
Proceedingsof theOpensourceGIS- GRASSusersconference2002- Trento,Italy, 11-13September2002

NewGRASSmodulesfor multir esolutionanalysiswith wavelets

PaoloZatelli, AndreaAntonello

Dipartimentodi IngegneriaCivile e Ambientale,Universitàdegli Studidi Trento,
via Mesiano77,38100Trento,ITALY, tel. ++390461882618,Fax++390461882672,

e-mailPaolo.Zatelli@ing.unitn.it

1 Intr oduction

The recognitionand the studyof several spatialphenomenastronglydependson the resolutionat
whichtheanalysisis carriedout. Theavailability of anefficientwayto representthesamephenomena
at differentresolutionsis thereforevery important(from both a mathematicalanda computational
pointof view). Wavelets,familiesof basefunctionsgeneratedby dilationandtranslationof amother
function,provide a goodbalanceof localizationin spaceandlocalizationin the frequency domain,
unliketheFouriertransform(wherethelocalizationin spaceis lost)andspline(wherethelocalization
in frequency is lost). Waveletscanbe usedin a MultiresolutionAnalysis(MRA), wherethe signal
and the differencefrom the previous resolutionlevel are orthogonal,to provide an efficient tool
for investigatingresolutiondependentphenomena.Four new differentGRASSmoduleshave been
createdfor thewaveletsanalysisandsynthesiswith orthogonalandbi-orthogonalwaveletsbases.A
bidimensionalsignal is processedinto four sub-images,oneshowing the original imageat coarser
resolution(de-noised),while theotherthreerepresentthedifference(noise)betweentheactuallevel
of decompositionand the previous level (in x, y and diagonaldirection). In a geomorphological
framework, by thresholdingthe “dif ferencecoefficients”, this allows to remove objectsat a certain
scalefrom a digital earth’s surfacerepresentation.Thesetechniquescanbe usedin two different
ways: measurementerrorscanbe removed by thresholdingthe differencecoefficientsat the finer
scaleandobjectsover the terraincanbe removedby thresholdingthe differencecoefficientsat the
resolutionthat matchestheir dimension. The latter canbe appliedalso to naturalterrain features
to analyzegeomorphologicalphenomenaat variousscales.Several testshave beencarriedout by
applyingthis techniquesto high resolutionlaserscanelevationdata,wherevegetationandartifacts
have beenremoved to obtaina digital terrain model. Moreover, in applicationto a river basin,a
geomorphologicalanalysishasbeencarriedout,obtainingtheautomaticextractionof scaledependent
featuresandshapes.

2 Wavelets

Signalprocessinghasbecomeanessentialpartof contemporaryscientificandtechnologicalactivity.
Theconceptof signalspreadsover a lot of fieldsandapplications.Thusa signalcanbea recordof
temperaturereadingsaswell asa recordof hydrologicalmeasurements.Furthermorea signalcanbe
monodimensionalandbidimensional.An imageis thebestexamplefor a 2D signal.

For example,thenumericalrepresentationof animageis createdby sampling,bothin spaceand
in signallevel, theanalog2D signal.Thustheimagebecomesanarrayof brightnesslevels,onwhich
imageprocessingis done.

Signalanalysistriesto representthesignalin sucha way thatits features,otherwisehiddenin its
complexity, areexploited.Thesignalrepresentationis usuallydoneby approximatingthesignalwith
functionswith “good” properties,i.e. by representingthesignalwith suitablebasesof its space.

Well knowntechniquesfor functionapproximationare“Fourierseries”and“finite elements”.The
first representstheprimarytool in harmonicanalysis,particularlyfor linear, time-invariantsystems.
Thefunctionis approximatedby theuseof harmonicfunctions:���������
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aregloballysupportedanddonotshow any
localizationanywhere.They aredilatedreplicaof thesametwo functions. The index

�
represents

dilation.
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Figure 1: Waveletscreatedfrom the "Mexican Hat" motherwavelet (the thicker one) by dilation
by meansof the coefficients0.5, 1 e 2 (a); by translationusing integersbetween-2 e +2 (b); by
translationanddilation by meansof thecoefficient2 (right), by translationanddilation by meansof
thecoefficients-2 e 0.5(left) (c).

