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Abstract. A general explicit formula for the maximum recoverable work from a given state is derived

in the frequency domain for full tensorial isothermal linear viscoelastic constitutive equations. A vari-
ational approach, developed for the scalar case, is here generalized by virtue of certain factorizability
properties of positive-definite matrices. The resultant formula suggests how to characterize the state
in the sense of Noll in the frequency domain. The property that the maximum recoverable work
represents the minimum free energy according to both Graffi's and Coleman—Owen’s definitions is
used to obtain an explicit formula for the minimum free energy. Detailed expressions are presented
for particular types of relaxation function.
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1. Introduction

The free energy is a key concept in thermodynamics. In particular, for materials
with fading memory, extensive discussions on the definition of the free energy and
investigations on some explicit formulas have been given in the literature, notably
[2,6,7,9,10,13, 14, 18,19, 27, 33].

Important in the history of the development of the subject are the pioneering
papers of Breuer and Onat [1], [2] on the determination of the maximum recov-
erable work from a given strain history for a linear viscoelastic material whose
relaxation function is a finite linear combination of (scalar) decaying exponentials.
They identify this quantity as a lower bound of the free energy of the material.
Also, in [2], they clearly expose the non-uniqueness in the definition of free energy
for such materials.

* Our thanks to M. Fabrizio for useful conversations on some aspect of this paper.
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However, for materials with fading memory, the first systematic work on the free
energy is due to Coleman [3], who derived a list of its properties as consequences
of the second law of thermodynamics. Much earlier, Volterra [33] already recog-
nized the validity of those properties as reasonable for a functional to be a free
energy in one-dimensional isothermal linear viscoelasticity. The properties derived
by Coleman were taken as the defining characteristics of a free energy by Graffi
[20, 21] and later by others [13, 14, 16, 27]. For this reason henceforth they will be
referred as t@raffi's definition of the free energit is worth recalling that, in such
a context, no specification of the concepstdtewas required.

A different definition of the free energy can be found in the general theory of
thermodynamics developed by Coleman and Owen [6]. In fact, its application to
linear viscoelasticity leads to a definition of a free energy as a function of the state
of the material, that is, a lower potential of the work done during processes starting
from the current state [10]. In the sequel, we will refer to this asG@b&eman—
Owen’s definition of the free energn comparison between the two different
definitions cited above can be found in [9, 10].

However, as shown in [6, 19], whichever definition is considered, the free en-
ergy turns out to be non-unigue: in other words the properties that a functional
must satisfy in order to be taken as a free energy do not lead to a unique expression.
Indeed, many functionals satisfying Graffi's definition for the free energy have been
given in the literature [13, 14, 19, 21, 33].

From the conceptual point of view, an important step has been the proof that
there exist a maximum and a minimum free energy according to both the defini-
tions. The characterization of these thermodynamic potentials for functions satisfy-
ing Graffi’'s definition has been given in [27] and for the ones satisfying Coleman—
Owen’s definition in [6, 10]. In particular, explicit forms of the maximum free
energy obeying the first definition has been shown to hold under rather general
assumptions [27], whereas the maximum Coleman—Owen’s free energy in linear
viscoelasticity has been identified with the minimum work done to approach any
given state starting from the natural one [10]. On the other hand, for both defini-
tions, the minimum free energy has been identified withntla&imum recoverable
work, so that the problem of finding an explicit formula of the minimum free energy
has been identified in the literature with finding the expression of that quantity,
although no explicit formula for it has been found in the linear viscoelastic tensorial
case or for more general materials.

Actually, Day [7] found an expression for the maximum recoverable work for a
rather general class of symmetric relaxation functions. However Day’s expression
does not completely solve the problem. In fact, his formula for the maximum re-
coverable work depends on the ‘optimal continuation’ (referred to as the reversible
extension in [7]) of the strain history, which is the solution of a Wiener—Hopf
equation (see e.g. [31] and references cited therein). However, the explicit form
of this quantity was not derived. Therefore Day’s formula represents an interesting
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characterization of the expression for the maximum recoverable work rather than
an explicit formula in terms of the given strain.

A general expression for the isothermal minimum free energy of a linear vis-
coelastic material has been given recently [18] for the scalar case, in the frequency
domain.

In the present paper, the same problem is solved for the full general tensorial
case. The method used here is the same as that in [18], namely a variational tech-
nigue. However, the choice of functional to maximize is motivated by showing
the equivalence of some alternative definitions of the maximum recoverable work.
Moreover such a maximization in the tensorial case relies crucially on certain res-
ults due to Gohberg and Kire[17] concerning the factorizability of Hermitean
matrices.

The resultant expression is shown to be a function of state in the sense of Noll
[29], recently formulated in the context of linear viscoelasticity [9, 10]. Moreover,
it turns out to satisfy both the above cited definitions of the free energy.

Detailed, explicit formulae are given for the material responses associated with
particular classes of tensorial discrete spectrum models.

The layout of the paper is as follows. In Section 2, some notation is established,
while in Section 3 the constitutive relationship of the material is discussed, together
with the concept of state. In Section 4 the maximum recoverable work from a
given state is considered in detail. Factorization of a quantity closely related to the
tensorial loss modulus is considered in Section 5, which allows the determination
of a general expression for the maximum recoverable work in terms of Fourier-
transformed quantities in Section 6, from a variational argument. A result on the
characterization of states in the sense of Noll [29] for viscoelastic materials in
the frequency domain is proved in Section 7, with the aid of which the maximum
recoverable work is shown to be a function of the state. Since the minimum free
energyy,, is identified with the maximum recoverable work, the results of Sec-
tions 6 and 7 refer t@,, as well. In Section 8, the expression found in Section 6
is shown to have the properties of a free energy according to Graffi's definition
[20, 21]. In Section 9, such an expression is shown to be a free energy in the sense
of Coleman and Owen [6], by using a suitable nhorm on the space of the states.
Various choices of norm, including the free energy itself, are compared. Explicit
results for particular relaxation functions are presented in Section 10.

2. Notations

Let Sym be the space of symmetric second order tensors actij @iz. Sym:=
(M e Lin(R%® : M = MT}, where the superscript * denotes the transpose.
Operating on Sym is the space of the fourth order tensors Lin(Sym).
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It is well known that Sym is isomorphic t®°®. In particular, for evenf., M €
Sym,ifC;,i =1,...,6is an orthonormal basis of Sym with respect to the usual
inner product in LiiR3), namely t(LM T), it is clear that the representation

L=> LcC. M=> MC (2.1)

is such that (LM ) = Zf:l L;M;. Therefore, henceforth we treat each tensor of
Sym as a vector itR® and denote by - M the inner product between elements of
Sym, viz.

6
L-M=tr(M") =tr(LM) = Y L; M,

i=1

and|M|? =M - M. As a consequence [24] any fourth order teri§os Lin(Sym)
will be identified with an element of LiR®) by the representation

6
K = Z K;;C, ®C; (2.2)
i,j=1

andK"™ means the transpose Kf as an element of LiR®). According to (2.2),
the norm|K| of K € Lin(Sym) may be given by

K> =tr (KK") = (Z K,]K,]) :

i,j=1

In the sequel we deal with complex valued tensors. We denofethg complex
plane and by Syiif2) and LinlSym(€2)) the complexification respectively of Sym
and Lin(Sym), namely the sets of the tensors represented respectively by the forms
(2.1) and (2.2) withL;, M;, K;; € 2. The normgM| and|K| of M € Sym(2) and
K e Lin(Sym(£2)) will be given respectively by

M2 = (M .M), K| = tr (KK*) = (Z KK |, (2.3)

i,j=1

where the overhead bar indicates complex conjugatékéngd K is the Hermitian
conjugate.

The above representations allows results of [17] to be easily extended to tensors
belonging to LifSym(£2)).
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The symbolsR* andR** denote the nonnegative reals and the strictly positive
reals, respectively, whil®~ andR~~ denote the nonpositive and strictly negative
reals.

For any functionf: R — 'V, whereV is a finite-dimensional vector space,
in particular in the present context Sym or 8ym), let fr denote itsFourier
transformviz. fr(w) := [ f(s) € ds. Also, we define

fr(w) :

00 . 0 .
/ f(s)e 1@ ds, fo(w) ::/ f(s)e 'Pds,  (2.4)
0 —00

fi(w) = /00 f(s)sinws ds, fe(w) := /00 f(s) cosws ds. (2.5)
0 0

The relation definingfr, (2.4) and (2.5) are to be understood as applying to each

component of the tensor quantities involved. The existence of the Fourier trans-

forms is ensured if we assume thae L1(R, V)UL2(R, V) (or f € LY(R*, V)U

L?(R*, V) in the case off.). Also, recall that if f € L?(R, V), then fr €

L?(R, V) [30, 32]. Further assumptions will be imposed in the next section.
Whenf: Rt — V we can always extend the domainjofo R, by considering

its causalextensionviz.

f(s) for s >0,

_ 2.6
) 0 for s <O, 26)

in which case

fr(w) = fi(@) = f(o) —ifi(w).

