) : B x Rt — Sym defined as

/00 G, |t —sDG*(x, |s]ds =18(),

—00

where § is the Dirac measure, or

G (x, )G (x, w) =1,
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where I is the unit tensor. Now, we can introduce the spaces

S¢(R; L*(B)) := {FO € L}, (R; L*(B));

LI o

/ f@ (x, a))F x, w) - FY (X, a))dxda)<oo}

'DF(x, 7) - FO(x, T)dxd7'dT

and

S6(R; L*(B)) = {FO € S(R; L*(B));

/ /(1 + |o))G, (%, 0)F% (x, )-Fo (x, 0)dxdw < oo}.

The spaces H¢ and Sg are Hilbert spaces with respect to the inner products

(V1, V2)H, =/0 /(; /B(E(X, h

x [Vvix, ) - Vva(x, T) + VVi(X, T) - Vo (X, T)) | dxd7'dT,

FYF)s, = f f /([}*(x

Finally, the space F(Q), defined by (9.17),, will be an Hilbert space with
respect to the inner product

DEVx, ') - FI(x, T)dxd dx.

Vi, V) F

1 o
= 5/() /Z;(VI(X, B - v, 1) +va(x, 1) - v (X, 1) dxdt + (V1, V2) 1,

1
=-3 /BVI(X» 0) - va(x, 0)dx + (v1, V2) 3,

Definition 9.1. A function v € F(Q) is called a virtual power solution of the prob-
lem (9.9)—(9.10) with data vo € L>(B), F* € Sg(RT; L*(B)), if it satisfies (9.8)
forany w € F(Q).

In the following we suppose that

vo(x) = 0. (9.20)

4 These initial conditions are not restrictive. If v is a solution of (9.9) with initial data
v(x, 0) = vo(x), then the functionz = v + w, with w € C°°(1R+, H& (B)) and such that

w(x, 0) = —vp(x),

where w(x, -) = 0 for every ¢ > 1y, satisfies a problem formally identical to (9.9)—(9.10)
with initial data

z(x,0) = 0.
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Now we are in a position to give the following

Theorem 9.2. Assume that the kernel (E(X, ) € LY(R*, L>®(B)) satisfies the ther-
modynamic condition G.(x, w) > 0, for any w € R Then there exists a unique
virtual power solution v € F(Q) of the problem (9.9), (9.10) with vo(x) = 0 and
F e Sg(RT; L2(B)).

Proof. Let us consider the Fourier transform of the system (9.9), (9.10)
—iovi(X, 0)+ V- -GL(X, 0)Vvi(x,w) =V -Ig(x, ), 9.21)
with
v(x,0) =0, vi (X, )|y =0. (9.22)

If for any fixed @ € R the bilinear form

a(vV4 (@), V4 (@) = /B [iovix @) v o)

G (X, @) VY4 (X, @) - VY1 (X, a))] dx  (9.23)

is bounded and coercive in HO1 (B), then the problem (9.21), (9.22) has one and only
one solution v (-, w) € HO1 (B). It is easy to verify that the bilinear form a(-, -) is
bounded. In order to demonstrate coercivity, we have to prove that the inequality
for any fixed w € R

la(v4(w), V()] Z k(w) ||V+(w)||§,3

holds forall v € HO1 (B) where k(w) is a positive scalar. From the definition (9.23)
we have

la(vy(w), vi(@))] i/(ﬁc(x, w)VVi (X, ) - VVi (X, 0)dX
B

2 k(@) v @7,
0

where k(w) is the least eigenvalue of G, (X, w), which is a symmetric, positive-defi-

nite tensor.