On theotherhandtherearethefinite elements,representedby:���������
	 ��@�A��B�DCE' �
(2)

where
A������

is for examplepiecewiselinear, supportedin theinterval
C 7 and

� 7 andcontinuous1.
The functions

A��B�FCG' �
arecompactlysupportedandthey areall translatedreplicaof the same

function and they do not show any localizationin the frequency domain. The index
'

represents
translation.

For theanalysisof signalswith differentpropertiesin time2, asit is for nonstationarysignals,in
orderto get thelocal frequency contentof a signal,FourierandSplinesarenot satisfactory. Fourier
performsa local analysisin frequency andfinite elementsin time. To retaintheadvantagesof both
finite elementsandFourierseries,a setof functionswith goodlocalizationpropertybothin timeand
frequency domainis necessary.

Thebestcompromise3 is suppliedby thewavelettheory.

2.1 Waveletsand waveletstransform

The brief introductionabove shows the reasonof the needof functionswith two parameters,one
referringto dilation andoneto translation.Oneof themostefficient solutionsis representedby the
family of waveletfunctions.

Thesewaveletsaregeneratedfrom asinglefunction,the“motherwavelet”, by dilationandtrans-
lation (figure1).

1 H�IKJMLONQP
1-|x| for R J R�STR UVR
0 for R J R�WTR UVR (3)

2or space.It just dependson thesignaldomain.
3Thereis onewell known conceptthat standsin the way of perfection: the uncertaintyprinciple. Originally found and

formulatedby Heisenberg asa principle of quantummechanics,it statesthat the momentumandthe positionof a moving
particlecannotbe known simultaneously. This appliesto our subjectas follows: the frequency andtime informationof a
signal at somecertainpoint in the time-frequency planecannotbe known simultaneously. It is impossibleto know what
spectralcomponentexists in any given time location. The bestthat canbedoneis to investigatewhat spectralcomponents
exist in any given interval of time. This,onceagain,appliesto everydaylife asfollows (in spacedomain):if you canobserve
awaterwave thatis smoothandeven,spreadoutovera largesurfacewith many evenly-spacedripples,thenyoucandefineits
wavelengthveryaccurately, while its spatiallocalizationis notwell definable.Instead,awave thatis localizedin oneplace(a
shortburst)doesn’t containenoughripplesto accuratelydefineits wavelength.
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Indicatingwith X themotherwaveletandwith Y and Z theindexesdefiningdilation andtransla-
tion, all theresultingwaveletsaredefinedby:X\[2] �B���*�
��^`_a X �
��^ [ �DC Z � (4)

A baseof b / is formedstartingfrom onesinglemotherwavelet.
Onetechniqueto constructsuchfunctionsis themultiresolutionanalysis.

2.2 Multir esolutionanalysis

First introducedby S.MallatandY.Meyer, themultiresolutionanalysisis a framework in which the
differentbasisconstructionsarehold. Themultiresolutionanalysisconsidersa function

�Qc b / �
d$�
asa limit of approximatingfunctionsgivenby theprojectionof

�
on spacesof decreasingresolution

(figure2). Thereforethenamemultiresolutionanalysis(MRA).
Thisconceptis definedby: �F�fe0gKh�jilkQm � � (5)

wherem � � with
�ncpo

representsasmoothedversionof
�

. Thebiggerthe
�

, thesmootherthe
projection.

A MRA consistsof a family of subspacesq �sr b / �Bdt� with
�ncTo

andtheproperties[19]:u0uKu r q / r q�v r qOw r q ^ v r q ^�/ u0uKu (6)x � q � � b /y�Bdt� (7)

This conditionstatesthat theclosureof theunionof thespacesresultsin thespaceof thesquare
integrablefunctionsin

d
. z

� q � � 9
(8)�������`c qOw,{}| ���
� � ���4c q � (9)

This is the multiresolutioncondition. As
�

increases,the spacesq � correspondto “coarser
resolution”: if the function

�
is in the basicmultiresolutionspaceqOw , then the narrower, coarser

resolutionfunction
���
� � ���

is in thespaceindexedby
�

.���B���`c q w {}| �����DCE' �`c q w for eachinteger
'

(10)

statesthatif
�

is in q w , thantheshiftedfunctions
�����~C�' �

will bein thesamespace.
Now a certainfunction,thescalingfunction � c q w , is necessary, sothatthefunctionsbuilt by a

transformof thetype: � ��� @��B���*�
��^`� a � ����^ � �~C�' � (11)

form a baseof q � .
The MRA leadsto the constructionof a wavelet basethroughthe definition of the spaces� ,

which arethe“dif ference”betweentwo subsequentq . More precisely� � is definedastheorthog-
onalcomplementof q � in q � ^ v : q � ^ v � q ��� � � (12)

and � ��� q � (13)

