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Abstract. A general explicit formula for the maximum recoverable work from a given state is derived
in the frequency domain for full tensorial isothermal linear viscoelastic constitutive equations. A vari-
ational approach, developed for the scalar case, is here generalized by virtue of certain factorizability
properties of positive-definite matrices. The resultant formula suggests how to characterize the state
in the sense of Noll in the frequency domain. The property that the maximum recoverable work
represents the minimum free energy according to both Graffi’s and Coleman–Owen’s definitions is
used to obtain an explicit formula for the minimum free energy. Detailed expressions are presented
for particular types of relaxation function.
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1. Introduction

The free energy is a key concept in thermodynamics. In particular, for materials
with fading memory, extensive discussions on the definition of the free energy and
investigations on some explicit formulas have been given in the literature, notably
[2, 6, 7, 9, 10, 13, 14, 18, 19, 27, 33].

Important in the history of the development of the subject are the pioneering
papers of Breuer and Onat [1], [2] on the determination of the maximum recov-
erable work from a given strain history for a linear viscoelastic material whose
relaxation function is a finite linear combination of (scalar) decaying exponentials.
They identify this quantity as a lower bound of the free energy of the material.
Also, in [2], they clearly expose the non-uniqueness in the definition of free energy
for such materials.

? Our thanks to M. Fabrizio for useful conversations on some aspect of this paper.
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However, for materials with fading memory, the first systematic work on the free
energy is due to Coleman [3], who derived a list of its properties as consequences
of the second law of thermodynamics. Much earlier, Volterra [33] already recog-
nized the validity of those properties as reasonable for a functional to be a free
energy in one-dimensional isothermal linear viscoelasticity. The properties derived
by Coleman were taken as the defining characteristics of a free energy by Graffi
[20, 21] and later by others [13, 14, 16, 27]. For this reason henceforth they will be
referred as toGraffi’s definition of the free energy. It is worth recalling that, in such
a context, no specification of the concept ofstatewas required.

A different definition of the free energy can be found in the general theory of
thermodynamics developed by Coleman and Owen [6]. In fact, its application to
linear viscoelasticity leads to a definition of a free energy as a function of the state
of the material, that is, a lower potential of the work done during processes starting
from the current state [10]. In the sequel, we will refer to this as theColeman–
Owen’s definition of the free energy. A comparison between the two different
definitions cited above can be found in [9, 10].

However, as shown in [6, 19], whichever definition is considered, the free en-
ergy turns out to be non-unique: in other words the properties that a functional
must satisfy in order to be taken as a free energy do not lead to a unique expression.
Indeed, many functionals satisfying Graffi’s definition for the free energy have been
given in the literature [13, 14, 19, 21, 33].

From the conceptual point of view, an important step has been the proof that
there exist a maximum and a minimum free energy according to both the defini-
tions. The characterization of these thermodynamic potentials for functions satisfy-
ing Graffi’s definition has been given in [27] and for the ones satisfying Coleman–
Owen’s definition in [6, 10]. In particular, explicit forms of the maximum free
energy obeying the first definition has been shown to hold under rather general
assumptions [27], whereas the maximum Coleman–Owen’s free energy in linear
viscoelasticity has been identified with the minimum work done to approach any
given state starting from the natural one [10]. On the other hand, for both defini-
tions, the minimum free energy has been identified with themaximum recoverable
work, so that the problem of finding an explicit formula of the minimum free energy
has been identified in the literature with finding the expression of that quantity,
although no explicit formula for it has been found in the linear viscoelastic tensorial
case or for more general materials.

Actually, Day [7] found an expression for the maximum recoverable work for a
rather general class of symmetric relaxation functions. However Day’s expression
does not completely solve the problem. In fact, his formula for the maximum re-
coverable work depends on the ‘optimal continuation’ (referred to as the reversible
extension in [7]) of the strain history, which is the solution of a Wiener–Hopf
equation (see e.g. [31] and references cited therein). However, the explicit form
of this quantity was not derived. Therefore Day’s formula represents an interesting



LUCA DESERI ET AL. 143

characterization of the expression for the maximum recoverable work rather than
an explicit formula in terms of the given strain.

A general expression for the isothermal minimum free energy of a linear vis-
coelastic material has been given recently [18] for the scalar case, in the frequency
domain.

In the present paper, the same problem is solved for the full general tensorial
case. The method used here is the same as that in [18], namely a variational tech-
nique. However, the choice of functional to maximize is motivated by showing
the equivalence of some alternative definitions of the maximum recoverable work.
Moreover such a maximization in the tensorial case relies crucially on certain res-
ults due to Gohberg and Kreı̆n [17] concerning the factorizability of Hermitean
matrices.

The resultant expression is shown to be a function of state in the sense of Noll
[29], recently formulated in the context of linear viscoelasticity [9, 10]. Moreover,
it turns out to satisfy both the above cited definitions of the free energy.

Detailed, explicit formulae are given for the material responses associated with
particular classes of tensorial discrete spectrum models.

The layout of the paper is as follows. In Section 2, some notation is established,
while in Section 3 the constitutive relationship of the material is discussed, together
with the concept of state. In Section 4 the maximum recoverable work from a
given state is considered in detail. Factorization of a quantity closely related to the
tensorial loss modulus is considered in Section 5, which allows the determination
of a general expression for the maximum recoverable work in terms of Fourier-
transformed quantities in Section 6, from a variational argument. A result on the
characterization of states in the sense of Noll [29] for viscoelastic materials in
the frequency domain is proved in Section 7, with the aid of which the maximum
recoverable work is shown to be a function of the state. Since the minimum free
energyψm is identified with the maximum recoverable work, the results of Sec-
tions 6 and 7 refer toψm as well. In Section 8, the expression found in Section 6
is shown to have the properties of a free energy according to Graffi’s definition
[20, 21]. In Section 9, such an expression is shown to be a free energy in the sense
of Coleman and Owen [6], by using a suitable norm on the space of the states.
Various choices of norm, including the free energy itself, are compared. Explicit
results for particular relaxation functions are presented in Section 10.

2. Notations

Let Sym be the space of symmetric second order tensors acting onR3 viz. Sym :=
{M ∈ Lin(R3) : M = M>}, where the superscript ‘>’ denotes the transpose.
Operating on Sym is the space of the fourth order tensors Lin(Sym).
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It is well known that Sym is isomorphic toR6. In particular, for everyL ,M ∈
Sym, if Ci, i = 1, . . . ,6 is an orthonormal basis of Sym with respect to the usual
inner product in Lin(R3), namely tr(LM >), it is clear that the representation

L =
6∑
i=1

LiCi , M =
6∑
i=1

MiCi (2.1)

is such that tr(LM >) =∑6
i=1LiMi. Therefore, henceforth we treat each tensor of

Sym as a vector inR6 and denote byL ·M the inner product between elements of
Sym, viz.

L ·M = tr(LM >) = tr(LM ) =
6∑
i=1

LiMi

and|M |2 = M ·M . As a consequence [24] any fourth order tensorK ∈ Lin(Sym)
will be identified with an element of Lin(R6) by the representation

K =
6∑

i,j=1

KijCi ⊗ Cj (2.2)

andK> means the transpose ofK as an element of Lin(R6). According to (2.2),
the norm|K| of K ∈ Lin(Sym) may be given by

|K|2 = tr
(
KK>

) =
 6∑
i,j=1

KijKij

 .
In the sequel we deal with complex valued tensors. We denote by� the complex

plane and by Sym(�) and Lin(Sym(�)) the complexification respectively of Sym
and Lin(Sym), namely the sets of the tensors represented respectively by the forms
(2.1) and (2.2) withLi,Mi,Kij ∈ �. The norms|M | and|K| of M ∈ Sym(�) and
K ∈ Lin(Sym(�)) will be given respectively by

|M |2 =
(
M ·M

)
, |K|2 = tr

(
KK∗

) =
 6∑
i,j=1

KijKij

 , (2.3)

where the overhead bar indicates complex conjugate andK∗ = K> is the Hermitian
conjugate.

The above representations allows results of [17] to be easily extended to tensors
belonging to Lin(Sym(�)).
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The symbolsR+ andR++ denote the nonnegative reals and the strictly positive
reals, respectively, whileR− andR−− denote the nonpositive and strictly negative
reals.

For any functionf : R → V, whereV is a finite-dimensional vector space,
in particular in the present context Sym or Lin(Sym), let fF denote itsFourier
transformviz. fF (ω) :=

∫∞
−∞ f (s)e−iωs ds. Also, we define

f+(ω) :=
∫ ∞

0
f (s)e−iωs ds, f−(ω) :=

∫ 0

−∞
f (s)e−iωs ds, (2.4)

fs(ω) :=
∫ ∞

0
f (s) sinωs ds, fc(ω) :=

∫ ∞
0
f (s) cosωs ds. (2.5)

The relation definingfF , (2.4) and (2.5) are to be understood as applying to each
component of the tensor quantities involved. The existence of the Fourier trans-
forms is ensured if we assume thatf ∈ L1(R,V)∪L2(R,V) (orf ∈ L1(R±,V)∪
L2(R±,V) in the case off±). Also, recall that iff ∈ L2(R,V), then fF ∈
L2(R,V) [30, 32]. Further assumptions will be imposed in the next section.

Whenf : R+ → V we can always extend the domain off toR, by considering
its causalextensionviz.

f (s) =
{
f (s) for s > 0,

0 for s < 0,
(2.6)

in which case

fF (ω) = f+(ω) = fc(ω)− ifs(ω).
We shall need to consider the Fourier transform of functions that do not go to

zero at large times and thus do not belong toL1(R,V) ∪ L2(R,V). In particular,
let f (s) in (2.6) be given by a constanta ∈ V for all s. The standard proced-
ure is adopted of introducing an exponential decay factor, calculating the Fourier
transform and then letting the time decay constant tend to infinity. Thus, we obtain

f+(ω) = a

iω−
, ω± = lim

α→0+
(ω ± iα). (2.7)

The corresponding result for a constant function defined onR− is obtained by
taking the complex conjugates of this relationship. Also, iff is a function defined
on R− and if lims→−∞ f (s) = b ∈ V where the components of the function
g: R− → V defined byg(s) = f (s)− b belong toL2(R−,V), then

fF (ω) = gF (ω)− b

iω+
. (2.8)

Again, taking complex conjugates gives the result for functions defined onR+.
This procedure amounts to defining the Fourier transform of such functions as the
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limit of the transforms of a sequence of functions inL2(R−,V). The limit is to
be taken after integrations overω are carried out if theω−1 results in a singularity
in the integrand. Generally, in the present application, theω−1 produces no such
singularity and the limiting process is redundant.

The complex plane, denoted by�, will play an important role in our discus-
sions. We define the following sets:

�+ = {ζ ∈ � : =mζ > 0} , �(+) = {ζ ∈ � : =mζ > 0} .
Analogous meanings are assigned to�− and�(−).

The quantitiesf± defined by (2.4) are analytic in�(∓) respectively. This analyti-
city is extended by assumption to�∓. The functionf+ may be defined by (2.4) and
analytic on a portion of�+ if for examplef decays exponentially at large times.
Over the remaining portion of�+, on which the integral definition is meaningless,
f+ is defined by analytic continuation.