This proves that for any fixed w # 0, the problem (9.21), (9.22) yields a solu-
tion v4 € H& (B), if the supply V - Ig(x, w) is an element of H~1(B). Now, in
order to study the behavior of v, when w — oo, we apply Parseval’s theorem to
(9.8), obtaining

fw / {V+(X, w) - iowi(X, w) — G4 (X, w)Vvi(X, w) - VWi (X, w)} dxdw
—oc0 J B

=— / - /B Fl (x, ) - VW (X, w)dxdo. (9.24)



The Concept of a Minimal State in Viscoelasticity
When w(x, t) = v(x, t) we have
S —
/ / G+ (X, 0)Vvi(X, w) - Vvi(X, w)dxdw
-0 JB
o —
= / / Fi.(x, ) - VVi (X, w)dxdo, (9.25)
—o0 JB
from which we get
0 —
/ / G (X, 0)VVi(X, w) - VVvi(X, w)dxdw = ||VV+||%_{G
< |/ / 1 (X, ) - Vv, (X, w)dxdw
|/ / 2(x a))F x, ®) - (l}z(x @)V (X, w)dxdw|
< wIF s IV V4l (9.26)
by Schwartz inequality. It follows that
oo —
/ / G (x, w)Vvi(X,w) - VVi(X, w)dxdw
f / G (x, 0)F)(x, ) - FO(x, w)dxdo. (9.27)

Therefore, if F* € Sg(R™; L?(B)) we have that v € Hg (R™; Hj (B)). Moreover,
from Poincare Lemma, there is a constant p([3) such that

o0
mm/ /@mwMHw%w@wﬁw
/ / 1(x a))F (x, w) - F 1, a))dxda) (9.28)
Next, we consider in (9.24) w = i (sign w) v1
oo —
['/hm@»anm
-0 JB
+(sign w) Gy (X, w)Vvi(X, w) - Vv (X, w)} dxdw
o
=Im {f f (signa))Fg(x, w) - Vvi(Xx, a))dxda)} . (9.29)
—oc0 JB
Recalling (9.16) with Go(x) =# 04, we see there is a constant C such that

‘(]}s (X, ) Vv, (bx, @) - VV1 (X, @)
< C(1 + |0]) G (X, @) VV4 (X, @) - VY5 (X, @). (9.30)
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Then, from (9.29) and (9.26), there is a constant C; such that
oo —
/ / oV (X, ®) - V4 (X, w)dxdw
—o00 JB
0 —
< CZ/ / |:(1 + )G (X, ©)VVL (X, ®) - VVi (X, ®)
-0 JB
+G (%, )F)(x, ) - FO(x, w)}dxdw. 9.31)
Moreover, if we put in (9.24) w, (X, w) = |w| v4 (X, @) we obtain
/ / o] Ge (X, w)VVi(X, w) - Vv (X, w)dXdw

/ / |w| F+(x w) - VvV (X, w)dxdw, (9.32)
from which, by a similar argument to that used in (9.26), we find that
oo —
/ / || G (X, w)VVi(X, w) - VVi(X, w)dxdw

—o00 JB

© 1 T
< f / G, (x, w) 0| F(x, ) - FY.(x, 0)dxdw. (9.33)

-0 JB

Then, by means of the equations (9.28)—(9.33), we obtain

/ / |(l)| V+(X7 6()) : V+(X7 Cl))
—o0 JBB

+ lo| G (X, @) VV (X, ®) - Vv (X, w)dxdw
< C/ /(1 + o)) @, (x ) F&(x ) - F+(x w)dxdw, (9.34)

where C is a suitable constant.

Hence, if the supply FO € Sg(R*: L2(B)), then we see that the function v
belongs to F(Q) and it is a virtual power solution of the problem (9.9), (9.10) in
the sense of Definition 9.1. 0O

Finally, we are interested in studying the properties of the function u(x, 7),
which is related to v(x, #) by means of the system

ux, 1) =v(x, 1), ux, 1)y =0, where v e Hg(R™; H(I)(B)) (9.35)
and subject to the initial condition
ux,0) =uy(x), x e B.

Lemma 9.1. If G(x, 0) # 0, G(x, 0) < oo, G(x, -) = 0, then the solution u of the
problem (9.35) must be an element of L*(R™; HO1 (B)).
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Proof. Consider the functional on the space Hg(R™; H& (B))

sl fee
2Jo Jo JB

1 o . -
= —/ / G (X, w)Vvi(X, w) - Vv (X, w)dwdx
21 J-x JB

_ L / / G (x, 0)V (iouy (X, o)
2n ) o JB

—u(x, 0)) - V(iwuy (X, w) — u(x, 0))dwdx
< l/m/(a)zd}c(x, 0)Vuy (X, ») - Vug (X, w)
T J—00oJB