Thespaces� � exhibit as q � thescalingproperty9�������`c � � {}| ����� � ���4c �pw (14)

It is thenpossibleto build a function X ����� in suchaway thatits dilatedandtranslatedversions
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Figure3: Thescalingfunctionandwaveletfor theHaarbase

X ��� @��B���*�!��^ � a X �
��^ � �DC�' � (15)

form, for a fixed
�

anda running
'

, an orthonormalbaseof � � . In this way the functionsX ��� @������ constituteanorthonormalbaseof waveletsfor b / �Bdt� .
Theexistenceandtheproperties(support,regularity) of � ����� (thescalingfunctionor “the father

of wavelets”)and X �B��� (the“motherof wavelets”)canbestudiedby meansof thesocalledtwo-scale
differenceequation(or dilationequation):� �B���*� � �*	 @¢¡ @ � �
���~CE' �

(16)

¡ @£�s¤ �\¥2� ^ v � @O¦ (17)	 @ ¡ /@ � 7 (18)

In fact � c q w r q ^ v , and � ^ v � @F� � � � ������CQ' �
, for a running

'
, areanorthonormalbaseofq ^ v . Therefore� canbeexpandedin theform of equation16. Theexpressionfor X in termsof the

samebaseof q ^ v is:X �����*� � � 	 @ �§C 7 � @ ^ v ¡ ^ @ ^ v�� �����DCE' ��� � � 	 @ A @ � �
���DC�' � (19)

where AM@}�¨�©C 7 � @ ^ v ¡ ^ @ ^ v (20)

whichlinks thefunctionsX and � . Theequation16hasbeenstudiedmorein detailby Daubechies
andLagarias[6] andotherauthors.Theimportantpoint to notein this caseis that thechoiceof the
coefficients ¡ @ completelycharacterizesboth � ����� and X �B��� . It is thenreally importantto remember
that the computationfor the wavelet analysisandsynthesisis performedby the Mallat algorithm
usingthecoefficients ¡ @ without theexplicit evaluationof the � ����� and X ����� functions.

2.2.1 An examplewith Haar

A simpleexampleof multiresolutionanalysisis givenby theHaarbase,first introducedby Haarin
1910,whenwaveletswerenot evenborn. This precursortakesthebox functionasscalingfunction
(figure3):

� �B��� � ª 1 for
9�« �­¬ 7

0 otherwise
(21)

Thecoefficients ¡ @ thatoccurin 16 arethen:

¡ @£�
� �*® � �B��� � �B��CE' ��� ª v¯ / for
'p� 9 ¥ 79

otherwise
(22)

With theequation19 thewaveletfor theHaarbaseis (figure3):
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X �B��� � °± ² 1 for
9}« �p¬ v/

-1 for v/ « �­¬ 7
0 otherwise

(23)

In thiscaseanalysisandsynthesisthroughwaveletscanbeillustratedusinganumericalexample,
sincethe decompositionof the signaloccursby meansof averagingandsubtracting,afterapplying
the normalizationfactor v/ . The simplestexample,which is sufficient for demonstrative reasons,
assumesa signalof only two samples4, asfor instance³ w �¨�
� ¥ ; � .

Thetwo resultareshown below. Averagedsignal

³jv � 	 ¡ ��' � ³´w ��' �*� ¡ � 9 � ³*w � 9 ��� ¡ � 7 � ³´w � 9 ��� 7� �µ� 7� ; � � (24)

anddifferences¶
v � 	 A���' � ³*w ��' �*�·A�� 9 � ³*w � 9 ���¸A�� 7 � ³´w � 9 ���¨C 7� �µ� 7� ; � 7 (25)

Thesynthesisprocessis performedby invertingtheequations24and25. Thustheoriginalsignal
canbereconstructedwithout lossstartingfrom anaveragedversionof thesignalandthedifferences
betweenthetwo levelsof resolution.

2.3 The caseof a raster map

The typical signal in a GIS is a rastermap,which is a bidimensionalsignalof finite dimensions.
Somechangesto thealgorithmareneeded:on theonehandthesignalis no moremonodimensional
andon theotherhandthesignalis of finite length,which impliesborderhandling.