3. Relaxation Functions, Histories, Processes and States

A linear viscoelastic material is described by the classical Boltzmann–Volterra con-
stitutive equation between the second order symmetric stress tensorT(t) ∈ Sym
and the second order symmetric strain tensorE: (−∞, t] → Sym, of the form

T(t) = G0E(t)+
∫ ∞

0
Ġ(s)E(t − s)ds. (3.1)

The fourth order tensor valued functionĠ: R+ → Lin(Sym) is assumed to belong
toL1(R+,Lin(Sym)) ∩ L2(R+,Lin(Sym)) and so is integrable. Its primitive, the
relaxation functionG: R+ → Lin(Sym) is absolutely continuous and can be
defined as

G(t) := G0+
∫ t

0
Ġ(s)ds,

whereG0 = G(0) is theinstantaneous elastic modulus. Moreover there exists the
limit

G∞ := lim
t→∞G(t) ∈ Lin(Sym),

whereG∞ is theequilibrium elastic modulus. The following property is assumed

0<

∣∣∣∣∫ ∞
0
sĠ(s)ds

∣∣∣∣ <∞. (3.2)

We will later make use of̌G: R+ → Lin(Sym), defined as

Ǧ(t) := G(t)−G∞ . (3.3)
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It is easy to check that (3.2) is equivalent to

0<

∣∣∣∣∫ ∞
0
Ǧ(s)ds

∣∣∣∣ <∞. (3.4)

The Fourier transform oḟG(t), namelyĠF (ω) = Ġc(ω) − iĠs(ω), for real
ω, belongs toL2(R,Lin(Sym(�))), according to our earlier assumptions. It is
clear thatĠc(ω) is even as a function ofω andĠs(ω) is odd. The quantitẏGs(ω)
therefore vanishes at the origin. In fact, as a consequence of our assumption of
analyticity of Fourier transformed quantities on the real axis of�, it vanishes at
least linearly at the origin. The leftmost inequality in (3.2) implies that it vanishes
no more strongly than linearly. It is worth noting that the rightmost inequality in
(3.2) follows from the assumption thatĠF is analytic (and therefore differentiable)
at the origin.

Thermodynamic properties of the linear viscoelastic materials imply (see [15, 16]
and references therein)

G0 = G>0 , G∞ = G>∞
and

Ġs(ω)E · E < 0 ∀E ∈ Sym\ {0} ∀ω ∈ R++. (3.5)

An important consequence of (3.5) is [16]

Ġ(0)E · E 6 0 ∀E ∈ Sym\{0} (3.6)

and also the following formula [16]

G∞ −G0 = 1

π

∫ ∞
−∞

Ġs(ω)
ω

dω , (3.7)

which leads to the inequality

G0E · E > G∞E · E ∀E ∈ Sym\{0}. (3.8)

Here we assume a stronger relation than (3.6), namely

Ġ(0)E · E < 0, ∀E ∈ Sym\{0} (3.9)

and, on the basis of arguments presented in [23, 8], the equilibrium elastic modulus
of a viscoelastic solid is assumed to be positive definite, i.e.

G∞E · E > 0, ∀E ∈ Sym\{0}.
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For simplicity, in this paper we letG(t) be symmetric for all values oft , even
though this assumption will be explicitly invoked only from Section 6 onwards.
Moreover, for the result of Section 5, we needG̈ to exist and to be integrable (so
that it belongs toL1(R+,Lin(Sym)) but not necessarilyL2(R+,Lin(Sym))).

Any strain tensorE: (−∞, t] → Sym can be associated with the couple(E(t),
Et ) whereE(t) ∈ Sym denotes theinstantaneousor current valueof the strain and
Et : R++ → Sym denotes thepast historydefined as

Et (s) := E(t − s), s > 0.

In order that the stressT be well defined, and to allow a definition of equivalent
states, all the admissible past histories must belong to the following vector space
(see [10])

0 :=
{

Et : R++ → Sym;
∣∣∣∣∫ ∞

0
Ġ(s + τ)Et (s)ds

∣∣∣∣ <∞ ∀τ > 0

}
. (3.10)

Further, to ensure the existence of Fourier transforms and their time derivatives,
and to allow the application of Plancherel’s theorem, we assume

Et ∈ L1(R++,Sym) ∩ L2(R++,Sym) ∩ SBV (R++,Sym),

and continuous from the left. The meaning of the spaceSBV is recalled in the
appendix at the end of the paper.

The Boltzmann–Volterra constitutive equation (3.1) defines the linear functional
T̃: Sym× 0→ Sym such that

T̃(E(t),Et ) := G0E(t)+
∫ ∞

0
Ġ(s)Et (s)ds. (3.11)

The integral in (3.11) can be extended toR by identifying Ġ with its odd exten-
sion and takingEt to be zero onR−−. Then, noting thatĠF (ω) = −2iĠs(ω),
Plancherel’s theorem yields

T̃(E(t),Et ) = G0E(t)+ i

π

∫ ∞
−∞
Ġs(ω)Et+(ω)ds, (3.12)

which is equivalent to a relation given in [13].

REMARK 3.1. Given the couple(E(t),Et ) and the strain continuation defined by
E(t + a) = E(t), ∀a ∈ R+, it is easy to check that the related stress is given by

T(t + a) = G(a)E(t)+
∫ ∞

0
Ġ(s + a)Et (s)ds.
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It has been shown ([10], Proposition 2.2(ii)) that the integrability propertyĠ ∈
L1(R+,Lin(Sym)) ensures that, for everyε > 0, there existsa(ε,Et ) sufficiently
large such that∣∣∣∣∫ ∞

0
Ġ(s + a)Et (s)ds

∣∣∣∣ < ε, ∀a > a(ε,Et ). (3.13)

Therefore, (3.13) can be thought of as an equivalent form of the fading memory
property. It follows that lima→∞ T(t + a) = G∞E(t).

The concepts of process and state for a linear viscoelastic solid have been
discussed by various authors [10, 22, 29]. We briefly recall some basic points.

REMARK 3.2. According to the definition given in [16], for each fixed couple
(E(t),Et ) ∈ Sym× 0, related to the strainE: (−∞, t] → Sym, a processP
of finite durationd, acting onE, is defined as the functioṅEP : (0, d) → Sym
associated with anyEP ∈ SBV([0, d],Sym) (see the Appendix at the end of the
paper). In particular we remember that, by representation (A.4), (A.5), we have

EP (τ) = E(t)+
∫ τ

0
ĖP (s)ds τ ∈ [0, d], (3.14)

with the properties

lim
τ→0+

EP (τ) = E(t), lim
s→τ+

EP (s) = EP (τ) ∀τ ∈ (0, d).

The strainEf (τ ′) = (EP ∗ E)(τ ′), τ ′ 6 t + d, yielded byEt andĖP , is given by

Ef (t + d − s) = (EP ∗ E)(t + d − s)

:=
{

EP (d − s) 06 s < d,

E(t + d − s) s > d.
(3.15)

Thus,Ef is related to the couple(EP (d), (EP ∗ E)t+d).

We denote by5 the set of all processes of finite duration.

REMARK 3.3. Observe that, according to [10], a processP of durationd can also
be defined by a coupleP := (B,K ) with

B = EP (d)− E(t), K (d − τ) = EP (τ)− E(t) τ ∈ (0, d), (3.16)

with the properties

lim
τ→d−

K (τ ) = 0, lim
s→τ−

K (s) = K (τ ) ∀τ ∈ (0, d).
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For sake of precision we must say that in [10] the first term of the couple isK
acting on the past history of strain, and the second one isB acting on the current
value of the strain; according to our choice, in this paper the first term is the one
relative to the current value.

It is easy to check that such a definition is consistent with the previous one, in
fact (3.15) is equivalent to (3.7) and (3.8) of [10] in view of (3.16).

DEFINITION 3.1. Two pairs(E1(t),Et1) and(E2(t),Et2) are said to be equivalent
if for every ĖP : (0, τ ] → Sym and for everyτ > 0, they satisfy [11]

T̃(EP1(τ ), (EP1 ∗ E1)
t+τ ) = T̃(EP2(τ ), (EP2 ∗ E2)

t+τ ), (3.17)

whereEP1,EP2 are given by (3.14) forE(t) replaced byE1(t),E2(t) respectively.

It is easy to show that (3.17) holds if and only ifE1(t) = E2(t) andEt = Et1−Et2
satisfies∫ ∞

τ

Ġ(s)Et+τ (s)ds =
∫ ∞

0
Ġ(s + τ)Et (s)ds = 0 ∀τ > 0. (3.18)

In fact (3.17) is equivalent to

T̃(E(t), (E(t)† ∗ E)t+τ )

= G(τ )E(t)+
∫ ∞

0
Ġ(s + τ)Et (s)ds = 0, (3.19)

where

(E(t)† ∗ E)t+τ (s) =
{

E(t) s 6 τ,
Et (s − τ) s > τ.

We deduce thatE(t) must vanish by recalling (3.13). According to the defin-
ition of the stateσ given by Noll [29], two couples(E1(t),Et1) and (E2(t),Et2)
that are equivalent in the sense of Definition 3.1 are represented by the same
stateσ (t). In this sense,σ (t) may be thought as the ‘minimum’ set of variables
allowing a univocal relation betweeṅEP : [0, τ )→ Sym and the stressT(t + τ) =
T̃(EP (τ), (EP ∗ E)t+τ ) for everyτ > 0.

Also, Equation (3.18) represents an equivalence relation between past histories,
in the sense thatEt1 andEt2 are said to be equivalent if their differenceEt = Et1−Et2
satisfies (3.18).

Therefore [10, 22], denoting with00 the set of all the past histories of0 satisfy-
ing (3.18), and by0/00 the usual quotient space, the stateσ of a linear viscoelastic
material is an element of

6 := Sym× (0/00). (3.20)
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In particular the natural stateσ0 is the null element of6 representing the equival-
ence class of any couple(0,h) with h ∈ 00. Henceforth, we also view a process
as a functionP : 6 → 6 which associates with an initial stateσ i ∈ 6 a final state
Pσ i = σ f ∈ 6.

It is apparent that, by virtue of (3.10) and Definition 3.1, the space of the states
6 depends on the properties of the material because the memory kernelĠ occurs
both in (3.10) and in the constitutive equation (3.1). This property distinguishes
(3.20) from the usual fading memory spaces [4, 5]

4. Work and Recoverable Work

The work done on the material by the strain historyE(τ ), τ 6 t is

W̃ (E(t),Et ) :=
∫ t

−∞
T(τ ) · Ė(τ )dτ

= 1
2G0E(t) · E(t)+

∫ t

−∞

∫ ∞
0
Ġ(s)Eτ (s) · Ė(τ )ds dτ. (4.1)

It will be clear from the representation of̃W(E(t),Et ) in the frequency domain,
given in Section 6, that it is a nonnegative quantity. We will restrict our considera-
tions to histories such that̃W(E(t),Et ) <∞.