+G,(x, ®)Vu(x, 0) - Vu(x, 0))dwdx
< oo. (9.36)

T - T/DVV(X, ') Vv(x, 1)dxdt'dt

Because
0 v
/ / G (x, ®)Vu(x, 0) - Vu(x, 0)dxdw < o0, (9.37)
—o0 J BB
then from (9.36) we have
oo “ —
/ / (wz(l}c(x, w)Vui(x, w) - Vup (X, w)dxdw < oo. (9.38)
-0 JB
Moreover, because (see (4.19)1, (4.24) and (4.25))
lim @?@.(x, w) = —G(x, 0)
w—> 00
and G(x,0) # 0, G(x,0) < oo, then by means of (9.37), ( 9.38) we obtain u €
L>(R*; H}(B)). O
10. Application of semi-group theory to linear viscoelastic systems

The differential system (9.3); can be rewritten in the form
ux,t) = v(x,t)

v(x,1) = V- (G Vu(x, 1) +/ G(x, 5)Vu' (x, s)ds), (10.1)
0

d
uf,(X, S) = _auf‘(xv S) - ﬁ(X, t)’

where u’(x,s) = u/(x,s) — u(x, ). This system is supplemented by Dirichlet
boundary conditions

ulyz =0. (10.2)
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The problem (10.1)—-(10.2) can be considered using semi-group theory, where
the state is given by the triple x := (u,v,ul) € G = Hol(B) x L2(B)xK. In
[11, 32, 25] the space K is the domain of definition of Graffi free energy ¥/ given
by (6.1), and the exponential decay of solutions is proved for initial conditions
x € G, under the following restrictions on the kernel G:

G(x,s) <0, G(x,s) >0, forall (x,s) € BxRT (10.3)

(see Remark 6.1), and there exists « € R** such that
/ [G(x, s) +aG(x, s)] Vu(x, s) - Vu(x, s)dx = 0. (10.4)
B

When we use the function I’(-, -), the system (10.1) can be reduced to the
following problem:

u(x, 1) =v(x,1)
V(x,1) =V [GeoX)Vux,n]—V- I'x,0), (10.5)

%i’(x, 7) = %i’(x, 7) — G(1)VV(x, 1),

(see (4.46)), with the boundary condition (10.2), while the initial conditions are
given by

u(x, 0) = up(x), v(x,0) = vo(x), I'(x,7) = I°x, 1), T e R*. (10.6)

For this problem, the state is given by the triple x := (u, v, I') which is an element
of the Hilbert space F ::Hol (B) x L2(B) xH*F(R+; L*(B)) with inner product

(i (1), vi(0), I wa(0), va (), 1)

= / (GooX)Vu (x,1) - Vup(x, 1) + vi(x, 1) - V2 (X, 1))dx
B
—/oof G x, DI, (x, 1) - I, (x, T)dxdt (10.7)
0 B

Theorem 10.1. Under the hypotheses (10.3), (10.4), for any initial condition xo €
F, there exists a solution xy = (u, v, I") such that

V@) 2 + 2Wp @) < Me ™ ([v(0) ] 2 + 2W £ %)),

where M and |1 are suitable constants and (cf. (6.12))

Ve = %(l}oo(x)Vu(x, 1) - Vu(x, 1) — %/0 ¢ ' x DIt (x, 1) - T (x, T)d7
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Proof. Consider the functional ¢ defined by

1
(@), 1) = v 1) + Wpd), (10.8)
which satisfies the equality (see (6.15) and (6.17))

L(x, 1) —v(x, 1) - V(x,1) — T(x, 1) - VV(X, 1)
= %(’B” (x, I’ (x,0) - ' (x, 0)

—% / G x, 7)G(x, T)d}il x, DIL(x, 7) - I (x, )dr. (10.9)
0

By means of hypotheses (10.3), (10.4) and relations (9.1), (10.2) we obtain

o0
/Bgl(x, Hdx < % -/B/(; (i}fl(x, DIL(x, 1) - T (x, T)dTdx £ 0,
(10.10)

which is in effect (6.22). Thus, if we introduce the total energy
E@) =/ Z(x, 1)dx, (10.11)
B
then
0 E@) S £(0).
Moreover, integrating (10.10) on (0, co), we have
ap [® © . . <,
—?/ / / G x, DI, 1) L, 1)dxdrdt < £0). (10.12)
o JBJo