2.3.1 Extensionto bidimensionaldomains

Switchingfrom themonodimensionaltheorywherethesignalbelongsto b / �
d$� to thebidimensional
( b / �
d / � ) doesnot raiseparticulardifficultiesof theoreticalnature,but thealgorithmgetsmoretricky
dueto themanagementof a majornumberof indexesfor thecoefficients.

Therearedifferentmethodsto handlethebidimensionalcase.Herethetensorialproductof two
multiresolutionanalysesis used.It is themostwidely usedmethodin applications,asit allows the
combinationof only functionsof thesamescalein

�
and ¹ , usingfor º only oneindex relatedto the

scale5.
In this way a multiresolutionanalysissimilar to theonein section2.2 is carriedout: thespaces

V
�

with
�nc­o

arespannedby » ��� ¥§¹ � anddefinedas

V w � q w`¼ q w (26)

and » �B� ¥§¹ �4c V w,{}|½» ��� � � ¥ � � ¹ �`c V
�

(27)

ThespacesV
�

have thenthefollowing properties:u0uKu r V / r V v r V w r V ^ v r V ^�/ uKu0u (28)x � V
�
� b /y�Bd$/&� (29)z
� V

� � 9
(30)

Sincethetranslatesof � area basefor q w , their product¾ w�¿ @yÀ.� @�Á �B� ¥§¹ �*� � ���DCE' 3 � � � ¹ C�'�Â�� (31)

4In this caseonly onelevel of decompositioncanbeperformed,becauseevery following sublevel startsfrom theaveraged
signalsof thepreviousones.With only onesampleit is impossibleto obtainanaveragevalue.

5 Ã is thebasefor Ä�Å IÇÆ Å L
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with
' 3 ¥ '�Â­c·o

is a baseof V w andcanbe thoughtof asthe translationof
¾

by meansof the
vector

��' 3 ¥ '�Â��`cTo / . Thereforethebasefor any level
�

of resolutionis givenby¾ � ¿ @ À � @ Á ��� ¥)¹ ��� � ��� @ À � ��� @ Á (32)

For theorthogonalcomplementof V
�

in V
� ^ v , W

�
thefollowing applies:

V
� ^ v � V

� �
W
�

(33)

The spaceW
�

canbe thoughtof ascomposedof threeparts6. The baseof eachof theseparts
resultsfrom themultiplicationof thescalingfunctionandthewavelets,which arebasesof q � and� �

themselves.It is thenpossibleto definethreewavelets:

º$È �B� ¥§¹ �É� � ����� X � ¹ �º,Ê �B� ¥§¹ �É� X �B��� � � ¹ � (38)º$Ë �B� ¥§¹ �É� X �B��� X � ¹ �
whereby ¡ , Ì and Í indicatethedirections(horizontal,verticalanddiagonal)in the rastermap.

Thenotationof 38 allows to highlight discontinuitiesin thedirectionsin which suchdiscontinuities
effectively appear.

2.3.2 Limitation to finite length signals

Thesignalsdiscussedsofar have infinite length. This modelis reasonableif appliedfor exampleto
datastreamsfor audiosignalsasthehugelengthof thesesignalscanberegardedasinfinite. However,
in otherapplications,asfor examplein imageprocessing,datastreamsareof finite length.

Again,sinceonly evennumberedsamplescanbeprocessed,periodicpaddingis alwaysapplied,
thesignalis first extendedby addinganextrasampleequalto thelastvalueontheright. Thedifficulty
of handlingafinite signalliesnot in treatingthesignalitself but it is rathercreatedby thepresenceof
thesupportfrontiers. In orderto applythetechniquesdevelopedsofar, thesignalhasto beproperly
extended.Thereareseveralpossibilities:

zero padding: the extensionby zerosassumesthat the signal is zerooutsidethe original support.
Thedisadvantageis thatdiscontinuitiesareartificially createdat theborders;

extensionby periodicity: this works ratherwell if the original problemis periodicor closeto it.
Thismethodhowever leadsto discontinuitiesat theborders;

extensionby reflection: with this methodthereis no discontinuityof thesignal. No jump is intro-
duced,just acorner, sincethefirst derivateis not continuousat theboundary.