We shall need to consider the Fourier transform of functions that do not go to
zero at large times and thus do not belond.toR, V) U L2(R, V). In particular,
let f(s) in (2.6) be given by a constaat € V for all s. The standard proced-
ure is adopted of introducing an exponential decay factor, calculating the Fourier
transform and then letting the time decay constant tend to infinity. Thus, we obtain

i@ =2 of= lim (0=+ia). 2.7)
1w~ a—0t
The corresponding result for a constant function definedronis obtained by
taking the complex conjugates of this relationship. Alsg; it a function defined
on R~ and if lim,_, _, f(s) = b € V where the components of the function
g: R~ — 7V defined byg(s) = f(s) — b belong toL?(R~, V), then

b
Jr(w) = gr(w) — —. (2.8)

iot

Again, taking complex conjugates gives the result for functions define@tn
This procedure amounts to defining the Fourier transform of such functions as the
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limit of the transforms of a sequence of functionsZit(R~, V). The limit is to
be taken after integrations overare carried out if theo~! results in a singularity
in the integrand. Generally, in the present application,«hé& produces no such
singularity and the limiting process is redundant.

The complex plane, denoted I8y, will play an important role in our discus-
sions. We define the following sets:

Qt={ceQ:3,.>0}, QP ={reQ:3,>0}.

Analogous meanings are assignedoandQ ).

The quantitiesf. defined by (2.4) are analytic @™ respectively. This analyti-
city is extended by assumption@F. The functionf, may be defined by (2.4) and
analytic on a portion of2* if for example f decays exponentially at large times.
Over the remaining portion g2, on which the integral definition is meaningless,
f+ is defined by analytic continuation.

3. Relaxation Functions, Histories, Processes and States

Alinear viscoelastic material is described by the classical Boltzmann-Volterra con-
stitutive equation between the second order symmetric stress fExgoe Sym
and the second order symmetric strain terSo(—oo, t] — Sym, of the form

T(r) = GoE(®) + /oo G(s)E(r — s) ds. (3.1)
0

The fourth order tensor valued functiéh R+ — Lin(Sym) is assumed to belong

to LY(R*, Lin(Sym)) N L2(R*, Lin(Sym)) and so is integrable. Its primitive, the
relaxation functionG: Rt — Lin(Sym) is absolutely continuous and can be
defined as

t
G(t) := Gg +/ G(s) ds,
0

whereGqy = G(0) is theinstantaneous elastic moduludoreover there exists the
limit

Gy = tlim G(1) € Lin(Sym),

whereG,, is theequilibrium elastic modulusThe following property is assumed

/ sG(s) ds
0

We will later make use ofs; R+ — Lin(Sym), defined as

0< < 0. (3.2)

G(t) := G(1) — Gus - (3.3)
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It is easy to check that (3.2) is equivalent to

< /00 @(s) ds
0

The Fourier transform ofs(¢), namelyGr(w) = G.(w) — iG,(w), for real
o, belongs toL?(R, Lin(Sym(R))), according to our earlier assumptions. It is
clear thatG,(w) is even as a function @6 andG, () is odd. The quantltsz(a))
therefore vanishes at the origin. In fact, as a consequence of our assumption of
analyticity of Fourier transformed quantities on the real axi§2oft vanishes at
least linearly at the origin. The leftmost inequality in (3.2) implies that it vanishes
no more strongly than linearly. It is worth noting that the rightmost inequality in
(3.2) follows from the assumption th@&t; is analytic (and therefore differentiable)
at the origin.

Thermodynamic properties of the linear viscoelastic materials imply (see [15, 16]
and references therein)

< 00. (3.4)

Go = Gg, Goo = G,
and

Gy;(w)E-E <0 VE e Sym\ {0} Vwe R**. (3.5)
An important consequence of (3.5) is [16]

GOE-E <0 VE e Sym\{0} (3.6)

and also the following formula [16]

1 [ G,
G — Go= = / &@ 4o | (3.7)
)

o W

which leads to the inequality

GoE - E > GoE - E VE € Sym\{0}. (3.8)
Here we assume a stronger relation than (3.6), namely

G(OE-E <0, VE e Sym\{0} (3.9)

and, on the basis of arguments presented in [23, 8], the equilibrium elastic modulus
of a viscoelastic solid is assumed to be positive definite, i.e.

G.E-E>0, VE e Sym\(0}.
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For simplicity, in this paper we le& () be symmetric for all values af even
though this assumption will be explicitly invoked only from Section 6 onwards.
Moreover, for the result of Section 5, we neBdo exist and to be integrable (so
that it belongs td.1(R*, Lin(Sym)) but not necessarilg.2(R*, Lin(Sym))).

Any strain tensoE: (—oo, t] — Sym can be associated with the coufigr),

E") whereE(¢) € Sym denotes thimstantaneousr current valueof the strain and
E": RtT — Sym denotes thpast historydefined as

E'(s) :=E(t —s), s>0.
In order that the strest be well defined, and to allow a definition of equivalent

states, all the admissible past histories must belong to the following vector space
(see [10])

[:= {E’: Rt - Sym ’/ G(s + )E'(s) ds
0

<oo V> O} . (3.10)

Further, to ensure the existence of Fourier transforms and their time derivatives,
and to allow the application of Plancherel’'s theorem, we assume

E' e LY R, Sym N LR, Sym N SBV (R, Sym),
and continuous from the left. The meaning of the sp&Bd/ is recalled in the
appendix at the end of the paper.

_ The Boltzmann-\olterra constitutive equation (3.1) defines the linear functional
T: Symx I' - Sym such that

T(E@), E") := GoE(r) + /oo G(s)E'(s) ds. (3.11)
0

The integral in (3.11) can be extendedfoby identifying G with its odd exten-
sion and takingg’ to be zero onR~~. Then, noting thalcr(v) = —2iG,(w),
Plancherel's theorem yields

T(E®t), E") = GoE(r) + % /oo G,(w)E', (w) ds, (3.12)

which is equivalent to a relation given in [13].

REMARK 3.1. Given the coupl€éE(r), E") and the strain continuation defined by
E(t +a) = E(1), YVa € RT, itis easy to check that the related stress is given by

T +a) = Ga)E(r) + /00 G(s 4+ a)E(s) ds.
0
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It has been shown ([10], Proposition 2.2(ii)) that the integrability propérty
LY(RT, Lin(Sym)) ensures that, for eveey > 0, there exista(e, E") sufficiently
large such that

/00 G(s + a)E'(s)ds| <&, Va > a(e, EY. (3.13)
0

Therefore, (3.13) can be thought of as an equivalent form of the fading memory
property. It follows that lim_ ., T(t + a) = G E(?).

The concepts of process and state for a linear viscoelastic solid have been
discussed by various authors [10, 22, 29]. We briefly recall some basic points.

REMARK 3.2. According to the definition given in [16], for each fixed couple
(E@®),E") € Symx T, related to the straife: (—oo,t] — Sym, a process
of finite durationd, acting onE, is defined as the functioEP: (0,d) —» Sym
associated with anfz, € SBV([0, d], Sym) (see the Appendix at the end of the
paper). In particular we remember that, by representation (A.4), (A.5), we have

Er(zx) =E@) + / Ep(s)ds 7 €[0,d], (3.14)
0

with the properties

Iirr(]+ Ep(r) = EQ@), Iim+ Ep(s) =Ep(r) VT € (0,d).

The strainE s (t') = (Ep * E)('), t’ <t +d, yielded byE’ andEp, is given by
Eft+d—s) = (EpxE)t+d—s)

Er(d—s) 0<s <d,
Et+d—s) s=>d.

Thus,E is related to the coupléEp(d), (Ep * E)!+d).
We denote b1 the set of all processes of finite duration.

REMARK 3.3. Observe that, according to [10], a proc€ssf durationd can also
be defined by a coupl® := (B, K) with

B =Epd) — E(), K(d—-1t)=Ep(r) —E() 7€(04d), (3.16)
with the properties

lim K(r) =0, ,Iim_ K(s) =K(r) Vr e (0,d).

T—>d~
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For sake of precision we must say that in [10] the first term of the coupe is
acting on the past history of strain, and the second oedsting on the current
value of the strain; according to our choice, in this paper the first term is the one
relative to the current value.

It is easy to check that such a definition is consistent with the previous one, in
fact (3.15) is equivalent to (3.7) and (3.8) of [10] in view of (3.16).

DEFINITION 3.1. Two pairs(E; (1), E}) and(Ex(7), E}) are said to be equivalent
if for everyEp: (0, 7] — Sym and for every > 0, they satisfy [11]

T(Ep1(7), (Ep1 % E)'™™) = T(Epa(r), (Epz % Ep)'™), (3.17)
whereEp1, Ep, are given by (3.14) foE(z) replaced byE; (), E»(7) respectively.

Itis easy to show that (3.17) holds if and onl¥gf(r) = E»(r) andE' = E| —E}
satisfies

/oo G()E™*"(s)ds = /oo G(s +7)E'(s)ds =0 Vr > 0. (3.18)
T 0

In fact (3.17) is equivalent to

TE®. E@®)'+E)*)
= G(1)E@®) + /Oo G(s + 71)E'(s)ds =0, (3.19)
0

where

E®) s<r,

T 1+t _

EO+BT 6 = { E's—1) s>r1.

We deduce thaE(r) must vanish by recalling (3.13). According to the defin-
ition of the stateo given by Noll [29], two coupleSE;(¢), E}) and (Ex(¢), E)
that are equivalent in the sense of Definition 3.1 are represented by the same
stateo (¢). In this senseg (r) may be thought as the ‘minimum’ set of variables
allowing a univocal relation betwedhy: [0, 7) — Sym and the stresB(r + 1) =
T(Ep(7), (Ep x E)'*7) for everyr > 0.

Also, Equation (3.18) represents an equivalence relation between past histories,
in the sense thd) andE}, are said to be equivalent if their differeneéé= E] —E),
satisfies (3.18).