Hence, by Theorem 9.2 and Lemma 9.1 we have that the solution u is an element
of HI(R™; L2(B)) N L2(RT; H}(B)) and

[Tewa= [T [ L+ veao i
0 o JB (2
:l/ /{(Vz(x, B+ Goo(X)Vu(x, 1) - Vulx, 1))
2Jo JB
_/ G x ol o) T (x, T)dXdT}dth < oo. (10.13)
0

Now, following [32], we write the system (10.5) in the form

x(@) = Ax(), (10.14)
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where A denotes the operator represented by the right-hand side of (10.5), which
is defined on the domain

D(A) = {X € F;ve H/(B),and I' € L*(B) such that

- /00/ (i}_l(x, DI (x, 1) - I'(x, T)dxdt < oo}
0 B

Under the hypotheses (10.3) and (10.4), the operator A : D(A) — F isa
maximal dissipative operator on F , i.e. for A we may prove the following result.
O

Lemma 10.1. a (Ay, x) £ 0, forany x € D(A),
b the range of A — I is F, where I is the identity operator.

Proof. We have, from (10.7), (10.8), (10.11) and (10.14),

1 d
& = 5 @, x @), Ec‘f(t) = (Ax(0), x(@©)) . (10.15)

Integrating (10.9) over 3, we obtain

(Ax @), x(1) = % fB G (x, O (x,0) - ' (x, 0)dx
—l/ /(i}fl(x, ) G(x, t)d}fl(x, 7)
2Jo JB

x I (x, 7) - It (x, T)dT £ 0.
(10.16)

Moreover, under the hypotheses (10.4), we have from (10.10) that

(Ao, x) < 5 /0 - /B &' (x, O (x, ) - I (x, T)dxdT <0,

for any solution .

The proof of point b is analogous to the case considered by DAFERMOS in [11].
Hence, by means of the Lumer-Phillips Theorem (see PAZY [49]), the operator A
generates a strongly continuous semigroup of linear contraction operators S(¢) on
F (see also [32]), so that the solutions of the system (10.5), (10.6) have the form

x (@) = S(1)xo.

Moreover, from (10.13) we obtain that the total energy

1
E) = 3 (S(®) x0, S) x0)

satisfies the restriction

/Oo (S x0, S(#) x0) dt < 00 (10.17)
0

for any xo € F . Then D(A) isdense in 7. 0O
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Now we recall the following Lemma proved by DATKO [10].

Lemma 10.2. Given a strongly continuous semigroup of linear operators S(t) on
a Hilbert space F , then there exist two constants C, y such that

(S x0, S(t)x0) = Cexp(—y1) (X0, X0), for any xo € F (10.18)
if, and only if, the integral fooo (S(t) x0, S(t) x0) dt is convergent for any xo € F.

Because, for any initial condition yo such that % (x0, x0) = £0) < oo we
have from (10.17) that fooo (S(t)x0, S(t) x0) dt < oo, and the inequality (10.18)
follows.

Appendix: Definitions and notation

Let Sym be the space of symmetric second-order tensors acting on IR? viz.
Sym := {M € Lin(R?®) : M = MT}, where the superscript “T” denotes the
transpose. Operating on Sym is the space of the fourth-order tensors Lin(Sym).

It is well known that Sym is isomorphic to IR®. In particular, for every L, M €
Sym, if C;,i =1, ---, 6 is an orthonormal basis of Sym with respect to the usual
inner product in Li n(R3), namely (LM "), it is clear that the representation

6 6
L=ZL,-C,~, M=ZM,-C,~, (A.1)
i=l i=1

is such that 17 (LM ) = Z?:l L; M;. Therefore, we treat each tensor of Sym as a
vector in IR® and denote by L - M the inner product between elements of Sym, viz.