Given the timet , the stateσ (t) and the processP of durationd so thatPσ is
related to the strainE: (−∞, t + d] → Sym according to (3.15), the work done
from t to t + d is given by

W(σ(t), P ) :=
∫ t+d

t

T(τ ) · Ė(τ )dτ

= 1
2G0E(t + d) · E(t + d)− 1

2G0E(t) · E(t)

+
∫ t+d

t

∫ ∞
0
Ġ(s)Eτ (s) · Ė(τ )ds dτ. (4.2)

The properties of the work have been extensively studied in [10]. In order to
justify the definition ofW as a function of the initial stateσ and the processP , it
is worth noting that two strains(E1(t),Et1) and(E2(t),Et2) are equivalent, in the
sense of Definition 3, if and only if∫ t+d

t

T̃(EP1(τ − t), (EP1 ∗ E1)
τ ) · ĖP (τ − t)dτ

=
∫ t+d

t

T̃(EP2(τ − t), (EP2 ∗ E2)
τ ) · ĖP (τ − t)dτ (4.3)
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holds for everyEP : (0, d] → Sym and for everyd > 0. In fact (4.3) follows from
(3.17). On the other hand, (4.3) may be rewritten as∫ d

0
T̃(E(t), (E(t)† ∗ E)t+τ ) · ĖP (τ)dτ = 0. (4.4)

SinceĖP andd > 0 are arbitrary, (4.4) implies (3.19). The same conclusion has
been reached in [10, Sec. 4].

We define themaximum recoverable workstarting from the stateσ as

WR(σ ) := sup
P∈5
{−W(σ, P )}. (4.5)

It follows from (4.3) that the quantityWR(σ ) is a function of state in the sense
that two different strain histories representing the same stateσ admit the same
maximum recoverable work.

REMARK 3.1. It has been shown [9, 10] that the work̃W(E(t),Et ), defined in
(4.1), is not a function of state unless the stateσ is represented by the whole strain
history i.e.00 = {0†}.

We now prove the equivalence of certain alternative definitions of maximum
recoverable work to that given by (4.5). Let50(σ ) denote the following set

50(σ ) := {P ∈ 5 : Pσ = (0,h) for any h ∈ 0/00} .

LEMMA 4.1. Given a stateσ (t) related to the couple(E,Et ), (for simplicity here
and belowE := E(t)) for everyε > 0 there exists two positive parametersa, r,
such that the processPa,r ∈ 50(σ (t)), of durationa + r related to

EP (τ) =
{

E for τ ∈ (0, a],
E− (E/r)(τ − a) for τ ∈ (a, a + r], (4.6)

yields workW(σ(t), Pa,r ) satisfying

−W(σ(t), Pa,r ) > 1
2G∞E · E− ε

2
. (4.7)

Proof. We see from (4.2) and (3.15) that

−W(σ(t), Pa,r )
= 1

2G0E · E+
∫ r

0

∫ ∞
0
Ġ(s)E(t + a + τ − s)ds dτ · E

r

= 1
2G0E · E+

∫ r

0

∫ τ

0
Ġ(s)

[
E− E

r
(τ − s)

]
ds dτ · E

r
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+
∫ r

0

∫ τ+a

τ

Ġ(s)ds dτE · E
r

+
∫ r

0

∫ ∞
τ+a
Ġ(s)E(t + a + τ − s)ds dτ · E

r
. (4.8)

Integrating terms of (4.8), making use of (3.3), we have

−W(σ(t), Pa,r )

= 1
2G0E · E− 1

2Ǧ0E · E
∫ r

0

∫ τ

0
Ǧ(s)ds dτ

E
r
· E
r

+
∫ r

0
Ǧ(τ + a) dτE · E

r

+
∫ r

0

∫ ∞
0
Ġ(s + τ + a)Et (s)ds dτ · E

r
,

whereǦ0 = G0−G∞. By virtue of (3.4) the inequality∣∣∣∣∫ r

0

∫ τ

0
Ǧ(s)ds dτ

E
r
· E
r

∫ r

0
Ǧ(τ + a)dτE · E

r

∣∣∣∣ < M

r

holds for someM <∞. Moreover, from (3.13) we have∣∣∣∣∫ ∞
0
Ġ(s + τ + a)Et (s)ds

∣∣∣∣ < δ, ∀(τ + a) > aδ,

so that∣∣∣∣∫ r

0

∫ ∞
0
Ġ(s + τ + a)Et (s)ds dτ · E

r

∣∣∣∣ < δ|E|, ∀a > aδ.
Choosingr = 4M/ε andδ = ε/4|E|, we obtain (4.7).

THEOREM 4.1. For every stateσ such that the set{−W(σ, P ), P ∈ 5} is
bounded from above, we have

WR(σ ) = sup
P∈50(σ )

{−W(σ, P )} . (4.9)

Proof. Obviously, since50(σ ) ⊂ 5, it follows that

WR(σ ) = sup
P∈5
{−W(σ, P )} > sup

P∈50(σ )

{−W(σ, P )} . (4.10)
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In view of our boundedness hypothesis,WR(σ ) <∞, it follows that, for every
ε > 0, there exists a processPε ∈ 5, of durationd <∞, such that

WR(σ )− ε2 < −W(σ, Pε). (4.11)

Suppose thatPεσ = (Eε,h) whereh ∈ 0/00 and continuePε with a process
Pa,r described by (4.6). Then by, virtue of (4.11) and (4.7), there exists values ofa

andr such that

−W(σ, Pa,r ∗ Pε) = −W(σ, Pε)−W(Pεσ, Pa,r)
> WR(σ )+ 1

2G∞Eε · Eεε. (4.12)

Here the symbol∗ , according to [10], denotes the continuation of the strain asso-
ciated toPε by the one related toPa,r as defined by (3.15). Finally, observe that
(Pa,r ∗ Pε) ∈ 50(σ ) so that (4.12) and (3.8) imply

WR(σ ) 6 sup
P∈50(σ )

{−W(σ, P )} . (4.13)

Inequalities (4.10) and (4.13) ensure (4.9).

In view of (4.9), we see that the tensorEε in (4.12) must be small ifε is small.
It should be noted that this theorem does not imply that the limiting process

belongs to50(σ ) but rather to the closure of50(σ ).
We conclude this section by giving a further equivalent formulation for the

maximum recoverable work. Let5∞ be the set of all processes of finite duration
P ∈ 5 continued with the null processP0, so that the related strain is given by
E: R+ → Sym, with E(τ ) = E(d) ∀τ > d whered is the duration of the
process. Obviously, each processP ∈ 5 yields the same work of the corresponding
P0 ∗ P ∈ 5∞. Let S(t) denote the following quantity

S(t) := T(t) · E(t)− 1
2G0E(t) · E(t), (4.14)

so that puttingE(∞) = E∞, we have

S(∞) = G∞E∞ · E∞ − 1
2G0E∞ · E∞

= 1
2G∞E∞ · E∞ + 1

2(G∞ −G0)E∞ · E∞.
THEOREM 4.2. The maximum recoverable workWR(σ (t)) from the stateσ (t),
defined by(4.5), is given by

WR(σ (t)) = sup
P∈5∞

{S(∞)−W(σ(t), P )} . (4.15)

Proof. First observe thatP ∈ 50(σ ), of finite durationd, may be extended to
5∞, by continuingP with the null process onR+. In such a case the recovered
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work W(σ, P ) does not change and the ensuing strain tensor vanishes at infinity,
i.e. E∞ = 0, so thatS(∞) = 0. Therefore, denoting byW0(σ ) andW∞(σ ) the
following sets

W0(σ ) := {−W(σ, P );P ∈ 50(σ )} ,
W∞(σ ) := {S(∞)−W(σ, P );P ∈ 5∞} ,

we have

W0(σ ) ⊂ W∞(σ ),

which implies that

W0(σ ) ⊆ W∞(σ ), (4.16)

where the bar indicates closure in this context.
Now consider the strainE(τ ), τ ∈ R, related toσ (t) continued with a process

P ∈ 5∞ and such that limτ→∞ E(τ ) = E∞ 6= 0. LetEd denote the truncation ofE
to the timed > t , continued with a discontinuity, followed by zero strain, yielding

lim
τ→d−

Ed(τ ) = E(d), Ed(τ ) = 0, τ > d

and letPd be the related process. The work due toPd is

W(σ(t), Pd) =
∫ d

t

T(τ ) · Ė(τ )dτ − 1
2

[
T(d+)+ T(d−)

] · E(d)
=
∫ d

t

T(τ ) · Ė(τ )dτ − S(d).

Since

lim
d→∞W(σ(t), Pd) = W(σ(t), P )− S(∞), (4.17)

for everyP ∈ 5∞ yielding E∞ 6= 0, we can find a family of processesPd ∈
50(σ (t)) such that (4.17) holds. Therefore

W∞(σ (t)) ⊂ W0(σ (t)),

so that

W∞(σ (t)) ⊆ W0(σ (t)). (4.18)

Equation (4.16) and (4.18) imply (4.15).
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The maximum recoverable work in the form (4.15) arising from Theorem 4.2
was essentially the starting point of the approach used in [18] for the scalar case.
Equation (4.9) in Theorem 4.1 will be our starting point in determining an explicit
representation forWR in the frequency domain. It is necessary in the first place to
give a representation of the work̃W(E(t),Et ), defined by (4.1), in the frequency
domain. This has been obtained in [13] (see also [12]) in terms of integrals over
R+. Using symmetry arguments, this representation can be expressed as an integral
overR of the form

W̃ (E(t),Et ) = 1
2G∞E(t) · E(t)

+ 1

2π

∫ ∞
−∞
H(ω)

(
Et+(ω)−

E(t)
iω

)
·
(

Et+(ω)− E(t)
iω

)
dω

= S(t)+ 1

2π

∫ ∞
−∞
H(ω)Et+(ω) · Et+(ω)dω, (4.19)

where for each givenω ∈ R, the fourth order tensorH(ω) ∈ Lin(Sym) is defined
as

H(ω) := −ωĠs(ω) (4.20)

andS(t) is given by (4.14). The equivalence of the two forms of (4.19) follows
from (3.7) and (3.12). They reduce to relations of Golden [18] in the scalar case.

5. Factorization of Positive Definite Tensors in the Frequency Domain

The functionω 7→ H(ω) plays a key role in the determination of the explicit
formula ofWR, as it was already recognized in [18] for the scalar case, where
an appropriate factorization of the one-dimensional counterpart ofH(ω)was intro-
duced to obtain an expression ofWR. Such a particular factorization does not apply
to fourth order tensors, so that the extension of the result of [18] to the general case
is not trivial.

In this section we show thatω 7→ H(ω) always admits a factorization. To this
aim, we make use of a result of Gohberg and Kreı̆n [17], for matrix-valued func-
tions. The results in [17] apply of course to matrices of arbitrary finite dimension
but we state them for the case of 6× 6 matrices. Given a nonsingular continuous
tensor valued functionK(ω) ∈ Lin(Sym(�)), ω ∈ R, we say thatK has a left
[right] factorization if it can be represented in the form

K(ω) = K(+)(ω)K(−)(ω), [K(ω) = K(−)(ω)K(+)(ω)], (5.1)

where the matrix functionsK(±) admit analytic continuations, holomorphic in the
interior and continuous up to the boundary of the corresponding complex half
planes�±, and are such that

detK(±)(ζ ) 6= 0, ζ ∈ �±.
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In this relation the 6× 6 matrices representation forK(±)(ζ ) is employed.
We say thatK belongs to<6×6, [<+6×6], [[<−6×6]] if there exists a constant matrix

C0 and a matrix functionF(t) such that

K(ω) = C0+
∫ ∞
−∞
F(t)eiωt dt (5.2)

[
K(ω) = C0+

∫ ∞
0
F(t)eiωt dt

]
,

[[
K(ω) = C0+

∫ 0

−∞
F(t)eiωt dt

]]
.