Therefore [10, 22], denoting withy the set of all the past histories DBfsatisfy-
ing (3.18), and by"'/ I'g the usual quotient space, the statef a linear viscoelastic
material is an element of

¥ :=Symx (I'/ T'p). (3.20)
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In particular the natural state, is the null element ok representing the equival-
ence class of any coupl®, h) with h € T'y. Henceforth, we also view a process
as a functionP: ¥ — X which associates with an initial stat¢ € ¥ a final state
Poi=0/ e X,

It is apparent that, by virtue of (3.10) and Definition 3.1, the space of the states
¥ depends on the properties of the material because the memory Keoueiurs
both in (3.10) and in the constitutive equation (3.1). This property distinguishes
(3.20) from the usual fading memaory spaces [4, 5]

4. Work and Recoverable Work
The work done on the material by the strain histbit), <t is
t

W(E(t), E") ::/ T(r)-E(r)dr

= %GOE(t) -E@) + / /00 G(s)E™(s) - E(7) ds dr. (4.2)
—o00 JO

It will be clear from the representation oF (E(¢), E) in the frequency domain,
given in Section 6, that it is a nonnegative quantity. We will restrict our considera-
tions to histories such tha¥ (E(r), E") < oc.

Given the timer, the states (r) and the proces® of durationd so thatPo is
related to the strailk: (—oo, t + d] — Sym according to (3.15), the work done
fromt tot + d is given by

t+d .
W(o(t), P) = / T(r) E(r)dr
= 3GoE(t+d)-E(t +d) — 3GoE®) - E(t)
t+d oo .
+/ / G(E*(s) - E(r) ds dr. 4.2)
t 0

The properties of the work have been extensively studied in [10]. In order to
justify the definition of W as a function of the initial state and the procesg®, it
is worth noting that two strain€E(¢), E}) and (Ex(¢), E,) are equivalent, in the
sense of Definition 3, if and only if

t+d » .
/ F(Epa(r — 1), Epr+ED) - Ep(r — 1) de

t+d B X
_ / T(Epa(t — 1), (Epy % Ep)) - Ep(r — 1) dr 4.3)
t
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holds for evenyep: (0, d] — Sym and for everyl > 0. In fact (4.3) follows from
(3.17). On the other hand, (4.3) may be rewritten as

d
/ T(E@), (E0)T*E)*") -Ep(z)dr = 0. (4.4)
0

SinceE, andd > 0 are arbitrary, (4.4) implies (3.19). The same conclusion has

been reached in [10, Sec. 4].
We define thenaximum recoverable wosdtarting from the state as

Wgr(o) := sup{(—W (o, P)}. (4.5)
Pell
It follows from (4.3) that the quantity¥z (o) is a function of state in the sense
that two different strain histories representing the same staaemit the same
maximum recoverable work.

REMARK 3.1. It has been shown [9, 10] that the wdtk(E(¢), E'), defined in
(4.1), is not a function of state unless the statis represented by the whole strain
history i.e.I'y = {0'}.

We now prove the equivalence of certain alternative definitions of maximum
recoverable work to that given by (4.5). Lt (o) denote the following set

[Mg(o) :={P €ll: Po =(0,h) forany heTl/Ty}.
LEMMA 4.1. Given a stater (¢) related to the coupl€E, E’), (for simplicity here

and belowE := E(z)) for everye > 0 there exists two positive parametersr,
such that the procesB, , € (o (¢)), of durationa + r related to

E B E for T € (0,a], 46
P(r)_{E—(E/r)(r—a) for T € (a,a+r], (4.6)
yields workW (o (¢), P, ) satisfying

—W (o (1), Puy) > 1GoE - E— 2, 4.7)

2
Proof. We see from (4.2) and (3.15) that

—W(o (), Par)

:%GOE-E—i—// G()E(t +a+1 —s)dsdr -
o Jo

S|M o~ |m

=%GOE-E—i—/r/TG(s)|:E—E(r—s):| ds dr -
o Jo r
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r T+a . E
+/ / G(s)ds dtE - —
0 Jr r

r o E
—i—/ / GG)E(lt +a+1—s)dsdr - —.
0 T+a r

Integrating terms of (4.8), making use of (3.3), we have
_W(U(t)’ Pa,r)

. r rv E E
:%GOE-E—%GOE-E// G(s)dsdr—- =
o Jo r

.
"y E
+/ G(t +a) dtE - —
0 r
r o E
+/ / G(s+1t+a)E'(s)dsdr - =,
o Jo r

whereGo = Gy — G. By virtue of (3.4) the inequality

Y E E [« E M
/ / G(s)dsdr—-—/ GGt +a)dtE- —| < —
0 0 r r Jo r

r

holds for someM < oo. Moreover, from (3.13) we have

/00 G(s + 7 +a)E'(s)ds
0

<48, VY(r+a)>as,

so that

< 8|E|, Va > as.

ropoo E
/ / GG +1+a)E (s)dsdr - —
o Jo r

Choosingr = 4M /¢ ands = ¢/4|E|, we obtain (4.7).

153

(4.8)

THEOREM 4.1. For every states such that the sef—W (o, P), P € Il}is

bounded from above, we have

Wgr(o) = sup {—W(o, P)}.

Pellg(o)

Proof. Obviously, sincdIg(o) C I, it follows that

Wg(o) = sup{—W(o, P)} = sup {=W(o, P)}.
Pell Pellp(o)

(4.9)

(4.10)
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In view of our boundedness hypothesi®g (o) < oo, it follows that, for every
¢ > 0, there exists a proces$s < IT, of durationd < oo, such that

Wi(0) — % < —W(o, Py). (4.11)

Suppose thaP,c = (E,, h) whereh € '/ I'g and continueP, with a process
P, . described by (4.6). Then by, virtue of (4.11) and (4.7), there exists values of
andr such that

_W(O', Pa,r * Ps) = _W(O', Ps) - W(P,o, Pa,r)
> Wg(0) + 3GE, - E.e. (4.12)

Here the symbok , according to [10], denotes the continuation of the strain asso-
ciated toP, by the one related t®, , as defined by (3.15). Finally, observe that
(P, * P;) € Ip(o) so that (4.12) and (3.8) imply

Wr(o) < sup {—W(o, P)}. (4.13)

Pellp(o)

Inequalities (4.10) and (4.13) ensure (4.9).

In view of (4.9), we see that the tendby in (4.12) must be small if is small.

It should be noted that this theorem does not imply that the limiting process
belongs tally(o) but rather to the closure dig(o).

We conclude this section by giving a further equivalent formulation for the
maximum recoverable work. L&, be the set of all processes of finite duration
P € TI continued with the null procesB,, so that the related strain is given by
E: RT — Sym, withE(r) = E(d) Yt > d whered is the duration of the
process. Obviously, each procds< IT yields the same work of the corresponding
Pox P € I4. Let S(¢) denote the following quantity

S(t) :==T(t) - E(t) — 3GoE@) - E(1), (4.14)
so that putting=(oo) = E,, we have
S(00) = GooEoo - B — 3GoEx - Exo
= 1GxEx Ex + 3(Go — Go)Ex - E.

THEOREM 4.2. The maximum recoverable wolKz (o (¢)) from the states (),
defined by4.5), is given by

Wr(o (1)) = sup {S(co) — W(a (1), P)}. (4.15)

Pelly

Proof. First observe thaP < Ilg(o), of finite durationd, may be extended to
M., by continuingP with the null process omR ™. In such a case the recovered
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work W (o, P) does not change and the ensuing strain tensor vanishes at infinity,
i.e. E.c = 0, so thatS(oco) = 0. Therefore, denoting bWy (o) and W, (o) the
following sets

Wo(o) = {=W(o, P); P € llp(0)},

We(0) = {S(00) — W(o, P); P € T},

we have
Wo(o) C Wxo(0),

which implies that

Wo(o) € Weo(0), (4.16)
where the bar indicates closure in this context.
Now consider the straik(z), t € R, related too (r) continued with a process
P e I, and such that lim., ., E(t) = E, # 0. LetE, denote the truncation &
to the timed > ¢, continued with a discontinuity, followed by zero strain, yielding

Iin;_ E.(r) = E®), E,(z) =0, t>d
and letP, be the related process. The work duePtois

d
W), Py = / T(0) - E()de — }[T@h) + T@H] - E@)

d
= / T(r) - E(r)dr — S(d).
Since
dlim W(o (1), Py) = W(o(t), P) — S(c0), (4.17)

for every P € Il yielding E,, # 0, we can find a family of process&y €
[To(o (¢)) such that (4.17) holds. Therefore

Woo (0 (1)) C Wolo (1)),

so that

W0 (1)) S Wolo (1)). (4.18)

Equation (4.16) and (4.18) imply (4.15).
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The maximum recoverable work in the form (4.15) arising from Theorem 4.2
was essentially the starting point of the approach used in [18] for the scalar case.
Equation (4.9) in Theorem 4.1 will be our starting point in determining an explicit
representation foW in the frequency domain. It is necessary in the first place to
give a representation of the wolK (E(¢), E"), defined by (4.1), in the frequency
domain. This has been obtained in [13] (see also [12]) in terms of integrals over
R*.Using symmetry arguments, this representation can be expressed as an integral
over R of the form

W(E@®),E) = IGE®) -E@)

E
tor [ @ (B - =0 ) (B - 50 ) o

= SO) + % / h H()E', (0) - E, () do, (4.19)

where for each givem € R, the fourth order tensdl(w) € Lin(Sym) is defined
as

H(w) = —oG,(w) (4.20)

and S(¢) is given by (4.14). The equivalence of the two forms of (4.19) follows
from (3.7) and (3.12). They reduce to relations of Golden [18] in the scalar case.