Techniquesfor theartificial extensionof imagesbeyondgivenboundaries,suchasperiodization
or zero-padding,leadto significantcodinginefficiencies.An effective strategy for handlingbound-
ariesusing symmetricalwaveletsis to extend the imagevia reflection. This techniquepreserves
continuity at the boundariesandusually leadsto muchsmallerwavelet coefficientsthan the other
techniques.

specialedgeprocessing:an alternative approachis to modify the filter nearthe boundaryin order
to calculatethecoefficientsnearedges.Theaim is to constructdifferentfilters for innerspace
andboundaries.

6This canbededucedfrom thefollowing:

V Î´Ï�Ð N Ñ Î´Ï�Ð�Ò Ñ Î´ÏÓÐ (34)N IÔÑ ÎpÕ£ÖlÎ L Ò IÇÑ ÎpÕDÖ×Î L (35)N Ñ Î­Ò Ñ Î­ÕFØ I ÖlÎ­Ò Ñ Î L Õ IÔÑ ÎpÒ£Ö×Î L Õ I ÖlÎpÒ£ÖlÎ LÔÙ (36)N
V ÎFÕ W Î (37)
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X v �B��� � v � ¹ � X v ����� X v � ¹ �
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Figure4: Analysisof a bidimensionalsignalwith waveletsthatwereobtainedby meansof multipli-
cationof two multiresolutionanalysis.Thebasesfor thelevels

�Ú� 7 ¥ � arehighlighted.
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2.4 Biorthogonal wavelets

An efficient way of choosinga multiresolutionanalysisis to requiretheorthogonalityof the q and� spacesbelongingto thesameresolutionlevel. A sufficientconditionfor amultiresolutionanalysis
to beorthogonalis

qOw � �Tw (39)

Thiscanbeaccomplishedby choosinga suitableorthogonalscalingfunctionsuchas¬ � �)ÛÜ� ¥2� �©ÛyC�' �`Ý��ßÞV@
(40)

which meansthat the translatesof the “f ather” function are mutually orthogonal. Under this
conditionit is possibleto demonstratethatthesamepropertiesas40 applyfor thewavelets(basisof� ) andthatthe � [ spacesaremutuallyorthogonal[11] for eachresolutionlevel.

Theuseof orthogonalwaveletsputsastrongconstrainonthepropertiesit is possibleto requirefor
thebasis:for exampleit is possibleto demonstratethattheHaarwaveletis theonly real-valued,com-
pactlysupported,symmetricandorthogonalwavelet. In orderto bypasssuchlimitationsbiorthogonal
waveletscanbeconsidered.This methodintroducesa dualscalingfunction à� anda dualwavelet àX
to generateadualmultiresolutionanalysiswith subspaces7 àq � and à� � .

q ��� � � � q � ^ v (41)

is valid andso

àq � � à� ��� àq � ^ v (42)

Thesearedirectsumsbut generallynot orthogonalsums.Thesubspacesq � and � � have zero
intersections,but they arenot perpendicular. Instead,

q �$� à� � and àq �$� � � (43)

hold,andasaconsequence

� �t� à� �`á for
�ãâ���Fä

(44)

The key point of the biorthogonalmultiresolutionis that even if the scalingfunction and the
wavelet arenot orthogonal,the multiresolutionanalysisis 8. The result is a methodwith different
coefficientsfor analysisandsynthesiswith moreflexibility in theconstructionof thewaveletbases.

2.5 Comparisonbetweentheory and practice

In this sectionthe theoryabove will be comparedto an exampleof dataprocessing.As previously
mentioned,at eachlevel of decompositionthe algorithmsuppliesa signalat coarserresolutionas
well asthedetailsin thehorizontaldirection,thedetailsin theverticaldirectionandthedetailsalong
thediagonal.

Figure5 showswhathappensat thefirst level of awaveletdecomposition.Theimportanceof the
threeimagesdepictingthedifferencecoefficientsfinally becomesclear. They localizeroughchanges
(shapes)andgenerallynoise,therebyshowing the differencebetweenthe presentandthe previous
level. Let’scall theimageatcoarserresolutionA, theimageat its right D v , theoneat theleft bottom
D / andthelastoneD � . D v representsthedetailsin thehorizontaldirection;indeedin this imagethe
horizontalbordersarenotvisible,sinceahorizontalborderhasdiscontinuityin theverticaldirection.
For D / it is thereverse,sinceit representsthedetailsin theverticaldirection.Finally D � represents
thedetailsin bothdirectionsandin somesensetheslantededgesof theimage.