Note that ifK ∈ <±6×6, it has the analytic properties ascribed toK(±) above.
The main result we use is Theorem 8.2 of [17], that can be stated in our context as
follows

THEOREM 5.1 (Gohberg–Kreı̆n). In order that the nonsingular(Hermitian)mat-
rix functionK ∈ <6×6 possesses a representation of the form

K(ω) = K(+)(ω)K∗(+)(ω), (5.3)

in which the matrix functionK(+) ∈ <+6×6 and satisfiesdetK(+)(ζ ) 6= 0 for ζ ∈
�+, it is necessary and sufficient thatK(ω) be positive definite for everyω ∈ R.

Observe that comparison of (5.3) with (5.1)1 yields

K(−)(ω) = K∗(+)(ω).
Recalling that any fourth order symmetric tensor maps into a 6×6 matrix under

the isomorphism discussed at the beginning of Section 2, let us consider for each
given ω ∈ R the fourth order tensorH(ω) ∈ Lin(Sym) defined by (4.20). By
virtue of (3.5), the odd signature ofω 7→ Ġs(ω) and the assumption thatG(t)
is symmetric, it follows that, for each fixedω ∈ R \ {0}, H(ω) is a real valued,
symmetric, positive definite tensor. Moreover, since

lim
ω→0

Ġs(ω)
ω
=
∫ ∞

0
sĠ(s)ds, lim

ω→∞ωĠs(ω) = Ġ(0),

it follows from (3.2) and (3.9) that

lim
ω→0

H(ω)
ω2
= H0, lim

ω→∞H(ω) = H∞,

whereH0 andH∞ are symmetric and positive definite. Consider now the tensor

K(ω) := 1+ ω2

ω2
H−1

sr H(ω)H
−1
sr , (5.4)
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where

Hsr := H1/2
∞ . (5.5)

The tensorK(ω) is symmetric and positive definite∀ω ∈ R; moreover it is such
that

lim
ω→0

K(ω) = K0 = H−1
sr H0H−1

sr , lim
ω→∞K(ω) = I,

whereI denotes the identity of Lin(Sym). In order to apply some results given in
[17] we have to show thatK ∈ <6×6, i.e. that the representation (5.2) applies toK.

PROPOSITION 5.1.If Ǧ and G̈ are integrable tensor functions, and the tensor
Ġ(0) is finite and nonsingular, the tensor valued functionK, related toG though
(4.20) and(5.4), belongs to<6×6.

Proof. Observe that

K(ω) = −H−1
sr

[
ωĠs(ω)+ 1

ω
Ġs(ω)

]
H−1

sr . (5.6)

Integration by parts yields

− 1

ω
Ġs(ω) = Ǧc(ω), ωĠs(ω) = Ġ(0)+ G̈c(ω),

so that (5.6) becomes

K(ω) = H−1
sr [−Ġ(0)− G̈c(ω)+ Ǧc(ω)]H−1

sr . (5.7)

Consider now the tensors

C0 = −H−1
sr Ġ(0)H

−1
sr ,

F(t) = 1
2H
−1
sr

[
G̈(t)+ Ǧ(t)

]
H−1

sr , t ∈ R (5.8)

whereǦ andG̈ are extended on the real line as even functions, so thatǦF = 2Ǧc
andG̈F = 2G̈c. Then, in view of (5.8), (5.7) is equivalent to (5.2) and the assertion
is proved.

Observe that (3.4) and (3.9) ensure thatG has two of the required properties.
SinceK(ω) is real, symmetric and positive definite for everyω ∈ R, it satisfies

Theorem 5. In particular, it has a representation of the form (left factorization)

K(ω) = K(+)(ω)K∗(+)(ω), (5.9)

with K(+)(ω) ∈ <+6×6 and

detK(+)(ζ ) 6= 0 for ζ ∈ �+.
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Moreover such a factorization is unique up to a post-multiplication on the right by
a constant unitary tensor (see Remark on page 253 of [17]).

Similarly,K has a right factorization of the type:

K(ω) = K(−)(ω)K∗(−)(ω), (5.10)

with corresponding properties. In fact, sinceK(ω) is an even function ofω, we
can replaceω by −ω on the right of (5.9). Now,K(+)(−ω) ∈ R−6×6 with nonzero
determinant in�(−) so thatK(−)(ω) = K(+)(−ω).

By virtue of (5.4) and (5.10),H(ω) can be factorized as follows

H(ω) = H+(ω)H−(ω), (5.11)

where

H+(ω) = ω

ω − iHsrK(−)(ω), H−(ω) = ω

ω + iK
∗
(−)(ω)Hsr. (5.12)

The notation forH+(ω) andH−(ω) follow the convention used in [18], i.e. the sign
indicates the half plane where any singularities of the tensor and any zeros in the
determinant of the corresponding matrix occur. Alternatively, the left factorization
(5.9) may be used, though the right factorization is more convenient in the present
context. Representation (5.12) gives that

H±(ω) = H∗∓(ω). (5.13)

6. Explicit Representation of the Maximum Recoverable Work

A natural procedure for obtaining an explicit expression forWR(σ (t)) is to find the
‘optimal’ future continuation which is related, according to Theorem 4.2, to the
processPo ∈ 5∞ that realizes the supremum ofS(∞)−W(σ(t), P ), the workW
being defined by (4.2). This procedure leads to a Wiener–Hopf equation in the time
domain [1, 7]. However, the problem was solved directly for the scalar case, using
this approach, by going into the frequency domain [18]. An alternative, somewhat
simpler procedure is to use Theorem 4.1 and find the future continuationEo, related
to the limiting process that realizes the supremum of−W(σ(t), P ), P ∈ 50(σ ) in
the frequency domain. This method will be used here. For either approach, the
crucial result that allows us to generalize this procedure is Theorem 5.1.

Observe that, for any stateσ (t) related to the strainE(τ ), τ 6 t , and a process
P of durationd related to the continuationEP (τ), τ ∈ (0, d] we have

W(σ(t), P ) = W̃(EP (d), (EP ∗ E)t+d)− W̃ (E(t),Et ). (6.1)

Therefore, considering (6.1) for processesP ∈ 50(σ ) of finite and infinite dura-
tion, we have from (4.9)

WR(σ (t))− W̃ (E(t),Et ) = sup
P∈50(σ )

{
−
∫ ∞
−∞

T(τ ) · Ėf (τ )dτ

}
, (6.2)
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whereEf is related toP as specified by (3.15). Both the representation ofW̃ (E(t),
Et ), given by (4.19), and of the quantity in brackets on the right-hand side of (6.2)
in the frequency domain, are now required. Using the method sketched in [18], it
can be shown from (4.19) that∫ ∞

−∞
T(τ ) · Ė(τ )dτ = 1

2π

∫ ∞
−∞
H(ω)

(
Et+(ω)+ Et−(ω)

)
·
(
E
t

+(ω)+ E
t

−(ω)
)

dω, (6.3)

where the subscript oṅEf has been dropped and the propertyE(∞) = 0 (because
P ∈ 50(σ )) has been used.

Next we make use of (6.3) in order to find the ‘optimal’ future continuation
Eo(τ ), τ > t , (or, equivalently,Eto(s), s < 0) maximizing the recoverable work as
given by (4.9). Recalling a comment after (4.13), we observe that, as the maximum
recoverable work is the supremum of the set defined in (4.9),Eo does not neces-
sarily belong to the set of continued strains related toP ∈ 50(σ ). It belongs to the
closure of such a set. This fact allowsEo to have some discontinuities; in particular
it allows E(t) 6= lims→0− Eto(s). Also, in the limit,Eo(∞) need not vanish.

Our aim is now to maximize the integral on the right of (6.3), using a variational
technique. LetEtm denote the Fourier transform of the optimal future continuation
Eto viz. Etm(ω) = Eto−(ω). Put

Et−(ω) = Etm(ω)+ k−(ω),

wherek−(ω) is arbitrary apart from the fact that it must have the same analytic
properties asEt−(ω), i.e. k−(z) must be analytic in�+, and vanish asz−1 at large
z. Then (6.3) will be maximized byEtm if∫ ∞

−∞
<e{H(ω)

(
Et+(ω)+ Etm(ω)

) · k−(ω)} dω = 0. (6.4)

The restriction to the real part of the integral may be removed by virtue of the
symmetric range of integration. Using the factorization (5.11), we can rewrite this
condition in the form∫ ∞

−∞
H(ω)[Et+(ω)+ Etm(ω)] · k−(ω)dω

=
∫ ∞
−∞
H+(ω)[H−(ω)Et+(ω)+H−(ω)Etm(ω)] · k−(ω)dω = 0. (6.5)

Consider now the second order symmetric tensorH−(ω)Et+(ω), the components of
which are continuous (in fact analytic) onR by virtue of the assumed analyticity
of H−(ω) andEt+(ω). The Plemelj formulae [28] give that

Qt (ω) := H−(ω)Et+(ω) = qt−(ω)− qt+(ω), (6.6)
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where

qt (z) := 1

2πi

∫ ∞
−∞

Qt (ω)

ω − z dω, qt±(ω) := lim
α→0∓

qt (ω + iα). (6.7)

Moreover,qt+(z) = qt (z), z ∈ �(−) is analytic on�(−) andqt−(z) = qt (z), z ∈
�(+) is analytic on�(+). Both are analytic on the real axis by virtue of an ar-
gument given in [18]. They are defined on the entire complex plane by analytic
continuation. Therefore (6.5) becomes∫ ∞

−∞
H+(ω)

[
qt−(ω)− qt+(ω)+H−(ω)Etm(ω)

] · k−(ω)dω = 0. (6.8)

Note that the integral∫ ∞
−∞
H+(ω)qt+(ω) · k−(ω)dω (6.9)

vanishes identically, because the integrand is analytic on�(−) and vanishes asz−2

at largez. Therefore (6.8) becomes∫ ∞
−∞
H+(ω)

[
qt−(ω)+H−(ω)Etm(ω)

] · k−(ω)dω = 0.

This will be true for arbitraryk−(ω) only if the expression in brackets is a function
that is analytic in�(−). However,Etm(ω)must be analytic in�+. Remembering that
qt−(ω) andH−(ω) are also analytic in�+, we see that the expression in brackets
must be analytic in both the upper and lower half planes and on the real axis. Thus,
it is analytic over the entire complex plane. Nowqt−(ω) clearly vanishes asω−1 at
infinity, as also mustEtm(ω) if the strain function is to be finite ats = 0. Therefore,
the function in brackets is analytic everywhere, zero at infinity and consequently
must vanish everywhere by Liouville’s theorem. Thus

qt−(ω)+H−(ω)Etm(ω) = 0 ∀ω ∈ R,

giving

Etm(ω) = − (H−(ω))−1 qt−(ω). (6.10)

Therefore the maximum recoverable work from a given stateσ (t), correspond-
ing to the strainE(τ ), τ 6 t , may be written by means of (6.2) and (4.19) in the
form

WR(σ (t)) = − 1

2π

∫ ∞
−∞
H(ω)(Et+(ω)+ Etm(ω))·(Et+(ω)+ E

t

m(ω))dω

+S(t)+ 1

2π

∫ ∞
−∞
H(ω)Et+(ω) · Et+(ω)dω.
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With the aid of (6.6) and (6.10), we obtain

WR(σ (t)) = S(t)− 1

2π

∫ ∞
−∞

∣∣qt+(ω)∣∣2 dω

+ 1

2π

∫ ∞
−∞

∣∣qt−(ω)− qt+(ω)
∣∣2 dω

= S(t)+ 1

2π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω

− 1

π

∫ ∞
−∞
<e
{
qt−(ω) · qt+(ω)

}
dω.