5. Factorization of Positive Definite Tensors in the Frequency Domain

The functionw — H(w) plays a key role in the determination of the explicit
formula of Wy, as it was already recognized in [18] for the scalar case, where
an appropriate factorization of the one-dimensional counterp&f(®j was intro-
duced to obtain an expressionWk. Such a particular factorization does not apply
to fourth order tensors, so that the extension of the result of [18] to the general case
is not trivial.

In this section we show that +— H(w) always admits a factorization. To this
aim, we make use of a result of Gohberg andiKid 7], for matrix-valued func-
tions. The results in [17] apply of course to matrices of arbitrary finite dimension
but we state them for the case of66 matrices. Given a nonsingular continuous
tensor valued functiofK(w) € LIn(Sym(2)), € R, we say thafk has a left
[right] factorization if it can be represented in the form

K(w) = K@K (o), [K(w) = K(0)K(@)], (5.1)

where the matrix function¥ ., admit analytic continuations, holomorphic in the
interior and continuous up to the boundary of the corresponding complex half
planesQ®, and are such that

detK+)(¢) #0, ¢ e Q*.
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In this relation the 6< 6 matrices representation fif.,(¢) is employed.
We say thakK belongs tdigs, [S}tgxe], [[Ng6l] if there exists a constant matrix
Co and a matrix functiori(z) such that

o]

K(w) = Co + / F(r) € dt (5.2)

—00

o0 0
[K(a)) =Co+ / F(r) € dt:|, [[K(a)) =Co+ / F(r) € dt:|:|.
0 —00

Note that ifK e %5, g, it has the analytic properties ascribedKe,, above.
The main result we use is Theorem 8.2 of [17], that can be stated in our context as
follows

THEOREM 5.1 (Gohberg—Kia). In order that the nonsingulafHermitian) mat-
rix functionK € fg,s possesses a representation of the form

K(w) = K4 (0)K{,) (@), (5.3)

in which the matrix functioK;, € R¢, ¢ and satisfiesletK () # 0for ¢ €
Qt, itis necessary and sufficient thE{w) be positive definite for every € R.

Observe that comparison of (5.3) with (5.¥)elds
K(,)(a)) = KE:) ((,())

Recalling that any fourth order symmetric tensor maps intx® @natrix under
the isomorphism discussed at the beginning of Section 2, let us consider for each
givenw € R the fourth order tensoH(w) € Lin(Sym) defined by (4.20). By
virtue of (3.5), the odd signature of — G,(w) and the assumption th& ()
is symmetric, it follows that, for each fixed € R \ {0}, H(w) is a real valued,
symmetric, positive definite tensor. Moreover, since

lim Cil@) _ /OOSG(s)ds, lim G, (w) = G(0),
0 w—> 00

w—0 w

it follows from (3.2) and (3.9) that

. H(w) .
lim = Hp, lim H(w) = Hy,

w0 @2 w—>00

whereH, andH,, are symmetric and positive definite. Consider now the tensor

1+ 0?

K(w) := ——Hg H(w)Hg' (5.4)
w

Sr
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Hsr = Hl/z. (5.5)

The tensofK (w) is symmetric and positive definitéw € R; moreover it is such
that

IimOK(a)) = Ko = H'HoH lim K(w) =1,

w—> 00

wherel denotes the identity of Ligsym). In order to apply some results given in
[17] we have to show tha& € Ng.¢, i.€. that the representation (5.2) applieXto

PROPOSITION 5.11f G and G are integrable tensor functions, and the tensor
G(0) is finite and nonsingular, the tensor valued functi§nrelated toG though
(4.20) and (5.4), belongs tdRge.

Proof. Observe that

. 1.
K(w) = —H;rl |:a)GS (w) + —Gg (a))} H;l. (5.6)
w
Integration by parts yields
1. . . . ..
__Gs (w) = Gc(a))’ a)Gs (w) = G(O) + Gc(w)v
w
so that (5.6) becomes
K(w) = H3~G(0) — Go(w) + G (w)HS (5.7)
Consider now the tensors
Co = —HG'G(OJH",
F(r) = %Hs_rl[@(t) + G(:)]H;l, reR (5.8)

whereG andG are extended on the real line as even functions, sohat 2G,
andGr = 2G.. Then, in view of (5.8), (5.7) is equivalent to (5.2) and the assertion
is proved.
Observe that (3.4) and (3.9) ensure tGabas two of the required properties.
SinceK(w) is real, symmetric and positive definite for everye R, it satisfies
Theorem 5. In particular, it has a representation of the form (left factorization)

K(w) = K (@)K, (), (5.9)

with K4 (w) € R¢ ¢ and

detK,(¢) #0 for ¢ € Q.
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Moreover such a factorization is unique up to a post-multiplication on the right by
a constant unitary tensor (see Remark on page 253 of [17]).
Similarly, K has a right factorization of the type:

K(w) = Ko @)K, @), (5.10)

with corresponding properties. In fact, sinE&w) is an even function ofy, we
can replacevs by —w on the right of (5.9). NowK,(—w) € R, ¢ With nonzero
determinant i) so thatK_)(w) = K (—w).

By virtue of (5.4) and (5.10)H(w) can be factorized as follows

H(w) = Hy (w)H_ (w), (5.11)
where
w w
Hy(w) = —HsK)(w), H_(w)= —.sz_)(w)Hsr (5.12)
w—1 w1

The notation foitl, (w) andH_ (w) follow the convention used in [18], i.e. the sign
indicates the half plane where any singularities of the tensor and any zeros in the
determinant of the corresponding matrix occur. Alternatively, the left factorization
(5.9) may be used, though the right factorization is more convenient in the present
context. Representation (5.12) gives that

He (o) = HE (). (5.13)

6. Explicit Representation of the Maximum Recoverable Work

A natural procedure for obtaining an explicit expression#ai(o (¢)) is to find the
‘optimal’ future continuation which is related, according to Theorem 4.2, to the
processP, € I, that realizes the supremum &foo) — W(o (¢), P), the workW
being defined by (4.2). This procedure leads to a Wiener—Hopf equation in the time
domain [1, 7]. However, the problem was solved directly for the scalar case, using
this approach, by going into the frequency domain [18]. An alternative, somewhat
simpler procedure is to use Theorem 4.1 and find the future continugfioalated
to the limiting process that realizes the supremum-8f (o (¢), P), P € IIg(o) in
the frequency domain. This method will be used here. For either approach, the
crucial result that allows us to generalize this procedure is Theorem 5.1.

Observe that, for any state(r) related to the straii(z), r < ¢, and a process
P of durationd related to the continuatioBy(t), T € (0, d] we have

W (o (t), P) = W(Ep(d), (Ep x E)'™) — W(E(), E"). (6.1)

Therefore, considering (6.1) for procesges= ITp(o) of finite and infinite dura-
tion, we have from (4.9)

Wr(o (1)) — W(E(®),E') = sup {—/Oo T(t)-Ef(t)dt}, (6.2)

Pellp(o) o]
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whereE is related toP as specified by (3.15). Both the representatioﬁ/(QE(t),

E"), given by (4.19), and of the quantity in brackets on the right-hand side of (6.2)
in the frequency domain, are now required. Using the method sketched in [18], it
can be shown from (4.19) that

/ T(r)-E(r)dr = %/ H(w) (E'.(0) + E" ()

: (E;(w) +E. (a))) do, (6.3)

where the subscript oEf has been dropped and the propdtypo) = 0 (because
P e Iy(0)) has been used.

Next we make use of (6.3) in order to find the ‘optimal’ future continuation
E,(7), T > 1, (or, equivalentlyE! (s), s < 0) maximizing the recoverable work as
given by (4.9). Recalling a comment after (4.13), we observe that, as the maximum
recoverable work is the supremum of the set defined in (£9)Joes not neces-
sarily belong to the set of continued strains relate@ te ITy(o). It belongs to the
closure of such a set. This fact allo®s to have some discontinuities; in particular
it allows E(r) # lim,_.o- E.(s). Also, in the limit,E,(co) need not vanish.

Our aim is now to maximize the integral on the right of (6.3), using a variational
technique. LeE!, denote the Fourier transform of the optimal future continuation
E! viz. E],(w) = E!_(w). Put

EL () = E, (®) + k_(0),

wherek_(w) is arbitrary apart from the fact that it must have the same analytic
properties a&’ (w), i.e. k_(z) must be analytic irf2*, and vanish ag™! at large
z. Then (6.3) will be maximized bg!, if

/ R{H(w) (E', (®) + E}, (w)) -K_(w)} dw = 0. (6.4)

e¢]

The restriction to the real part of the integral may be removed by virtue of the
symmetric range of integration. Using the factorization (5.11), we can rewrite this
condition in the form

[ HIEL @ + o1 k@)d

= / H (0)[H- (0)E, () + H_(0)EL, ()] - K_ () do» = 0. (6.5)

Consider now the second order symmetric tefiso(w)E’, (), the components of
which are continuous (in fact analytic) @R by virtue of the assumed analyticity
of H_(w) andE!, (). The Plemelj formulae [28] give that

Q'(») := H_(0)E], (0) = q_(») — (), (6.6)
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where

1 [® QW

2ni J_ oo 0w —2

q(z) := dw, g (w) := Iir‘g? g (w+ia). (6.7)

Moreover,d, (z) = q'(z), z € Q) is analytic onQ™ andq’ (z) = 9'(z), z €

Q™ is analytic onQ™. Both are analytic on the real axis by virtue of an ar-
gument given in [18]. They are defined on the entire complex plane by analytic
continuation. Therefore (6.5) becomes

| B@-do+ o] kod=0 68

Note that the integral
f Hy ()q, (@) - k() do (6.9)

vanishes identically, because the integrand is analyti@on and vanishes as
at largez. Therefore (6.8) becomes

/ H () [0° (@) + H-(0)E},(@)] - k-(») dw = 0.