7 åÑ�æ is spannedby { åç IKèÓé}ê�L }, åÑ�ë by { åç IÔì ë èÓé}ê�L }. Thecoefficients í IÔê.L addto 1 asin theorthogonalcase.Thenew
multiresolutionobeys to thesameconditionsasbefore.

8Sincethe Ö ë subspacesaremutuallyorthogonal,Ö×Î`î åÖ Î á and Ö×Î`î*Ö Î á (45)

ConsequentlyÖlÎ N åÖlÎ and

Ñ Î N åÑ Î�ï Thus, the primary and dual functionsgeneratethe sameorthogonal
multiresolution.
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Figure5: Summaryof theprevioussections:in theimageshowing thedifferencecoefficients

¶
v the

missingof horizontallinescanbe noted,while in

¶ / thereareno vertical lines. This is dueto the
factthat

¶
v representsthedifferences(shapes)in thehorizontaldirectionand

¶ / thosein thevertical
directions.Moreover

¶ � containsthedetailsalongthediagonal.
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3 Implementation

Thestepsof theimplementationphasecanbesummarizedasfollows:

1. looking for the appropriatealgorithmsinsidean OpenSourceprojectwhich is dedicatedto
signal processing. This was found in the Megawave project [7]. The algorithm had been
written in C, which is theprogramminglanguageusedin theGRASSenvironment,too.

2. extractingthesealgorithmstransformingtheminto standaloneprograms.The interfacefunc-
tionswith thesystem,which werepreviously embeddedin thekernelof Megawave,hadto be
rewritten.

3. performingthesuitabletestson theprograms.Two kindsof testswerecarriedout: oneaimed
at verifying thenumericaloutputof a waveletdecomposition,theotheraimedat verifying the
wholealgorithm,in bothanalysisandsynthesis[1].

4. porting thecodeinsideGRASS.Theprogramshadto beadaptedin orderto make useof the
GRASSfunctionsandlibraries.Theguidelinesfoundin theprogrammingmanualsuppliedby
theGRASSdevelopmentteamhavebeenadopted[9].

5. testingtheport to GRASS.

Four new GRASSmoduleswerecreatedfor thewaveletsanalysisandsynthesiswith orthogonal
andbio-orthogonalwaveletsbases.

4 The modules: featuresand usage

4.1 r.wavelets

In this chapterthefeatures,usageandproblemsof thenew modulesð r.owave.decð r.owave.recð r.biowave.decð r.biowave.rec

will bediscussed.

4.1.1 r.owave.dec

“r.owave.dec”computestheorthogonalwavelettransformof a rastermap.

Synopsis:
r.owave.decinput=Imageoutput=WavTrans filter1=ImpulseResponse
filter2=EdgeRi filterpath=filterpath
[FilterNorm=n] [NumRec=r] [Haar=h] [Edge=e]

Description:
r.owave.deccomputesthe two-dimensionaldiscretewavelet transform(WavTrans) of the floating
point rasterstoredin thefile Image, accordingto thepyramidalalgorithmof Mallat. Thecoefficients
of the filter’s impulseresponsearereadfrom the file ImpulseResponse. The coefficientsof the the
filter’s impulseresponsefor specialedgeprocessingarereadfrom the file EdgeRi. The filters are
storedin thefolderfilterpath

Options:ð r - specifiesthenumberof levelsto processin thedecomposition.



12 New GRASSmodulesfor multiresolutionanalysiswith waveletsð h - enablesto continuethedecompositionup to level h with theHaarfilter. In otherwordsthe
filter containedin ImpulseResponseis replacedby theHaarfilter for thedecompositionfrom
level NLevel+1up to level h. It mayhappenthatthedecompositionwith theHaarfilter begins
at a lower level (NLevel, NLevel-1) if the sizeof the filter in ImpulseResponseis too large
comparedto thesizeof theimage.In this case,thethedecompositionwith ImpulseResponse
is performedasfar aspossible,andthenImpulseResponseis replacedby theHaarfilter. This
optionenablesto getwavelettransformswith a largernumberof levels.ð e - specifiestheedgeprocessingmode(seesection2.3.2)

– 0 : zeropadding

– 1 : periodization

– 2 : reflexion

– 3 : specialedgeprocessingð n - specifiesthe normalizationmodeof the filter impulseresponse’s coefficients(if the filter
coefficientsdo notaddto 1, they have to benormalized)

– 0 : no normalizationoccurs

– 1 : normalizationof thesum

– 2 : normalizationof thesquaresum

Output:
Themodulegivesasoutput(WavTrans)four imagesfor every processedlevel, N_output_11repre-
sentingtherasterdataat coarserresolution,N_output_12,N_output_21andN_output_22thedetail
data.N standsfor the level of decomposition,outputis thenamegivento thefile duringruntimeas
inputparameter.