6
L-M=t(@LM")=tr(LM) =) LM, (A.2)
i=1

and [M|?> = M - M. Consequently [45], any fourth-order tensor IK € Lin(Sym)
will be identified with an element of Lin(IR®) by the representation

6
K = ZKijCi(g)Cj’ (A.3)

ii=1
and IK" means the transpose of IK as an element of Li n(R®). The norm |K| of

K e Lin(Sym) may be given by

6
IK[? = tr (lK]KT) = 3 ki
i j=1
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We also deal with complex valued tensors. Let 2 be the complex plane and Sym (£2)
and Lin(Sym(S2)) the tensors represented by the forms (A.1) and (A.3) with
Li, M;, K;j € Q. Then, for L, M € Sym(£2), we have from (A.2),

6
L-M=¢ (LM*) = (LM) = ZLiMi, (A4)
i=1

where the overhead bar indicates a complex conjugate and M* = M’ is the her-
mitian conjugate.

The symbols IR and R*™ denote the non-negative reals and the strictly positive
reals, respectively, while R™ and R™ ™ denote the non-positive and strictly negative
reals.

For any function f : R — V), where V is a finite-dimensional vector space,
in particular in the present context Sym or Lin(Sym), let fr, denote its Fourier
transform viz. fr(w) = ffooo f(s)e™i%ds. Also, we define

) . 0 .

fi(w) = f F()e ™5 ds, f-(@) = / f()e S ds  (AS)
0 —00

fs(w) = /oo f(s)sinws ds, felw) = /oo f(s)ycoswsds (A.6)
0 0

The relations defining fr and (A.6) are to be understood as applying to each com-
ponent of the tensor quantities involved. Only very weak assumptions need be
imposed on f for it to be Fourier-transformable. Indeed, f may even be a tempered
distribution. The Fourier transforms of functions of bounded variation are consid-
ered, for example, in [20]. In the present context, it is generally assumed that all
components of tensors in the time domain belong to L? (IR) (or Lz(]Ri) in the case
of f4 so that in the frequency domain, they belong to L2(R) (or L2(IR*)) [51, 50].
Further restrictions on the allowed function spaces are introduced where required.

For f : RT™ — V we can always extend the domain of f to IR, by considering
its causal extension viz.

f(s) fors 20,
f(s)= (A7)
0 fors <O,

in which case

fr(w) = fr(o) = fo(o) —ifs(®). (A.8)

We shall need to consider the Fourier transform of functions that do not go to
zero at large times and thus do not belong to L? for the appropriate domain. In
particular, let f(s) in (A.7) be given by a constant a for all s. The standard proce-
dure is adopted of introducing an exponential decay factor, calculating the Fourier
transform and then letting the time decay constant tend to infinity. Thus, we obtain
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fro) = —,
LW
w = limo(a) —ia). (A.9)

The corresponding result for a constant function defined on R™ is obtained by
taking the complex conjugates of this relationship. Also, if f is a function defined
on R™ and if lims—, _» f(s) = b, the components of the function g : R~ — V
defined by g(s) := f(s) — b belong to L>(R"), then

b
f-(w) = g—(0) — —. (A.10)
iw

Again, taking complex conjugates gives the result for functions defined on IR™.
This procedure amounts to defining the Fourier transform of such functions as the
limit of the transforms of a sequence of functions in L2. The limit is to be taken after
integrations over w are carried out if the ™! results in a singularity in the integrand.
Generally, in the present application, the w~! produces no such singularity and the
limiting process is redundant.

If fi(w) is analytic at infinity, and f is differentiable N times at the origin,
then we have the asymptotic behavior

™ 1
fi(w)wﬁwiz 7O (wNH), (A.11)

(l(,z))"_H

where £ is the n'M derivative of f. Thus

™
fe(@) woso Z f ),S+)1 + 0 (a)l\}'H)’

Js(@) w0 ln eXV:en (iw)”“ +0 Nt ) (A.12)
The complex w plane, denoted by €2, will play an important role in our discus-
sions. We define the following sets:

={¢ceQ:Im¢ 20}, QP ={reQ:Im;>0}. (A.13)

Analogous meanings are assigned to 2~ and Q7.

The quantities f. defined by (A.6) are analytic in Q)| respectively. This ana-
lyticity is extended by assumption to QF. The function f; may be defined by
(A.6) and analytic on a portion of Q7 if, for example, f decays exponentially at
large times. Over the remaining portion of T, on which the integral definition is
meaningless, f4 is defined by analytic continuation.
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