This will be true for arbitrank_ () only if the expression in brackets is a function
that is analytic ir2~). HoweverE!, (w) must be analytic if2*. Remembering that

g’ (w) andH_(w) are also analytic if2*, we see that the expression in brackets
must be analytic in both the upper and lower half planes and on the real axis. Thus,
it is analytic over the entire complex plane. Ngi(w) clearly vanishes as~* at
infinity, as also musk}, (w) if the strain function is to be finite at= 0. Therefore,

the function in brackets is analytic everywhere, zero at infinity and consequently
must vanish everywhere by Liouville’s theorem. Thus

q (w) + H_ (0)E' (w) =0 Vo e R,
giving
E;, (@) = — (H_()) "'’ (). (6.10)

Therefore the maximum recoverable work from a given stdte, correspond-
ing to the strairE(t), t < t, may be written by means of (6.2) and (4.19) in the
form

1 * — —
Wr(o (1)) = _Z/ H(w)(E} () + E,,(@))-(E} (@) + E,, (®)) do

+S(1) + % / H(w)E', () - E, () do.
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With the aid of (6.6) and (6.10), we obtain

W =S 2T ig @l d
R(0(t) = S(t) — 2ﬂ/w|q+<w>| w
1 Oo t t 2d
o /wlq_(w>—q+<w>| o
=S L PN
_ “”zn/_m'q{‘”)‘ o

l o0
—;/ R {q" (@) - T (@)} do.

]

Remembering that,(z) is analytic in the same half-plane ﬁ§(z), namely
z € Q® and goes to zero as* at largez, we have

2/ Re {0"(0) - T, (@)} dw

= / (9" (@) - T\ (@) + I (@) - T ()] dw = 0, (6.11)
so that
1 oo
Wr(o (1)) = S(t) + E/ |d"()]* do. (6.12)

This is the first explicit formula for the maximum recoverable work in terms of the
given strain in the full tensorial case.

Actually, it is worth noting that the dependence on the stgtg of Wy is not
explicit on the right-hand side of (6.12). This is due to the fact that it is not known
how the state is characterized in the frequency domain, so that, for now, we abuse
notation here by equating (o (¢)) to an expression in which the dependence on
o () is neither made explicit nor characterized. The issue of characterization of
states in the frequency domain will be discussed in the next section.

Note that, by virtue of the dissipation property of the material, the work done to
reach the strain related to the péi(¢), E’) must be not less than the work recov-
erable from the state (r) corresponding t@E(z), E"). This is satisfied because, by
virtue of (4.19), (6.6) and (6.11), we find that

i~ t 1 > t 2 t 2
W(E®),E") = S(r)+5/ [’ (@)|” + |g" ()| ] do,

~ 1 [
W(E®),E") — Wr(o (1)) = Z/ g, (@)|* do > 0. (6.13)
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7. Characterization of the State in the Frequency Domain

In this section we show that the tengpr(w) occurring in (6.12) represents an ele-
ment of "/ T’y in the frequency domain, and also that the right-hand side of (6.12)
is a function of the state. Two historids , E/, are equivalent if their difference

E’ = E] — E} satisfies (3.18)

Fl(r) = /Oo G(s)E*"(s)ds =0, Vr >0. (7.1)

Let E™** be equal to zero for > s and identifyG with its odd extension so that
Gr(w) = —2iG,(w). ThenF ' (t) can be rewritten in terms of Fourier transforms
asin (3.12)

Fi(r) = /00 G(s)Et (s)ds = %/00 Gs(w)EfT(w) dw. (7.2)

Moreover, we note that

Eft(a)) — / Et+r(s) efiws dS
0

= / E's—1)e’ Pdse™ =E ()", (7.3)

Substitution of (4.20) and (7.3) into (7.2) yields

Fl(r) = _;T; /Oo @E;(w) e 7 do. (7.4)

o0

Remembering the factorization Hf(w) given by (5.11) and (5.12), (7.4) can be
rewritten as

Fl(r) = L / ” HZE“’) H_(0)E' () €7 do (7.5)

V4 o
and the substitution of (6.6) in (7.5) yields

. oo '
Fl(r) = —i/ # [0 (@) — q (®)] €77 do. (7.6)

T 0

According to (7.1) we considef’ () for r > 0. Then observe that (z), q/, (z)
and €2* | ¢t > 0 are analytic functions in the lower half planes Q) so that by
Cauchy'’s theorem, (7.6) reduces to

Fl(r) = _;T; /oo @qf_(w) e do. (7.7)

o]
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We extend the definition af’ to R by considering (7.7) to hold far € R. This
form of £ allows us to prove the following theorem characterizing the state (in
the sense of Noll) of a viscoelastic material in the frequency domain.

THEOREM 6.1. For every viscoelastic material with a symmetric relaxation func-
tion, a given strain histonE’ is equivalent to the zero histo in the sense of
(3.18) if and only if the quantityy’ , related toE’ by (6.6-6.7), is such that

g (w) =0, VYoweR. (7.8)
Proof. Observe that the theorem in effect states that
F'r) =0 V>0 < q (w)=0 Vo e R. (7.9)

The statement relating to the left arrow of (7.9) follows trivially from (7.7). In order
to prove the statement relating to the right arrow, let us invert the Fourier transform
in (7.7) to obtain

(H, (o)
Tw

o
fl(w) = q () = —i/ F'(r)€"" dr. (7.10)
2r J_
If F'(z) = 0V > 0, it follows from (7.10) thaf’ is analytic inQ~). The zeros
of H, cannot cancel singularities gf since all such zeros are by construction in
Q™. Thusg’_ must be analytic i~ and therefore ii2. Since it goes to zero at
infinity, by Liouville’s theorem, it must vanish and (7.8) is proved.

Theorem 7.1 makes exact the notion of equivalence of histories in the frequency
domain, i.e. two different historiels}, E5, are equivalent in the sense of (3.18) if
and only ifg;_(w) = 05_(w), Yo € R. As a consequence, the elementd ¢ty
now have an explicit representation in the frequency domain by meaqs, aio
that we need resort no more to a representative eleEieatl” of the equivalence
class related td'g. Thus the state in the sense of Noll may be written as

o) = (E®,qL).

Therefore, to show that the right hand side of (6.12) is a function of the state
o (1), we show that it can be written in terms of the pé#(z), g°.). Recalling
the definition ofS(¢) given by (4.14) and the manipulations leading to (7.7) (for
7 = 0), itis clear that (6.12) may be written as

Wr(o (1)) = Wr(E®), dL)
= 1GoE(t) - E(t) —E() - i/oo Mqi(w) do
T w

—00

o | laf do. (7.12)
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which ensures that the maximum recoverable work given by (6.12) is really a
function of state as required in the previous section. Moreover it is a quadratic
form of the variable€(r), g, characterizing the state in the frequency domain.

8. The Maximum Recoverable Work as the Minimum Free Energy
According to Graffi's Definition

The minimum free energy for a viscoelastic material in the state has been
proved to be given by the maximum recoverable work fo(), viz.

VUm (o (1)) = Wg(o (1)), (8.1)

by several authors, in particular Theorems 7 and 8 of [13].

By virtue of (8.1) the explicit representations (6.12) and (7.11) of the maximum
recoverable workdi¥; provide a closed expression for the minimum free energy
Y, ViZ.

N 1 o0
(o) = Tn(ED, o) = S0 + 5 / " (@)[? do

= 3GoE@®) - E(r) — E() - i/oo Mqi(a)) dow
4 w

—00

+% /_: 9" (@)]? do. (8.2)

This is the main result of the paper, since it is the first explicit expression for the
minimum free energy for a viscoelastic material in the full tensorial case.

However there are some criteria that a functional must fulfil in order to be con-
sidered a free energy. In particular, in this section we consider the requirements of
Graffi’s definition [20, 21] (also [27, 13]). Here the free energy must be a functional
of the history and present value of the deformation, obeying certain properties that
have been proved to hold by Coleman [3] for materials with fading memory as
a consequence of the second law of thermodynamics. Recalling Remark 3.2 on
the definition of processes, Graffi's definition of the free energy may be stated as
follows [10, 13]:

DEFINITION 8.1. A functionaly: I' x Sym— R is said to be a free energy for
a viscoelastic material described 8/11) if it satisfies the following properties:
(P1) (integrated dissipation inequality)

Y (Ep(d), (Ep % E)™) — ¢ (E(1), E')

d
< / FEp(), (Ep + E)T) - En(r) dr, (8.3)
0
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for every deformation history coupl&(z), E") and for every processy (d)
of arbitrary durationd with Ep(0) = E(¢);

(P2) for every(E(t), E"), the derivative o (-, E') at E(r) is equal to the stress
T(E®,E);

(PJ) for every(E(?), E"),
VE®.EOH < FE®D,E),
whereE(r)" is the static history with valug(r);
(P4) for every deformatior(z),
V(EW®.EMN — (0,00 = ¢(1),
whereg (1) is the elastic free energy defined by
¢ (1) = 3GE@) - EQ).
THEOREM 8.1. The functiony,, defined by(8.1), (8.2) is a free energy in the

sense of Grafii.e. it satisfies properties P1-P4.
Proof. We can write (8.2) in alternative forms

Yn(o (1) = ¥ (E@), E")

= S(t)+%/i: H(w)E! (w) - E! (0) dw

= ¢(t)+i/ H(w) [Efﬂ(w)Jr

E()
2 ]

iot

-|:E£n(a)) + i?] dow
iw

= ¢(0+E/_OO

The dependence df,, on the past historfE’ is made explicit in the last two forms

of (8.4), in the latter form with the aid of (6.6—6.7). The last form of (8.4) follows
from the second one by virtue of (5.11) and (6.10). The second form is equivalent
to the first provided that

q (@ - 0

iot

2
dw. (8.4)

/ N Gy (@)I,[E (w) + E (@)] dw = 0, (8.5)

as it may be shown by an argument similar to the demonstration that the two forms
of (4.19) are equivalent. Condition (8.5) is a special case of (6.4) obtained by
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taking k_(w) = I(iw~)~! wherel is the unit tensor in Sym. The restriction to
the imaginary part may be removed by symmetry. The resulting relation may be
proved directly with the aid of (6.6) and (6.10), by showing that the integrand has
the form H, (»)d, (w)/w. Observe that (8.2) can be deduced without difficulty
from the third relation of (8.4).