Notes:ð thechoiceof thewaveletbaseis doneby selectingthecorrespondingfilter. In this work Haar
wasusedfor sometestsandDaubechies[3] for theapplications;ð in additionto the input parametersabove, during runtimethe programasksa pathwherethe
file with theinformationnecessaryfor reconstruction(with r.owave.rec)is stored.

4.1.2 r.owave.rec

“r.owave.rec”reconstructsa rastermapfrom anorthogonalwavelettransform

Synopsis:
r.owave.rec

Description:
r.owave.rec reconstructsa rastermapfrom a sequenceof subimagesforming a wavelet decompo-
sition, accordingto the pyramidalalgorithm of S. Mallat. The rastermap is written into the file
RecompImage.WavTrans is the prefix nameof a sequenceof files containingthe coefficientsof a
wavelet decomposition.The coefficientsof the filter’s impulseresponsearereadfrom the file Im-
pulseResponse. Thecoefficientsof thefilter’s impulseresponsefor computingtheedgecoefficients
arereadfrom thefile EdgeIR.

Options:(seeoptionsat section4.1.1)ð r - specifiesthenumberof levelsto processð h - specifiesthenumberof haarlevelsto processð e - specifiestheedgeprocessingmodeð n - specifiesthenormalizationmode
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Output:
Themodulegivesasoutputthe reconstructedrastermapcalledoutput_reconstructed,whereoutput
is thefilenameprovidedduringruntimeasinputparameter.

Notes:ð theprogramrunswithoutcommandline parameters,theinteractiveuseis mandatory;ð during runtimethe first thing the programasksfor is whetherthe auxiliary file producedby
r.owave.decis availableor if theseinformationshave to besuppliedmanually. In thefirst case
only thenameandthepathof theauxiliaryfile arerequired.

4.1.3 r.biowave.dec

“r.biowave.dec”computesthebiorthogonalwavelettransformof a rastermap.

Synopsis:
r.biowave.decinput=Imageoutput=WavTrans filter1=ImpulseResponse1
filter2=ImpulseResponse2filterpath=filterpath
[FilterNorm=n] [NumRec=r] [Haar=h] [Edge=e]

Description:
r.biowave.deccomputesthe two-dimensionaldiscretewavelet transformof the floating point raster
mapstoredin thefile Image, accordingto thepyramidalalgorithmof Mallat, usingfilter banks(Im-
pulseResponse1, ImpulseResponse2) associatedto biorthogonalbasesof wavelets.

Options:ð for r , h andn optionsseeoptionsat4.1.1ð e - specifiestheedgeprocessingmode(seesection2.3.2)

– 0 : zeropadding

– 1 : periodization

– 2 : reflexion

– 3 : specialedgeprocessing

Output:
Themodulegivesasoutputfour rastermapsfor everyprocessedlevel,N_output_11representingthe
rastermapatcoarserresolution,N_output_12,N_output_21andN_output_22thedetailrastermaps.
N is for the level of decompositionandoutputis thenamegivento thefile during runtimeasinput
parameter.

Notes:ð in additionto the input parametersabove, theprogramasksruntimea pathwhereto storethe
file with theinformationusedfor reconstruction(with r.biowave.rec);

4.1.4 r.biowave.rec

“r.biowave.rec”reconstructsa rastermapfrom a biorthogonalwavelettransform.

Synopsis:
r.biowave.rec

Description:
r.biowave.rec reconstructsa rastermapfrom a sequenceof subimagesforming a waveletdecompo-
sition, usingfilter banksassociatedto biorthogonalbasesof wavelets. The imageis storedin the
file RecompImage. WavTrans is the prefix nameof a sequenceof files containingthe coefficients
of a waveletdecomposition.Thecoefficientsof thefilter’s impulseresponsesarereadfrom thefile
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ImpulseResponse1andImpulseResponse2.