Remembering thatqt±(z) is analytic in the same half-plane asqt∓(z), namely
z ∈ �(∓) and goes to zero asz−1 at largez, we have

2
∫ ∞
−∞
<e
{
qt−(ω) · qt+(ω)

}
dω

=
∫ ∞
−∞

[
qt−(ω) · qt+(ω)+ qt+(ω) · qt−(ω)

]
dω = 0, (6.11)

so that

WR(σ (t)) = S(t)+ 1

2π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω. (6.12)

This is the first explicit formula for the maximum recoverable work in terms of the
given strain in the full tensorial case.

Actually, it is worth noting that the dependence on the stateσ (t) of WR is not
explicit on the right-hand side of (6.12). This is due to the fact that it is not known
how the state is characterized in the frequency domain, so that, for now, we abuse
notation here by equatingWR(σ (t)) to an expression in which the dependence on
σ (t) is neither made explicit nor characterized. The issue of characterization of
states in the frequency domain will be discussed in the next section.

Note that, by virtue of the dissipation property of the material, the work done to
reach the strain related to the pair(E(t),Et ) must be not less than the work recov-
erable from the stateσ (t) corresponding to(E(t),Et ). This is satisfied because, by
virtue of (4.19), (6.6) and (6.11), we find that

W̃ (E(t),Et ) = S(t)+ 1

2π

∫ ∞
−∞
[∣∣qt+(ω)∣∣2+ ∣∣qt−(ω)∣∣2]dω,

W̃ (E(t),Et )−WR(σ (t)) = 1

2π

∫ ∞
−∞

∣∣qt+(ω)∣∣2 dω > 0. (6.13)
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7. Characterization of the State in the Frequency Domain

In this section we show that the tensorqt−(ω) occurring in (6.12) represents an ele-
ment of0/00 in the frequency domain, and also that the right-hand side of (6.12)
is a function of the state. Two historiesEt1,E

t
2 are equivalent if their difference

Et = Et1− Et2 satisfies (3.18)

F t (τ ) :=
∫ ∞
τ

Ġ(s)Et+τ (s)ds = 0, ∀τ > 0. (7.1)

Let Et+τ be equal to zero forτ > s and identifyĠ with its odd extension so that
ĠF (ω) = −2iĠs(ω). ThenF t (τ ) can be rewritten in terms of Fourier transforms
as in (3.12)

F t (τ ) =
∫ ∞
−∞
Ġ(s)Et+τ (s)ds = i

π

∫ ∞
−∞
Ġs(ω)Et+τ+ (ω)dω. (7.2)

Moreover, we note that

Et+τ+ (ω) =
∫ ∞

0
Et+τ (s)e−iωs ds

=
∫ ∞
τ

Et (s − τ)e−iω(s−τ ) ds e−iωτ = Et+(ω)e−iωτ . (7.3)

Substitution of (4.20) and (7.3) into (7.2) yields

F t (τ ) = − i
π

∫ ∞
−∞

H(ω)
ω

Et+(ω)e−iωτ dω. (7.4)

Remembering the factorization ofH(ω) given by (5.11) and (5.12), (7.4) can be
rewritten as

F t (τ ) = − i
π

∫ ∞
−∞

H+(ω)
ω

H−(ω)Et+(ω)e−iωτ dω (7.5)

and the substitution of (6.6) in (7.5) yields

F t (τ ) = − i
π

∫ ∞
−∞

H+(ω)
ω

[
qt−(ω)− qt+(ω)

]
e−iωτ dω. (7.6)

According to (7.1) we considerF t (τ ) for τ > 0. Then observe thatH+(z), qt+(z)
and e−izτ , τ > 0 are analytic functions in the lower half planez ∈ �(−) so that by
Cauchy’s theorem, (7.6) reduces to

F t (τ ) = − i
π

∫ ∞
−∞

H+(ω)
ω

qt−(ω)e−iωτ dω. (7.7)
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We extend the definition ofF t to R by considering (7.7) to hold forτ ∈ R. This
form of F t allows us to prove the following theorem characterizing the state (in
the sense of Noll) of a viscoelastic material in the frequency domain.

THEOREM 6.1. For every viscoelastic material with a symmetric relaxation func-
tion, a given strain historyEt is equivalent to the zero history0† in the sense of
(3.18) if and only if the quantityqt−, related toEt by (6.6–6.7), is such that

qt−(ω) = 0, ∀ω ∈ R. (7.8)

Proof. Observe that the theorem in effect states that

F t (τ ) = 0 ∀τ > 0 ⇐⇒ qt−(ω) = 0 ∀ω ∈ R. (7.9)

The statement relating to the left arrow of (7.9) follows trivially from (7.7). In order
to prove the statement relating to the right arrow, let us invert the Fourier transform
in (7.7) to obtain

f t (ω) = iH+(ω)
πω

qt−(ω) = −
1

2π

∫ ∞
−∞

F t (τ )eiwτ dτ. (7.10)

If F t (τ ) = 0 ∀τ > 0, it follows from (7.10) thatf t is analytic in�(−). The zeros
of H+ cannot cancel singularities ofqt− since all such zeros are by construction in
�(+). Thusqt− must be analytic in�(−) and therefore in�. Since it goes to zero at
infinity, by Liouville’s theorem, it must vanish and (7.8) is proved.

Theorem 7.1 makes exact the notion of equivalence of histories in the frequency
domain, i.e. two different historiesEt1, Et2, are equivalent in the sense of (3.18) if
and only ifqt1−(ω) ≡ qt2−(ω), ∀ω ∈ R. As a consequence, the elements of0/00

now have an explicit representation in the frequency domain by means ofqt−, so
that we need resort no more to a representative elementEt ∈ 0 of the equivalence
class related to00. Thus the state in the sense of Noll may be written as

σ (t) = (E(t),qt−).
Therefore, to show that the right hand side of (6.12) is a function of the state

σ (t), we show that it can be written in terms of the pair(E(t),qt−). Recalling
the definition ofS(t) given by (4.14) and the manipulations leading to (7.7) (for
τ = 0), it is clear that (6.12) may be written as

WR(σ (t)) = ŴR(E(t),qt−)

= 1
2G0E(t) · E(t)− E(t) · i

π

∫ ∞
−∞

H+(ω)
ω

qt−(ω)dω

+ 1

2π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω, (7.11)
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which ensures that the maximum recoverable work given by (6.12) is really a
function of state as required in the previous section. Moreover it is a quadratic
form of the variablesE(t),qt−, characterizing the state in the frequency domain.

8. The Maximum Recoverable Work as the Minimum Free Energy
According to Graffi’s Definition

The minimum free energy for a viscoelastic material in the stateσ (t) has been
proved to be given by the maximum recoverable work fromσ (t), viz.

ψm(σ (t)) = WR(σ (t)), (8.1)

by several authors, in particular Theorems 7 and 8 of [13].
By virtue of (8.1) the explicit representations (6.12) and (7.11) of the maximum

recoverable workWR provide a closed expression for the minimum free energy
ψm, viz.

ψm(σ (t)) = ψ̂m(E(t),qt−) := S(t)+
1

2π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω

= 1
2G0E(t) · E(t)− E(t) · i

π

∫ ∞
−∞

H+(ω)
ω

qt−(ω)dω

+ 1

2π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω. (8.2)

This is the main result of the paper, since it is the first explicit expression for the
minimum free energy for a viscoelastic material in the full tensorial case.

However there are some criteria that a functional must fulfil in order to be con-
sidered a free energy. In particular, in this section we consider the requirements of
Graffi’s definition [20, 21] (also [27, 13]). Here the free energy must be a functional
of the history and present value of the deformation, obeying certain properties that
have been proved to hold by Coleman [3] for materials with fading memory as
a consequence of the second law of thermodynamics. Recalling Remark 3.2 on
the definition of processes, Graffi’s definition of the free energy may be stated as
follows [10, 13]:

DEFINITION 8.1. A functionalψ̃ : 0 × Sym→ R is said to be a free energy for
a viscoelastic material described by(3.11) if it satisfies the following properties:

(P1) (integrated dissipation inequality)

ψ̃(EP (d), (EP ∗ E)t+d)− ψ̃(E(t),Et )

6
∫ d

0
T̃(EP (τ), (EP ∗ E)t+τ ) · ĖP (τ)dτ, (8.3)
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for every deformation history couple(E(t),Et ) and for every processEP (d)
of arbitrary durationd with EP (0) = E(t);

(P2) for every(E(t),Et ), the derivative ofψ̃(·,Et ) at E(t) is equal to the stress
T̃(E(t),Et );

(P3) for every(E(t),Et ),

ψ̃(E(t),E(t)†) 6 ψ̃(E(t),Et ),

whereE(t)† is the static history with valueE(t);

(P4) for every deformationE(t),

ψ̃(E(t),E(t)†)− ψ̃(0,0†) = φ(t),
whereφ(t) is the elastic free energy defined by

φ(t) = 1
2G∞E(t) · E(t).

THEOREM 8.1. The functionψm defined by(8.1), (8.2) is a free energy in the
sense of Graffii.e. it satisfies properties P1–P4.

Proof. We can write (8.2) in alternative forms

ψm(σ (t)) = ψ̃m(E(t),Et )

= S(t)+ 1

2π

∫ ∞
−∞
H(ω)Etm(ω) · Ētm(ω)dω

= φ(t)+ 1

2π

∫ ∞
−∞
H(ω)

[
Etm(ω)+

E(t)
iω+

]

·
[
Etm(ω)+

E(t)
iω+

]
dω

= φ(t)+ 1

2π

∫ ∞
−∞

∣∣∣∣qt−(ω)− H−(ω)E(t)iω+

∣∣∣∣2 dω. (8.4)

The dependence of̃ψm on the past historyEt is made explicit in the last two forms
of (8.4), in the latter form with the aid of (6.6–6.7). The last form of (8.4) follows
from the second one by virtue of (5.11) and (6.10). The second form is equivalent
to the first provided that∫ ∞

−∞
Ġs(ω)=m[Et+(ω)+ Etm(ω)]dω = 0, (8.5)

as it may be shown by an argument similar to the demonstration that the two forms
of (4.19) are equivalent. Condition (8.5) is a special case of (6.4) obtained by
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taking k̄−(ω) = I(iω−)−1 where I is the unit tensor in Sym. The restriction to
the imaginary part may be removed by symmetry. The resulting relation may be
proved directly with the aid of (6.6) and (6.10), by showing that the integrand has
the formH+(ω)qt+(ω)/ω. Observe that (8.2) can be deduced without difficulty
from the third relation of (8.4).

Property (P2) is clearly obeyed bỹψm given by the first form of (8.4).
From (2.7), we see that for a static history,Et+(ω) is given byE(t)/(iω−).

Substituting this form into (6.10), withqt−(ω) defined by (6.7), and closing the
contour over�(+), we obtain for a static history

Etm(ω) = −
E(t)
iω+

,

so that the integral in the second form of (8.4) vanishes for a static history. Thus,
properties (P3) and (P4) are obeyed, provided thatψ̃(0,0†) = 0, which is in effect
a normalization condition.