Property P2) is clearly obeyed by, given by the first form of (8.4).

From (2.7), we see that for a static histoB), (w) is given byE(?)/(iw™).
Substituting this form into (6.10), witky’ (w) defined by (6.7), and closing the
contour overQ™), we obtain for a static history

t E@)
E,(0) = o
so that the integral in the second form of (8.4) vanishes for a static history. Thus,
properties P3) and P4) are obeyed, provided that(0, 0") = 0, which is in effect
a normalization condition.

In order to prove R1), let: = O be the initial time. For each given initial
stateoy, related to the coupl¢E(0), E) and process of durationd related to the
continuationEp, let D,, (oo, P) denote the following expression

d
Dy (00, P) = / FEp(1), (Ep +EY) - Ep(r) di
0

—Un(Ep(d), (Ep x E)) + ¥ (E(0), E). (8.6)
The integrated dissipation inequalit {) becomes
D,, (00, P) > 0. (8.7)

Formulae (6.2), (6.3), (6.6) and (6.10) allow us to make (8.6) explicit in the fre-
guency domain, i.e.

1 o0
D, (00, P) = Z/ (|qf‘ﬁ(w)|2 - |q3(a))\2) do.

In order to prove that (8.7) holds for every process and for eddtyis sufficient

to show that the function — g’ (w) is differentiable almost everywhere i, d)

and the derivative of its squared modulus is defined a.e. and non-negative. To this
aim we recall that, for each fixed timefunctionsw — . (), defined by (6.7),

are analytic on the real axis and they may be written in the form

1 e Ho) B @) - £2]

g, (w) = —/ do’
* 2mi J_ o o — T

PR =) (8.8)

2ni J_o (@0 — 0F)iw'™
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where the last integral vanishes g () and givest_(w)E(?)/(iw) for " (w).

It follows from (8.8) that the functiom — ¢, () is differentiable a.e. iri0, d) if
and only ifr — E! (w) has this property. This can be proved by virtue of definition
(2.4) and of (A.2), to have the form

E', (») = E{*(0) + JE. (o),

where
Eﬂ;“c(a)) = /0 E"4¢(s) €% ds, FE. (0) = /0 JE'(s) e7" ds,

are the Fourier transform of the absolutely continuous part and of the junigs of
respectively angE’ (s) is defined by (A.1) witha, b] = [0, d]. The differentiabil-
ity a.e. oft > E"*“(w) on(0, d) is ensured by the fact that—> E’“ is absolutely
continuous. It remains to prove the same properties for JE', (w).

The substitution of (A.1) into (2.4)and simple calculations yield
i ; ,
JE (@) = —— D AEY(L—eet),
j

The convergence o'E,~|AE’j| ensures the differentiability of the function i—
JE' (w) in (0, d).

The differentiability a.e. of — ¢’ () leads to the same property for—
|q’+(a))|2. This allows us to rewrite formula (7.12) as follows

1 [~ (4d
D0 P = 5= [ [ G @P o ©.9)
Required derivatives will now be written down, understood to exist a.e. We have

d
T E (@) = —ioE! (@) + E@),

obtained by differentiating the integral definition©f (w). Using this in (6.7) we
find

W = —iwq' (w) — Ko(t) + i /OO H-(@)

27mi

ot do'E(2),

1 [ —
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so that
d t _ . t K
a%(w) = —ioq (o) — K(),

d
aQi(w) = —ioq’ (0) — K1) + H-(0)E(®),

K (1) = Ko(t) + sHsE()

=i/wH_(w)[ (@ )—ﬁ} o, (8.11)
2r J_o

whereHyg, is defined in (5.5). These results follow from contour integration of the
integral in the first relation of (8.10) ov&r™. This integral and o(¢) exist in the
sense of limits or principal values. They are conveniently evaluated by closing the
contour, remembering that there is a contribution from the infinite portion of the
contour. For a static histor¥ (¢) vanishes.

From (8.10), (8.11) and the properties of the functiors g’ (w), t — E(2),
it follows that (w, t) — (d/dt)(|qf+(a))|2) is integrable onR ™t x (0, d), so that
Fubini’'s theorem applies to interchange the order of integration in (8.9) giving

D, (09, P) = 27_[// |q+(a))| da)dt. (8.12)

From (8.8) and the comment immediately following, we deduce that
| Ilim Q' (w) = iK(1),
| Ilim o (0) =i (K(t) — HgE(2)). (8.13)
Also, integrating over the appropriate contour, one obtains
1 [ 1 [
o | _aicords =tk = o [ dw o,
L d LK E L d
2 ) q_(—w) do = 5(K() — HsE()) = o mq_(w) w.

The complex conjugates of relations (8.11) are easily established and one deduces
from (8.12) that

d
D, (00, P) =f IK (s)]? ds,
0

which is obviously nonnegative so th&tl) is satisfied bw,, (¢).
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This quantity is clearly differentiable with respect do Relabellingd as the
current timer, we deduce that

d

5 Dn(o0, P) = IK®)I?, (8.14)
where nowP is understood o[ duration Note that functiopsD(ao, P), defined
by (8.6) where any free energly replaces the minimum ong,,, viz.

D(oo, P) := W(oo, P) — ¥ (Ep(d), (Ep x E)) + ¥ (E(0), EY), (8.15)

cannot in general be interpreted as the dissipation in the material because of the

non-uniqueness of the free energy functional. In particular, the waoik (), E')

up to time¢, given by (4.19), obeys propertiésl-P4of a free energy. For this

choice,d (09, P) vanishes identically even if the material is dissipative [26].
However, the meaning of the dissipation arguably can be assigm@gd(e, P).

In fact, from (8.1), (8.6), (8.7) and (8.15) we obtain

Dy (00, P) = [Wr(00) + W(oo, P)] — Wg(o) = 0. (8.16)

ThereforeD,, (09, P) may be thought as the ‘dissipation’ due to the process
the sense that of the amount of energy that cannot be utilized to do work. In fact
the quantity in the square parenthesis of (8.16) represents the energy available to
do work fromoy added to the energy stored because of the work done during the
processP, whereas the last term of (8.16) is the energy available to do work from
o = Poy. Therefore the difference yields the part of the energy stored by the work
W (oo, P) that cannot be utilized to do work i.e. the energy dissipate by view
of this, we shall refer to the quantity defined by (8.14) as the rate of dissipation.

We conclude the section by drawing attention to certain properties of the op-
timal future continuation.

PROPOSITION 8.1.The optimal future continuatiof’: R~ — Symmaximizing
the recoverable work as given 164.9) and (4.15) has an initial discontinuity and
does not go to zero atoo.

Proof. From (6.10) and (8.13), it follows that

_ E( - HzK®)

E (0) — (8.17)
w—>00 iwt
whereE], is given in terms of the optimal continuati®j, by
0 .
E (0) = / E! (s) e '® ds. (8.18)

We can determine the form & (s), s € R~ from E/, (») by the formula

1 [ .
El(s) = E/ El ()€ dw, seR,
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evaluated by closing o). Fors € R**, we close or2* to get zero. It follows
from (8.17) and (8.18) that

Iim0 E'(s) = E(t) — H*K (). (8.19)

Thus, the optimal deformation involves a sudden discontinuity at tinfieis in-
teresting from a physical point of view that the magnitude of the discontinuity is
closely related to the rate of dissipation, given by (8.14).

Also, putting

1
Ki(w) = ~H_(w),

we have from (6.10)

E (w) — —Kl(o)_l
m w—0 2riwt

/ Ki(@)E' (o) do'.

Note that the zero ifil_ () at the origin is moved slightly int& to maintain
consistency with the requirement that its zeros be in that half-plane. This relation
gives, with the aid of (2.8)

K -1 0
£ (5), — o [ K@) L) o

which quantity is in general non-zero.

9. The Maximum Recoverable Work as the Minimum Free Energy of
Coleman and Owen

The definition of free energy, introduced by Coleman and Owen [6] in their general
theory of thermodynamics, may be stated for the case of linear viscoelasticity as
recalled in [9, 10].

DEFINITION 9.1. A function of the stat¢: ¥ — R is termed a free energy for
a viscoelastic material if it is Bwer potentialfor the workW, namely if, for every
¢ > 0 and every, o’ € X there exists @ > 0 such that

(o) — (o) < W(o, P) +e, (9.1)

for every proces® e IT such thal| Po — ¢’|| < 8, where]| - | is a suitable norm
on the space of the states.

For simplicity we add to such a definition the normalization conditidiag) =
0.
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Actually, in [9, 10], a particular norm for the space of states was adopted, whereas
in the broader framework of [6], there was full freedom in the choice of topology.
Here, we consider the norm used in [9, 10] and also two other choices.

It is worth recalling that the existence of lower potentials for the work done
during processes has been proved in [10], for the choice of norm used in that work.
Indeed, in that case, any particular statecan be approximated by subjecting an
arbitrary stater to a sequence of processgs. More precisely, for every fixed
¢ > 0 there exists an index. such that all the stateB,o attained in the sequence
for n > n, lie in a neighbourhood of’ of radiuse, and the sequence of processes
converges [9, 10]. In other words, the set of all attainable states, starting from an
arbitrary given one, is dense in the whole space of statddoreover, in [9] it has
been shown that the intersection of the set of all functions of state and the set of all
free energies in the sense of Graffi contains the set of free energies in the sense of
Definition 9.1 when the norm introduced in [10] is used.

It is easy to check that the following proposition holds (see also Proposition 2.5
of [9])

PROPOSITION 9.1.If a functiony: ¥ — &R is a function of the state which
satisfies the integrated dissipation inequaliBl) and it is lower semicontinuous
with respect to a certain north- || on the state of the spacés thenvyr is a lower
potential of the work.

Proof. In fact, if ¢ is lower semicontinuous with respect|to ||, then, for any
fixedo’ € ¥ and anye > 0 there exists a suitabbke> 0 such that

V(o) —¥(oy) <e, (9.2)
for everyo; such that|joy; —o’|| < 8. Combining (9.2) with inequality (8.3) namely
Y(o1) —¥(o) < W(o, P), Po =o1,

we obtain (9.1).

The only issue that arises in Definition 9.1 and Proposition 9.1 is the choice of
the topology ofX with respect to which the neighbourhoods are defined. There
are many possible choices of nonequivalent topologies, though some may be more
convenient than others. The expressions (6.12), (7.11), (8.4) and the characteriza-
tion of the state by means of the coupl€) = (E(¢), g") suggest the use of an
L?-type norm|| - || defined by

lo 12 = [EO + / (@) do. 9.3)

LEMMA 9.1. The functiony,,, defined by8.2), is continuous with respect to the
norm| - || defined by9.3).
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Proof. Itis easy to check the following estimate

H
—/ @) ) E(r)dw‘
TJ o O

< E/ ) ‘H+(w)E<r> ()] do
7)) | o

< ‘H“‘”)E(z) dw+—/ 1" ()2 do
2T

and the chain of equalities

17| Hi(w)
271/00 w

1 [ Hi(o)H ()

2
dw

=5 _ — dwE() - E(1)

_ L [T HO)

27

= 3(Go — G)E() - E(1), (9.4)

where the second equality is ensured by (5.13) and the third one is a consequence
of (3.7). The positivity of the last term is ensured by (3.8), so that the expression
(8.2) fory,, can be estimated as follows

W (o ()] = [fm(E@), 4] < 5 IGE®) - E@)]

1 © H
+—’E(z)./ +(@ )q (w )da)‘-l——/ [ (a))| dow
T _ w

9]

1
< 31280 GuED E0I+ T [ |’ do.
Therefore there exists a positive constantsuch that

[¥m(0)] < Cillo %, (9.5)

for everyo € X. Now v, is a quadratic, positive definite (see (g¥functional
on the space of states. Therefore it induces a riprtf), defined as follows

o112 == V(o). (9.6)
Hence, fixing a state’, for every stater; we have

1Y (o) — (ol < |llo’lIZ — llowll2|
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(”U,”m + ||01||1n) |||G/||in - ||01||1n|

N

(210"l + llor = " lln) " — o1llm

N

C1(2l0’ Il + llor = o'll) lo” = all,

so that the continuity of,,, with respect to the norr - || follows.
Now we are able to prove the following

THEOREM 9.1. The functiony,, defined by8.2) is a free energy in the sense of
Definition 9.1 when the norn| - || of (9.3) is used.

Proof. In fact we have already proved in Theorem 8.1 thatsatisfies P1).
Moreover, Lemma 9.1 ensures the continuity, and hence the lower semicontinuity,
of y,,, with respect to the norri- || defined by (9.3). Thus, Definition 9.1 is fulfilled

by V.

The choice (9.3) for the norm on the space of states allgygo be a lower
potential for the work done during processes. Therefgpejs also the minimal
element of the set of lower potentials for the work done during processes, that is
contained in the intersection of the set of all the functions of state with the set of
all free energies in the sense of Graffi.

Is is easy to prove the following property pf ||, defined by (9.6):

PROPOSITION 9.2.The norm|| - ||,, defined by(9.6) is equivalent to the norm
| - || defined by(9.3).

Proof. The two norms are equivalent if there exist two constarsCs; > 0
such that

Callollm < lloll < Csllo |- (9.7)
By virtue of (9.5) and (9.6) the leftmost inequality is satisfied with= C; "/°.
Let
H_(0)E(t)
p'(w) :=0q.(w) — —
LW

so that, as a consequence of (814), may be rewritten as
N 1 [
wwmhwmamm=¥%HWEm+5/ o' (@)|” do (9.8

and|| - ||> assumes the form

o0

H_(w)E(r)

iot

2
p'(w) + do.

|waw2=|aoﬁ+/

—0o0
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By virtue of the estimate
1/‘”
2 )

00 0o 2
g/ o)’ dw+/ ‘H_(a»E(r)

H_(0)E(t) |?

iwt

P’ (w) +

w

and equalities (9.4), it is easy to find a suitable positive congfarsuch that the
rightmost inequality of (9.7) is satisfied.

The following norm was used in [9, 10]:

lolls = |GoE(®)| + IE'|Ir, (9.9)
where
+o00 .
IE |Ir := sup G(s + 7)E'(s) ds
t>01J0
. .
= sup i/ ﬂqg(@ e 19T dy|, (9.10)
20|77 J-—co w

the second equality holding in view of (7.7). In order to compare the rprip
with || - ||, we consider the estimate

>0 |7 00

and the chain of equalities
IH (0)q" () =H} (0)Hy (0)q" (@) - T (@)
=H(»)q"(0) - T _(w),

that follows from (5.13). Recalling thdfl(w) is real and symmetric, we see that
the rightmost form is real. Moreover, sin&w) is positive definite the following
inequality holds

sup H(w)v-V < tr(H(a)))|v|
veSym(Q2)

where the representation (2.2) for tensors of(Bym(€2)) has been used. Then
Il - IIr can be estimated as follows

1 [ tr(H Y21 12
IE I < (— | = @) 4 w) (— / |q’_<w>|2dw)
T J_0o w T J-co
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and using (3.7) we obtain

1 [ 1/2
HUHE$§K%EUN'%ﬁWGO—4GmHU2(;¥/ |qi@»Fdw>

—00

Therefore, with the aid of the inequalitya| + |5])2 < 2(|a|? + |b|?) we see that
there exists a constaf, > 0 such that

lolls < Callo]l.

This shows that the nornp- || is finer than|| - || s, so that all the results proved in
[9, 10] with the aid of the latter norm remain valid. In particular, this is the case for
the property that the set of all attainable states from a givenX is dense in the
whole spacex, as well as the fact that all lower potentials for the work are also
free energies in the sense of Graffi.

We conclude the section by showing that the two nojimg and|| - ||, satisfy
the fading memory principle. In other words, considering the stétet d) relate
d to the couplg0, (0 = E)'*%), where

0 O<s <d,
(0% E)*(s) =
E's—d) s>d,

obtained by applying the null process of duratibto the initial state related to the
pair (0, E"), we have that

dlim lo(t +d)| =0. (9.11)
In fact, we see that

1 [ H_()Ef ()
q*t(w) = 5 /oo o Z)*‘ do’, (9.12)

where

Efd(a)) =/0 E’:d(s) e 1% dg

= /d E\ (s —d)e ™ ds = E' (w) . (9.13)

Let us evaluate (9.12) by closing the contour @n. The infinite part gives no
contribution sincéE’, (w) behaves as~* at infinity. The singularities off_ in -,

of whatever nature, do not touch the real axis by assumption, and will therefore give
results that are in all cases exponentially decaying because of the fattbire

the rightmost expression of (9.13). Thus jim,, gt (w) = 0 and (9.11) follows.
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Note that, in view of (9.9-9.10) the norih- ||y satisfies the fading memory
property too, as it was recognized in [9]. This is not the case however for the norm
induced by the workV (E(¢), E"), given by (6.13), on a suitable subspace of Sym
" [13]. This quantity is referred to as the maximum free energy [27]. We see from
(6.13) that it also depends @y . From the property

A5 (@) = g7 (@) — H_(0)Ef (@) — —H_(0)E} (@) e

we have, on using (6.13)

dlim W(E( +d), EY) = / H(w)E (») - E' (») do # 0.

oo

NI =

10. Particular Cases

Equation (6.12) gives the explicit form of the minimum free energy once a fac-
torization of H has been carried out, that is once the explicit formElofw) and
H_(w) are known.