In order to prove (P1), let t = 0 be the initial time. For each given initial
stateσ0 related to the couple(E(0),E0) and processP of durationd related to the
continuationEP , let Dm(σ0, P ) denote the following expression

Dm(σ0, P ) :=
∫ d

0
T̃(EP (t), (EP ∗ E)t ) · ĖP (t)dt

−ψ̃m(EP (d), (EP ∗ E)d)+ ψ̃m(E(0),E0). (8.6)

The integrated dissipation inequality (P1) becomes

Dm(σ0, P ) > 0. (8.7)

Formulae (6.2), (6.3), (6.6) and (6.10) allow us to make (8.6) explicit in the fre-
quency domain, i.e.

Dm(σ0, P ) = 1

2π

∫ ∞
∞

(∣∣qd+(ω)∣∣2− ∣∣q0
+(ω)

∣∣2) dω.

In order to prove that (8.7) holds for every process and for everyd it is sufficient
to show that the functiont 7→ qt+(ω) is differentiable almost everywhere in(0, d)
and the derivative of its squared modulus is defined a.e. and non-negative. To this
aim we recall that, for each fixed timet , functionsω 7→ qt±(ω), defined by (6.7),
are analytic on the real axis and they may be written in the form

qt±(ω) =
1

2πi

∫ ∞
−∞

H−(ω′)
[
Et+(ω′)− E(t)

iω′−
]

ω′ − ω∓ dω′

+ 1

2πi

∫ ∞
−∞

H−(ω′)
(ω′ − ω∓)iω′− dω′E(t), (8.8)
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where the last integral vanishes forqt+(ω) and givesH−(ω)E(t)/(iω) for qt−(ω).
It follows from (8.8) that the functiont 7→ qt+(ω) is differentiable a.e. in(0, d) if
and only ift 7→ Et+(ω) has this property. This can be proved by virtue of definition
(2.4)1 and of (A.2)1, to have the form

Et+(ω) = Et,ac+ (ω)+ JEt+(ω),

where

Et,ac+ (ω) :=
∫ ∞

0
Et,ac(s)e−iωs ds, JEt+(ω) :=

∫ ∞
0

JEt (s)e−iωs ds,

are the Fourier transform of the absolutely continuous part and of the jumps ofEt

respectively andJEt (s) is defined by (A.1) with[a, b] = [0, d]. The differentiabil-
ity a.e. oft 7→ Et,ac+ (ω) on (0, d) is ensured by the fact thatt 7→ Et,ac is absolutely
continuous. It remains to prove the same properties fort 7→ JEt+(ω).

The substitution of (A.1) into (2.4)1 and simple calculations yield

JEt+(ω) = −
i

ω−
∑
j

1Etj (1− e−iω(t−sj )).

The convergence of6j |1Etj | ensures the differentiability of the functiont 7→
JEt+(ω) in (0, d).

The differentiability a.e. oft 7→ qt+(ω) leads to the same property fort 7→
|qt+(ω)|2. This allows us to rewrite formula (7.12) as follows

Dm(σ0, P ) = 1

2π

∫ ∞
∞

∫ d

0

d

dt
(|qt+(ω)|2)dt dω. (8.9)

Required derivatives will now be written down, understood to exist a.e. We have

d

dt
Et+(ω) = −iωEt+(ω)+ E(t),

obtained by differentiating the integral definition ofEt+(ω). Using this in (6.7) we
find

dqt±(ω)
dt

= −iωqt±(ω)− K0(t)+ 1

2πi

∫ ∞
−∞

H−(ω′)
ω′ − ω∓ dω′E(t),

K0(t) = 1

2π

∫ ∞
−∞
H−(ω)Et+(ω)dω = K0(t), (8.10)
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so that

d

dt
qt+(ω) = −iωqt+(ω)− K (t),

d

dt
qt−(ω) = −iωqt−(ω)− K (t)+H−(ω)E(t),

K (t) = K0(t)+ 1
2HsrE(t)

= 1

2π

∫ ∞
−∞
H−(ω)

[
Et+(ω)−

E(t)
iω−

]
dω, (8.11)

whereHsr is defined in (5.5). These results follow from contour integration of the
integral in the first relation of (8.10) over�(+). This integral andK0(t) exist in the
sense of limits or principal values. They are conveniently evaluated by closing the
contour, remembering that there is a contribution from the infinite portion of the
contour. For a static history,K (t) vanishes.

From (8.10), (8.11) and the properties of the functionst 7→ qt+(ω), t 7→ E(t),
it follows that (ω, t) 7→ (d/dt)(|qt+(ω)|2) is integrable onR++ × (0, d), so that
Fubini’s theorem applies to interchange the order of integration in (8.9) giving

Dm(σ0, P ) = 1

2π

∫ d

0

∫ ∞
−∞

d

dt

(|qt+(ω)|2) dω dt. (8.12)

From (8.8) and the comment immediately following, we deduce that

lim|ω|→∞
ωqt+(ω) = iK (t),

lim|ω|→∞ωqt−(ω) = i(K (t)−HsrE(t)). (8.13)

Also, integrating over the appropriate contour, one obtains

1

2π

∫ ∞
−∞

qt+(−ω)dω = −1
2K (t) = 1

2π

∫ ∞
−∞

qt+(ω)dω,

1

2π

∫ ∞
−∞

qt−(−ω)dω = 1
2(K (t)−HsrE(t)) = 1

2π

∫ ∞
−∞

qt−(ω)dω.

The complex conjugates of relations (8.11) are easily established and one deduces
from (8.12) that

Dm(σ0, P ) =
∫ d

0
|K (s)|2 ds,

which is obviously nonnegative so that (P1) is satisfied byψm(t).
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This quantity is clearly differentiable with respect tod. Relabellingd as the
current timet , we deduce that

d

dt
Dm(σ0, P ) = |K (t)|2 , (8.14)

where nowP is understood of durationt . Note that functionsD(σ0, P ), defined
by (8.6) where any free energỹψ replaces the minimum onẽψm, viz.

D(σ0, P ) := W(σ0, P )− ψ̃(EP (d), (EP ∗ E)d)+ ψ̃(E(0),E0), (8.15)

cannot in general be interpreted as the dissipation in the material because of the
non-uniqueness of the free energy functional. In particular, the workW̃(E(t),Et )
up to timet , given by (4.19), obeys propertiesP1–P4of a free energy. For this
choice,D(σ0, P ) vanishes identically even if the material is dissipative [26].

However, the meaning of the dissipation arguably can be assigned toDm(σ0, P ).
In fact, from (8.1), (8.6), (8.7) and (8.15) we obtain

Dm(σ0, P ) = [WR(σ0)+W(σ0, P )] −WR(σ ) > 0. (8.16)

ThereforeDm(σ0, P ) may be thought as the ‘dissipation’ due to the processP in
the sense that of the amount of energy that cannot be utilized to do work. In fact
the quantity in the square parenthesis of (8.16) represents the energy available to
do work fromσ0 added to the energy stored because of the work done during the
processP , whereas the last term of (8.16) is the energy available to do work from
σ = Pσ0. Therefore the difference yields the part of the energy stored by the work
W(σ0, P ) that cannot be utilized to do work i.e. the energy dissipated byP . In view
of this, we shall refer to the quantity defined by (8.14) as the rate of dissipation.

We conclude the section by drawing attention to certain properties of the op-
timal future continuation.

PROPOSITION 8.1.The optimal future continuationEto: R− → Symmaximizing
the recoverable work as given by(4.9) and (4.15) has an initial discontinuity and
does not go to zero at−∞.

Proof. From (6.10) and (8.13), it follows that

Etm(ω) −→
ω→∞ −

E(t)−H1
srK (t)

iω+
, (8.17)

whereEtm is given in terms of the optimal continuationEto by

Etm(ω) =
∫ 0

−∞
Eto(s)e−iωs ds. (8.18)

We can determine the form ofEto(s), s ∈ R−− from Etm(ω) by the formula

Eto(s) =
1

2π

∫ ∞
−∞

Etm(ω)eiωs dω, s ∈ R−,
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evaluated by closing on�(−). Fors ∈ R++, we close on�(+) to get zero. It follows
from (8.17) and (8.18) that

lim
s→0

Eto(s) = E(t)−H−1
sr K (t). (8.19)

Thus, the optimal deformation involves a sudden discontinuity at timet . It is in-
teresting from a physical point of view that the magnitude of the discontinuity is
closely related to the rate of dissipation, given by (8.14).

Also, putting

K1(ω) = 1

ω
H−(ω),

we have from (6.10)

Etm(ω)−→
ω→0
−K1(0)−1

2πiω+

∫ ∞
−∞
K1(ω

′)Et+(ω
′)dω′.

Note that the zero inH−(ω) at the origin is moved slightly into�(−) to maintain
consistency with the requirement that its zeros be in that half-plane. This relation
gives, with the aid of (2.8)

Eto(s) −→
s→−∞

K1(0)−1

2π

∫ ∞
−∞
K1(ω

′)Et+(ω
′)dω′,

which quantity is in general non-zero.

9. The Maximum Recoverable Work as the Minimum Free Energy of
Coleman and Owen

The definition of free energy, introduced by Coleman and Owen [6] in their general
theory of thermodynamics, may be stated for the case of linear viscoelasticity as
recalled in [9, 10].

DEFINITION 9.1. A function of the stateψ : 6→ R is termed a free energy for
a viscoelastic material if it is alower potentialfor the workW , namely if, for every
ε > 0 and everyσ, σ ′ ∈ 6 there exists aδ > 0 such that

ψ(σ ′)− ψ(σ ) < W(σ, P )+ ε, (9.1)

for every processP ∈ 5 such that‖Pσ − σ ′‖ < δ, where‖ · ‖ is a suitable norm
on the space of the states.

For simplicity we add to such a definition the normalization conditionψ(σ0) =
0.
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Actually, in [9, 10], a particular norm for the space of states was adopted, whereas
in the broader framework of [6], there was full freedom in the choice of topology.
Here, we consider the norm used in [9, 10] and also two other choices.

It is worth recalling that the existence of lower potentials for the work done
during processes has been proved in [10], for the choice of norm used in that work.
Indeed, in that case, any particular stateσ ′ can be approximated by subjecting an
arbitrary stateσ to a sequence of processesPn. More precisely, for every fixed
ε > 0 there exists an indexnε such that all the statesPnσ attained in the sequence
for n > nε lie in a neighbourhood ofσ ′ of radiusε, and the sequence of processes
converges [9, 10]. In other words, the set of all attainable states, starting from an
arbitrary given one, is dense in the whole space of states6. Moreover, in [9] it has
been shown that the intersection of the set of all functions of state and the set of all
free energies in the sense of Graffi contains the set of free energies in the sense of
Definition 9.1 when the norm introduced in [10] is used.

It is easy to check that the following proposition holds (see also Proposition 2.5
of [9])

PROPOSITION 9.1.If a functionψ : 6 → R is a function of the state which
satisfies the integrated dissipation inequality(P1) and it is lower semicontinuous
with respect to a certain norm‖ · ‖ on the state of the spaces6, thenψ is a lower
potential of the work.

Proof. In fact, if ψ is lower semicontinuous with respect to‖ · ‖, then, for any
fixedσ ′ ∈ 6 and anyε > 0 there exists a suitableδ > 0 such that

ψ(σ ′)− ψ(σ1) < ε, (9.2)

for everyσ1 such that‖σ1−σ ′‖ < δ. Combining (9.2) with inequality (8.3) namely

ψ(σ1)− ψ(σ ) 6 W(σ, P ), Pσ = σ1,

we obtain (9.1).

The only issue that arises in Definition 9.1 and Proposition 9.1 is the choice of
the topology of6 with respect to which the neighbourhoods are defined. There
are many possible choices of nonequivalent topologies, though some may be more
convenient than others. The expressions (6.12), (7.11), (8.4) and the characteriza-
tion of the state by means of the coupleσ (t) = (E(t),qt−) suggest the use of an
L2-type norm‖ · ‖ defined by

‖σ (t)‖2 := |E(t)|2+
∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω. (9.3)

LEMMA 9.1. The functionψm, defined by(8.2), is continuous with respect to the
norm‖ · ‖ defined by(9.3).
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Proof. It is easy to check the following estimate∣∣∣∣ iπ
∫ ∞
−∞

H+(ω)
ω

qt−(ω) · E(t)dω

∣∣∣∣
6 1

π

∫ ∞
−∞

∣∣∣∣H+(ω)ω
E(t)

∣∣∣∣ · |qt−(ω)|dω
6 1

2π

∫ ∞
−∞

∣∣∣∣H+(ω)ω
E(t)

∣∣∣∣2 dω + 1

2π

∫ ∞
−∞
|qt−(ω)|2 dω

and the chain of equalities

1

2π

∫ ∞
−∞

∣∣∣∣H+(ω)ω
E(t)

∣∣∣∣2 dω

= 1

2π

∫ ∞
−∞

H+(ω)H∗+(ω)
ω2

dωE(t) · E(t)

= 1

2π

∫ ∞
−∞

H(ω)
ω2

dωE(t) · E(t)

= 1
2(G0−G∞)E(t) · E(t), (9.4)

where the second equality is ensured by (5.13) and the third one is a consequence
of (3.7). The positivity of the last term is ensured by (3.8), so that the expression
(8.2) forψm can be estimated as follows

|ψm(σ (t))| = |ψ̂m(E(t),qt−)| 6 1
2 |G0E(t) · E(t)|

+ 1

π

∣∣∣∣E(t) · ∫ ∞−∞ H+(ω)ω
qt−(ω)dω

∣∣∣∣+ 1

2π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω

6 1
2 |(2G0−G∞)E(t) · E(t)| + 1

π

∫ ∞
−∞

∣∣qt−(ω)∣∣2 dω.

Therefore there exists a positive constantC1 such that

|ψm(σ )| 6 C1‖σ‖2, (9.5)

for everyσ ∈ 6. Now ψm is a quadratic, positive definite (see (8.4)3) functional
on the space of states. Therefore it induces a norm‖ · ‖m defined as follows

‖σ‖2m := ψm(σ ). (9.6)

Hence, fixing a stateσ ′, for every stateσ1 we have

|ψ(σ ′)− ψ(σ1)| 6
∣∣‖σ ′‖2m − ‖σ1‖2m

∣∣
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= (‖σ ′‖m + ‖σ1‖m
) ∣∣‖σ ′‖m − ‖σ1‖m

∣∣
6
(
2‖σ ′‖m + ‖σ1− σ ′‖m

) ‖σ ′ − σ1‖m
6 C1

(
2‖σ ′‖ + ‖σ1− σ ′‖

) ‖σ ′ − σ1‖,
so that the continuity ofψm with respect to the norm‖ · ‖ follows.

Now we are able to prove the following

THEOREM 9.1. The functionψm defined by(8.2) is a free energy in the sense of
Definition9.1 when the norm‖ · ‖ of (9.3) is used.

Proof. In fact we have already proved in Theorem 8.1 thatψm satisfies (P1).
Moreover, Lemma 9.1 ensures the continuity, and hence the lower semicontinuity,
ofψm with respect to the norm‖·‖ defined by (9.3). Thus, Definition 9.1 is fulfilled
byψm.

The choice (9.3) for the norm on the space of states allowsψm to be a lower
potential for the work done during processes. Therefore,ψm is also the minimal
element of the set of lower potentials for the work done during processes, that is
contained in the intersection of the set of all the functions of state with the set of
all free energies in the sense of Graffi.

Is is easy to prove the following property of‖ · ‖m, defined by (9.6):

PROPOSITION 9.2.The norm‖ · ‖m defined by(9.6) is equivalent to the norm
‖ · ‖ defined by(9.3).

Proof. The two norms are equivalent if there exist two constantsC2, C3 > 0
such that

C2‖σ‖m 6 ‖σ‖ 6 C3‖σ‖m. (9.7)

By virtue of (9.5) and (9.6) the leftmost inequality is satisfied withC2 = C
−1/2
1 .

Let

pt (ω) := qt−(ω)−
H−(ω)E(t)

iω+

so that, as a consequence of (8.4),ψm may be rewritten as

ψm(σ (t)) = ψ̂m(E(t),qt ) = 1
2G∞E(t) · E(t)+ 1

2π

∫ ∞
−∞

∣∣pt (ω)∣∣2 dω (9.8)

and‖ · ‖2 assumes the form

‖σ (t)‖2 = |E(t)|2+
∫ ∞
−∞

∣∣∣∣pt (ω)+ H−(ω)E(t)iω+

∣∣∣∣2 dω.
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By virtue of the estimate

1

2

∫ ∞
−∞

∣∣∣∣pt (ω)+ H−(ω)E(t)iω+

∣∣∣∣2 dω

6
∫ ∞
−∞

∣∣pt (ω)∣∣2 dω +
∫ ∞
−∞

∣∣∣∣H−(ω)E(t)ω

∣∣∣∣2 dω

and equalities (9.4), it is easy to find a suitable positive constantC3 such that the
rightmost inequality of (9.7) is satisfied.

The following norm was used in [9, 10]:

‖σ‖6 := |G0E(t)| + ‖Et‖0, (9.9)

where

‖Et‖0 := sup
τ>0

∣∣∣∣∫ +∞
0

Ġ(s + τ)Et (s)ds

∣∣∣∣
= sup

τ>0

∣∣∣∣ iπ
∫ ∞
−∞

H+(ω)
ω

qt−(ω)e−iωτ dω

∣∣∣∣ , (9.10)

the second equality holding in view of (7.7). In order to compare the norm‖ · ‖
with ‖ · ‖6 , we consider the estimate

sup
τ>0

∣∣∣∣ iπ
∫ ∞
−∞

H+(ω)
ω

qt−(ω)e−iωτ dω

∣∣∣∣ 6 1

π

∫ ∞
−∞

∣∣∣∣H+(ω)ω
qt−(ω)

∣∣∣∣ dω

and the chain of equalities

|H+(ω)qt−(ω)|2 =H∗+(ω)H+(ω)qt−(ω) · qt−(ω)
=H(ω)qt−(ω) · qt−(ω),

that follows from (5.13). Recalling thatH(ω) is real and symmetric, we see that
the rightmost form is real. Moreover, sinceH(ω) is positive definite the following
inequality holds

sup
v∈Sym(�)

H(ω)v · v 6 tr(H(ω))|v|2,

where the representation (2.2) for tensors of Lin(Sym(�)) has been used. Then
‖ · ‖0 can be estimated as follows

‖Et‖0 6
(

1

π

∫ ∞
−∞

tr(H(ω))
ω2

dω

)1/2( 1

π

∫ ∞
−∞
|qt−(ω)|2 dω

)1/2
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and using (3.7) we obtain

‖σ‖6 6 |G0E(t)| + [tr(G0−G∞)]1/2

(
1

π

∫ ∞
−∞
|qt−(ω)|2 dω

)1/2

.

Therefore, with the aid of the inequality(|a| + |b|)2 6 2(|a|2 + |b|2) we see that
there exists a constantC4 > 0 such that

‖σ‖6 6 C4‖σ‖.
This shows that the norm‖ · ‖ is finer than‖ · ‖6 , so that all the results proved in
[9, 10] with the aid of the latter norm remain valid. In particular, this is the case for
the property that the set of all attainable states from a givenσ ∈ 6 is dense in the
whole space6, as well as the fact that all lower potentials for the work are also
free energies in the sense of Graffi.

We conclude the section by showing that the two norms‖ · ‖ and‖ · ‖m satisfy
the fading memory principle. In other words, considering the stateσ (t + d) relate
d to the couple(0, (0 ∗ E)t+d), where

(0 ∗ E)t+d(s) =
{

0 0< s 6 d,
Et (s − d) s > d,

obtained by applying the null process of durationd to the initial state related to the
pair (0,Et ), we have that

lim
d→∞
‖σ (t + d)‖ = 0. (9.11)

In fact, we see that

qt+d− (ω) = 1

2πi

∫ ∞
−∞

H−(ω′)Et+d+ (ω′)
ω′ − ω+ dω′, (9.12)

where

Et+d+ (ω) =
∫ ∞

0
Et+d+ (s)e−iωs ds

=
∫ ∞
d

Et+(s − d)e−iωs ds = Et+(ω)e−iωd . (9.13)

Let us evaluate (9.12) by closing the contour on�−. The infinite part gives no
contribution sinceEt+(ω) behaves asω−1 at infinity. The singularities ofH− in�−,
of whatever nature, do not touch the real axis by assumption, and will therefore give
results that are in all cases exponentially decaying because of the factor e−iωd in
the rightmost expression of (9.13). Thus limd→∞ qt+d− (ω) = 0 and (9.11) follows.
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Note that, in view of (9.9–9.10) the norm‖ · ‖6 satisfies the fading memory
property too, as it was recognized in [9]. This is not the case however for the norm
induced by the work̃W(E(t),Et ), given by (6.13), on a suitable subspace of Sym×
0 [13]. This quantity is referred to as the maximum free energy [27]. We see from
(6.13) that it also depends onqt+. From the property

qt+d+ (ω) = qt+d− (ω)−H−(ω)Et+d+ (ω)−→
d→∞
−H−(ω)Et+(ω)e−iωd

we have, on using (6.13)

lim
d→∞ W̃ (E(t + d),E

t+d) = 1

2

∫ ∞
∞
H(ω)Et+(ω) · Ēt+(ω)dω 6= 0.

10. Particular Cases

Equation (6.12) gives the explicit form of the minimum free energy once a fac-
torization ofH has been carried out, that is once the explicit forms ofH+(ω) and
H−(ω) are known.