A direct extension to the tensorial case of the method used in [18] for the scalar
one, and a simple direct constructionldf (w) andH_ (w) is possible ifH admits
a commutative factorization (i.e. whelg, (w) andH_ (w) commute and the right
and left factorizations coincide). This is the case when the eigenspatgs)alo
not depend om. Under such conditions, we have

6
G() =) Gu(B,

k=1
6
H(w) = —G;(@) = Y Hi(o)B, (10.1)
k=1

Hi(w)>0, weR\{0}, k=1,...,6,

whereB* = B* ® B¢ k = 1, ..., 6 are the orthogonal projectors on the 6 (con-
stant) eigenspaces &f and {B¥} are its normal eigenvectors, which constitute an
orthonormal basis of Sym. This is a special case of (2.2). The individual quantities
G (1) satisfy the properties of relaxation functions, as listed in Section 2, inter-
preted for the scalar case. The related teri§Spdefined by (5.4), can be written

as

6
K(w) = ZJ{k(w)IB%k, Ki(w) >0, weR, k=1,...,6,
k=1
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where, denotingd; (co0) by Hjoo

1+ w? Hy(w)

Kiw) = =5~
koo

>0, VweR,

so that the functions
Li(w) = log[ Ky (»)]

are well-defined omR. The Plemelj formulae give that
Li(w) = M (0) — M (o),

where

1 L
M@ =5 [ 2% zea\n

M7 (0) = ILng+ My(w t i)

and the factorization ofl(w) = H,, (w) H;_(w) is given by

Hps(w) = w‘;i Tioo €M@ oy = HZ (10.2)

Since the{B¥} are orthonormal projectors, we have

6
H(w) = Y Hs(0) Hi—(0)B* = H (0)H_ (),
k=1

where

6
He(0) = ) His(w)B".
k=1

It is clear that the factorBl, (w) andH_ (w) commute.

In the basis(B*}, the individual components of each of the relevant quantities
obey precisely the relationships that hold in the scalar case, as developed in [18].
Let us expand all relevant quantities in this basis

6 6
E() =) EMB*,  E\(@)=) E, (B

k=1 k=1 (10.3)

6 6
E, (@) =) Ep (@B,  Eis) =) Ey(sB
k=1 k=1
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and
6 6
Q) =) 0B  di =) g¢.(@B
k=1 k=1

whereg,_ (w) is related toQ; (w) = H;_(w) Ex4(w) in the same manner as$ and
Q' defined by (6.6) and (6.7), namely

o0 t
1 Qk(w) d

t [
A%(2) = 2ni J o w—2

o, s = M gl +ia). (10.4)

Finally, the quantityK (¢), given by (8.11), has the form

6
K(t) =) Ke()B",

k=1 (10.5)
1 [ Ei ()
Ki(t) = 5/_00 Hi_ () |:E,’{+(a)) - i;+ ] do.
The minimum free energy defined by (8.1) and (6.12) becomes
1 & [ 2
Y1) = S(1) + > Z / |9i_(@)|” do, (10.6)
k=1Y "%
where
6
Sty =Y S(),
k=1
Se(t) = Te()) E (1) — 3GR(Q)EZ (1), (10.7)

Ti(t) = Gr(0) Ex(2) +/ Gi(s)Ef(s) s,
0

while the rate of dissipation, defined by (8.14), is given by

6
Dy(t) =Y K1) (10.8)
k=1

A nontrivial extension to the scalar case, satisfying the requirement of time inde-
pendent eigenspaces, is when the relaxation function is a finite sum of exponentials
of the form

G(t) = G + ZGie_D"’,

i=1
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wheren is a positive integer an@.,, G;,D;,i = 1, ..., n are constant, symmetric
positive definite tensors which commute. In this case, there exists a orthonormal
basis of Sym, independent of which will be denoted as before QB*}, k =

, ..., 6, in which all the tensor& .., G;, D;, are diagonal. The quantiti&s, (¢),
defined by (10.1), have the form

Gi(1) = Groo + Z Gy e,
i=1

where the inverse decay timeg € R*,i = 1, 2, ... n and the coefficient§;; are
also generally assumed to be positive. Labelling is arranged sathat oy <
oz . ... We have

G.(t) = Zgik ek gy =—auGy <0 (10.9)
i=1
and [18]
H, —w? >
() = —o Za?k —

Observe thatf (z) = Hiy(w), z = —w? has simple poles aifk,i =12 ...,nlt
will therefore have zeros a42,i = 2,3, ..., n where

2 2 2 2
Af < Vo <O < Vg -

The functionf (z) also vanishes at;, = 0. Therefore

Hi(w) = Hioo l_[ { Vi + o }

lk+a)2

and either by inspection or by applying the general formula (10.2), one can show
that

iy
HH(w)—hm]‘[{—lZ},

(10.10)
o + 1Yk
H,_ = Moo —_— 1.
() k E{a)-i—iaik}
We have
He (0)=h 1+i2n:L His () = Hi_ (0)
k— = Nkoo i_lw+iaik ) i+ (w) = Hy_(w),
Vo an (10.11)
l _(l _al) {;}
ik = (Vik k l_[ P ———

j=1
J#
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The quantities;; (), defined by (10.4), may be evaluated by closingzr’,
giving

lkEk+( lalk)

o+ iaj

G (@) = oo Z (10.12)

Also

Gt (@) = g (0) — H—(0) Ep, ()

zk Ek+( lalk) E]tH.(w)]
= zhkooZ - — koo Ej 4 (),

which has singularities at those Bf, (w) in 2. From (6.10), (10.10) and (10.12)

n
El (@) = =i Y Ju(@)RiEj (—ic),
i=1
IRA U= kL .7
[Tjoa(@+ivi) o+ 1Yk

=1
where
[Ti- —1,; (Vi — i)
Ky = ,
[Tjza, . e = vin)
so that

Bt
Ep(@) = —i ) ——,
i Z  + 1Yk

n
Bjy =Y RuKinEj, (—iai).
i=1

We conclude that the optimal deformation components, as defined in (10.3), have
the form

n
El, (s) = —ZBl’ke””‘S, s <0

n
— t t kS
— Blk_z :Blkey .
=2



182 MINIMUM FREE ENERGY FOR A VISCOELASTIC SOLID

Note that
E(—00) = =By,

which is in general nonzero. By considering;, (w) for largew, it can be deduced
that

n
Z K =1,
=1

so that
D B = > RuEj (—iay)
=1 i=1
= —E,(0).
From (8.11), (10.5) and (10.11) we have

n

K1) = hyoo [Z RicEj (—iai) + Ekm} ,
i=1

so that the contribution to the discontinuity from tki component at time is

K (t)/ hioo, Which, on summation, agrees with the general result (8.19). From
(10.11) and the fact thdi,_(0) = 0, we conclude that

n
R _ 4
i—1 %ik

giving
"\ Rix ; .
Ky (1) = hio Z o [icEf, (—iaix) — Ex ()],
i=1 ik

which also follows from the last relation of (8.11).
We deduce from (10.12) that

1 o
o | dold@F

n
RuRjr _, . ; .
= Hioo i]z_:l mEH(_laik)EH(_lajk)

l o0 o0
= 5/ / E} (s1) F (s1, 52) E} (s2) dsq ds2,
o Jo

RixR i

Uik + A ji

— ik S1— 0 jk 52
e

F (51, 52) = 2Hoo Z

ij=1
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and S(¢) is easily evaluated from (10.8) and (10.9). The minimum free energy
Y. (2) is given by (10.6). Also

n 2
R; ; .
m%>=Hm{Zkfhm@4ﬂmo—Emﬂ

i=1 ik

n 2
= Hio [/ ds Z Ry € “F[E(s) — Ek(t)]}

0 i=1
andD,, () is given by (10.8).

Appendix. Functions of Special Bounded Variation

The restriction ofE’: Rt — Sym to the bounded intervak, b], 0 < a <
b < +oo is denoted byEj, ,;- We assume thé|, ,, is continuous from the left
and belongs to SBYa, b]; Sym)) where SBV denotes the space of functions of
special bounded variatlon, namely, of functions that are of bounded variation but
with null cantorian part.

The meaning of this terminology is recalled here, making use of the Lebesgue
decomposition for functions of bounded variation ([25], p. 341). This decomposi-
tion entails the representation formula

Elo.s1() = EL () + FE[, (),

whereE;;,,, is a continuous function of bounded variation g, ,, is a jump
functlon which can be written as

Ef,»(s) =Y _ AE}, (A.1)

5j>s

wheres; are at most countably many discontinuity points ,, and the quant-
ities AE', are the discontinuities d&’ ats;. We assume that;|AE;| < +o0. On

the other handg |, can be decomposed in the s@ff';, + E;,’;;, where

B0 = i@+ [ B

is an absolutely continuous function, aBff’;, = E|*,, — E|.";, has the property
thatEf;jZ] = 0 almost everywhere if, b] and for this reason is called the singular

or cantorian part oEf’afb] . Because functions of SBY&, b], Sym) are of bounded
variation on[a, b] with no cantorian part, the formula

Ef,0() = E% () + FE[, ()

= Epp@ + / ELC, (1) dr + gEL, () (A.2)
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holds. For simplicity, throughout this papélfu’b] denotes the distribution such that

/ El)(r) dr = / By (1) dr + JE{, (). (A.3)

Roughly speakindj:fa,b] is the sum of ar.*-function and some isolated Dirads
distributions corresponding to the jumps. Then (A.2) becomes

s
EL () = EL (@) + / £, ()

As a consequence, by the definiti&@(s) := E(t — s), the strainE: (oo, t] —
Sym is continuous from the right and, for every fixed interpald] C (o0, t],
E: [c, d] — Sym can be represented by

E(zr) = E(c) + / ' E(r)dr, (A.4)

c

where the notatiof is analogous te!, ,, defined as (A.3), viz.

/T E(r)dr = / E(r)dr + JE(x), JE(r) = > AE;. (A.5)

Cc .
Tj<T
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