A direct extension to the tensorial case of the method used in [18] for the scalar
one, and a simple direct construction ofH+(ω) andH−(ω) is possible ifH admits
a commutative factorization (i.e. whereH+(ω) andH−(ω) commute and the right
and left factorizations coincide). This is the case when the eigenspaces ofG(t) do
not depend ont . Under such conditions, we have

G(t) =
6∑
k=1

Gk(t)Bk,

H(ω) = −ωĠs(ω) =
6∑
k=1

Hk(ω)Bk, (10.1)

Hk(ω) > 0; ω ∈ R \ {0}, k = 1, . . . ,6,

whereBk = Bk ⊗ Bk k = 1, ...,6 are the orthogonal projectors on the 6 (con-
stant) eigenspaces ofH and{Bk} are its normal eigenvectors, which constitute an
orthonormal basis of Sym. This is a special case of (2.2). The individual quantities
Gk(t) satisfy the properties of relaxation functions, as listed in Section 2, inter-
preted for the scalar case. The related tensorK, defined by (5.4), can be written
as

K(ω) =
6∑
k=1

Kk(ω)Bk, Kk(ω) > 0; ω ∈ R, k = 1, . . . ,6,
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where, denotingHk(∞) byHk∞

Kk(ω) = 1+ ω2

ω2

Hk(ω)

Hk∞
> 0, ∀ω ∈ R,

so that the functions

Lk(ω) = log[Kk(ω)]
are well-defined onR. The Plemelj formulae give that

Lk(ω) = M+k (ω)−M−k (ω),
where

Mk(z) = 1

2πi

∫ ∞
−∞

Lk(ω)

ω − z dω z ∈ � \R,

M±k (ω) = lim
α→0+

Mk(ω ± iα)

and the factorization ofHk(ω) = Hk+(ω)Hk−(ω) is given by

Hk±(ω) = ω

ω ∓ i hk∞ e∓M
∓
k (ω), hk∞ = H 1/2

k∞. (10.2)

Since the{Bk} are orthonormal projectors, we have

H(ω) =
6∑
k=1

Hk+(ω)Hk−(ω)Bk = H+(ω)H−(ω),

where

H±(ω) =
6∑
k=1

Hk±(ω)Bk.

It is clear that the factorsH+(ω) andH−(ω) commute.
In the basis{Bk}, the individual components of each of the relevant quantities

obey precisely the relationships that hold in the scalar case, as developed in [18].
Let us expand all relevant quantities in this basis

E(t) =
6∑
k=1

Ek(t)Bk, Et+(ω) =
6∑
k=1

Etk+(ω)B
k,

Etm(ω) =
6∑
k=1

Etmk(ω)B
k, Eto(s) =

6∑
k=1

Etok(s)B
k

(10.3)
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and

Qt (ω) =
6∑
k=1

Qt
k(ω)B

k, qt±(ω) =
6∑
k=1

qtk±(ω)B
k,

whereqtk±(ω) is related toQt
k(ω) = Hk−(ω)Ek+(ω) in the same manner asqt and

Qt defined by (6.6) and (6.7), namely

qtk(z) =
1

2πi

∫ ∞
−∞

Qt
k(ω)

ω − z dω, qtk±(ω) = lim
α→0∓

qtk(ω + iα). (10.4)

Finally, the quantityK (t), given by (8.11), has the form

K (t) =
6∑
k=1

Kk(t)Bk,

Kk(t) = 1

2π

∫ ∞
−∞

Hk−(ω)
[
Etk+(ω)−

Ek(t)

iω+

]
dω.

(10.5)

The minimum free energy defined by (8.1) and (6.12) becomes

ψm(t) = S(t)+ 1

2π

6∑
k=1

∫ ∞
−∞

∣∣qtk−(ω)∣∣2 dω, (10.6)

where

S(t) =
6∑
k=1

Sk(t),

Sk(t) = Tk(t)Ek(t)− 1
2Gk(0)E

2
k (t), (10.7)

Tk(t) = Gk(0)Ek(t)+
∫ ∞

0
Ġk(s)E

t
k(s)ds,

while the rate of dissipation, defined by (8.14), is given by

Dm(t) =
6∑
k=1

K2
k (t). (10.8)

A nontrivial extension to the scalar case, satisfying the requirement of time inde-
pendent eigenspaces, is when the relaxation function is a finite sum of exponentials
of the form

G(t) = G∞ +
n∑
i=1

Gie−Di t ,
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wheren is a positive integer andG∞,Gi ,Di , i = 1, . . . , n are constant, symmetric
positive definite tensors which commute. In this case, there exists a orthonormal
basis of Sym, independent oft , which will be denoted as before by{Bk}, k =
1, . . . ,6, in which all the tensorsG∞,Gi ,Di , are diagonal. The quantitiesGk(t),
defined by (10.1), have the form

Gk(t) = Gk∞ +
n∑
i=1

Gik e−αik t ,

where the inverse decay timesαik ∈ R+, i = 1,2, . . . n and the coefficientsGik are
also generally assumed to be positive. Labelling is arranged so thatα1k < α2k <

α3k . . .. We have

G′k(t) =
n∑
i=1

gik e−αik t , gik = −αikGik < 0 (10.9)

and [18]

Hk(ω) = −ω2
n∑
i=1

gik

α2
ik + ω2

> 0.

Observe thatf (z) = Hk(ω), z = −ω2 has simple poles atα2
ik, i = 1,2, . . . , n. It

will therefore have zeros atγ 2
ik, i = 2,3, . . . , n where

α2
1k < γ

2
2k < α

2
2k < γ

2
3k . . . .

The functionf (z) also vanishes atγ1k = 0. Therefore

Hk(ω) = Hk∞
n∏
i=1

{
γ 2
ik + ω2

α2
ik + ω2

}
and either by inspection or by applying the general formula (10.2), one can show
that

Hk+(ω) = hk∞
n∏
i=1

{
ω − iγik
ω − iαik

}
,

Hk−(ω) = hk∞
n∏
i=1

{
ω + iγik
ω + iαik

}
.

(10.10)

We have

Hk−(ω) = hk∞
[

1+ i
n∑
i=1

Rik

ω + iαik

]
, Hk+(ω) = Hk−(ω),

Rik = (γik − αik)
n∏
j=1
j 6=i

{
γjk − αik
αjk − αik

}
.

(10.11)
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The quantitiesqtk−(ω), defined by (10.4), may be evaluated by closing on�(−),
giving

qtk−(ω) = ihk∞
n∑
i=1

RikE
t
k+(−iαik)

ω + iαik . (10.12)

Also

qtk+(ω) = qtk−(ω)−Hk−(ω)Etk+(ω)

= ihk∞
n∑
i=1

Rik
[
Etk+(−iαik)− Etk+(ω)

]
ω + iαik − hk∞Etk+(ω),

which has singularities at those ofEtk+(ω) in�(+). From (6.10), (10.10) and (10.12)

Etmk(ω) = −i
n∑
i=1

Jik(ω)RikE
t
k+(−iαik),

Jik(ω) =
∏n
j=1j 6=i (ω + iαjk)∏n
j=1(ω + iγjk)

=
n∑
l=1

Kilk

ω + iγlk ,

where

Kilk =
∏n
j=1j 6=i (γlk − αjk)∏n
j=1j 6=l(γlk − γjk)

,

so that

Etmk(ω) = −i
n∑
l=1

Btlk

ω + iγlk ,

Btlk =
n∑
i=1

RikKilkE
t
k+(−iαik).

We conclude that the optimal deformation components, as defined in (10.3), have
the form

Etok(s) = −
n∑
l=1

Btlk eγlks, s < 0

= Bt1k −
n∑
l=2

Btlk eγlks .
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Note that

Etok(−∞) = −Bt1k,
which is in general nonzero. By consideringωJik(ω) for largeω, it can be deduced
that

n∑
l=1

Kilk = 1,

so that
n∑
l=1

Btlk =
n∑
i=1

RikE
t
k+(−iαik)

= −Etok(0).
From (8.11), (10.5) and (10.11) we have

Kk(t) = hk∞
[

n∑
i=1

RikE
t
k+(−iαik)+ Ek(t)

]
,

so that the contribution to the discontinuity from thekth component at timet is
Kk(t)/hk∞, which, on summation, agrees with the general result (8.19). From
(10.11) and the fact thatHk−(0) = 0, we conclude that

n∑
i=1

Rik

αik
= −1

giving

Kk(t) = hk∞
n∑
i=1

Rik

αik

[
αikE

t
k+(−iαik)− Ek(t)

]
,

which also follows from the last relation of (8.11).
We deduce from (10.12) that

1

2π

∫ ∞
−∞

dω
∣∣qtk−(ω)∣∣2

= Hk∞
n∑

i,j=1

RikRjk

αik + αjk E
t
k+(−iαik)Etk+(−iαjk)

= 1

2

∫ ∞
0

∫ ∞
0
Etk(s1)F (s1, s2)E

t
k(s2)ds1 ds2,

F (s1, s2) = 2Hk∞
n∑

i,j=1

RikRjk

αik + αjk e−αik s1−αjk s2
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and S(t) is easily evaluated from (10.8) and (10.9). The minimum free energy
ψm(t) is given by (10.6). Also

K2
k (t) = Hk∞

{
n∑
i=1

Rik

αik

[
αikE

t
k+(−iαik)− E(t)

]}2

= Hk∞

{∫ ∞
0

ds
n∑
i=1

Rik e−αiks[Etk(s)− Ek(t)]
}2

andDm(t) is given by (10.8).

Appendix. Functions of Special Bounded Variation

The restriction ofEt : R++ → Sym to the bounded interval[a, b], 0 < a <

b < +∞ is denoted byEt[a,b]. We assume thatEt[a,b] is continuous from the left
and belongs to SBV([a, b];Sym)), where SBV denotes the space of functions of
special bounded variation, namely, of functions that are of bounded variation but
with null cantorian part.

The meaning of this terminology is recalled here, making use of the Lebesgue
decomposition for functions of bounded variation ([25], p. 341). This decomposi-
tion entails the representation formula

Et[a,b](s) = Et,c[a,b](s)+ JEt[a,b](s),

whereEt,c[a,b] is a continuous function of bounded variation andJEt[a,b] is a jump
function, which can be written as

JEt[a,b](s) =
∑
sj>s

1Etj , (A.1)

wheresj are at most countably many discontinuity points inEt[a,b] and the quant-
ities1Etj are the discontinuities ofEt at sj . We assume that6i|1Eti| < +∞. On
the other hand,Et,c[a,b] can be decomposed in the sumEt,ac[a,b] + Et,sc[a,b], where

Et,ac[a,b](s) = Et,ac[a,b](a)+
∫ s

a

Ėt,c[a,b](r)dr

is an absolutely continuous function, andEt,sc[a,b] = Et,c[a,b] − Et,ac[a,b] has the property
thatĖt,sc[a,b] = 0 almost everywhere in[a, b] and for this reason is called the singular
or cantorian part ofEt,c[a,b] . Because functions of SBV([a, b],Sym) are of bounded
variation on[a, b] with no cantorian part, the formula

Et[a,b](s) = Et,ac[a,b](s)+ JEt[a,b](s)

= Et,ac[a,b](a)+
∫ s

a

Ėt,c[a,b](r)dr + JEt[a,b](s) (A.2)
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holds. For simplicity, throughout this paper,Ėt[a,b] denotes the distribution such that∫ s

a

Ėt[a,b](r)dr =
∫ s

a

Ėt,c[a,b](r)dr + JEt[a,b](s). (A.3)

Roughly speakinġEt[a,b] is the sum of anL1-function and some isolated Dirac’sδ-
distributions corresponding to the jumps. Then (A.2) becomes

Et[a,b](s) = Et,ac[a,b](a)+
∫ s

a

Ėt[a,b](r)dr.

As a consequence, by the definitionEt (s) := E(t − s), the strainE: (∞, t] →
Sym is continuous from the right and, for every fixed interval[c, d] ⊂ (∞, t],
E: [c, d] → Sym can be represented by

E(τ ) = E(c)+
∫ τ

c

Ė(r)dr, (A.4)

where the notatioṅE is analogous tȯEt[a,b] defined as (A.3), viz.∫ τ

c

Ė(r)dr =
∫ τ

c

Ė(r)dr + JE(τ ), JE(τ ) =
∑
τj<τ

1Ej . (A.5)
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