Options:(seeoptionsat section4.1.1)ð r - specifiesthenumberof levelsto processð h - specifiesthenumberof haarlevelsto processð e - specifiestheedgeprocessingmodeð n - specifiesthenormalizationmode

Output:
Themodulegivesasoutputthereconstructedimagecalledoutput_reconstructed,whereoutputis the
nameindicatedduringruntimeasinputparameter.

Notes:ð theprogramrunswithout commandline parameters,theinteractiveuseis mandatory;ð during runtimethe first thing the programasksfor is whetherthe auxiliary file producedby
r.biowave.decis availableor if theseinformationshave to be suppliedmanually. In the first
caseonly nameandpathof theauxiliaryfile arerequired.

5 Applications and ideas

In this sectionsomeof the featuresof multiresolutionwill bepresented.Most applicationsrefer to
digital terrainmodel(DTM) processing,but, asmentionedin thepreviouschapters,thepossibilities
of waveletsarenot limited to geomorphologyand2D signals.Waveletsareusedin variousfieldsof
application,for examplein solvingboundaryvalueproblemsfor differentialequations[5], in fractal
models[5], in medicalstudies[14] andin theanalysisof seafloorbathymetry[8]. This list is by no
meansexhaustive.

Thesectionis dividedinto two part,thefirst coversthemainfeaturesof multiresolutionanalysis,
thesecondpresentsideasandtheadvantagesof multiresolutionin geomorphology.

5.1 How multir esolutionworks in practice

5.1.1 Application to an artificial envir onment

For thisapplicationasyntheticdigital surfacemodelof 1 meterresolutionhasbeencreatedfeaturing
objectsof known dimensions.Figure6 shows this mapandits nineobjects.Thefirst, front row of
objectshas,from left to right: a 6x4, 4x4 and4x6 metersbase.Theobjectsof thesecondrow have
dimensionsof 20x15,15x15and15x20meters.For thelastrow thebaseof theobjectsis of 70x50,
50x50and50x70meters.

The aim of this applicationis to remove only objectsat a certainscale. The resolutionof the
original rasteris 1x1meter, sotheresolutionof thefirst level of decompositionwouldhavebeen2x2
meters,the secondsublevel 4x4 metersandthe third level 8x8 meters.Cleaningup the detailsby
thresholdingthe“dif ference”coefficientsobtainedfrom thesecondsublevel, thefirst line of objects
disappears.

Figure7 representstheimageaftertheprocessof decomposing,settingto zerothesubleveldetails
andreconstructing.Sincethereareno objectsat thatscale(2x2), thereconstructedmapis identical
to theoriginalone9.

9Thechangesof colorandshapeareamatterof borderhandling.
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Figure8: Theresultof cleaningup thedetailsof thesecondlevel of decompositionandreconstruct-
ing: thefirst row of objectsdisappears.

Figure6: Theartificially createdimage,on which thefirst line of objectswill bedeleted.

Figure 7: First level of analysis: noneof the objectsmatchesthe scaleof the first sublevel (2x2
meters).

At thesecondsublevel (figure8), thefirst row of objectsdisappears.Themaphadbeenprocessed
for two sublevels andthe detailsof the secondsublevel hadbeenset to zero. Figure9 shows that
by processingfor threesublevels,cleaningup thedetailsof thethird sublevel andreconstructingthe
map,thefirst row of objectsappearsagain.This is very important,sinceit proofsthat it is possible
to manageandmodify objectsat a certainscale,without excessive interferingwith theothersurface
features.

By cleaningup thedetailsat every level, all objectsdisappear10 asshown in figure10.

10Theaccuracy dependson thenumberof levelsof decompositionperformed.
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Figure9: Theresultof cleaningupthethird sublevel: thefirst row of objectsdoesnotmatchthescale
of theanalysis,which is why they werenotdeleted.

Figure10: Theresultof cleaningupall thesublevels:asexpectedtheobjectsdisappearateveryscale.
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Figure 11: The digital terrain model derived from the laserscandata. High burstshighlight the
measurementerrors.

5.1.2 Err or handling and denoisinglaserscandata

Laserscantechniqueprovideshigh densityelevationdata,but theerrorsoccurringin thesedatacan
have a big influenceon landscaperepresentation.For exampleanelevationvalue,200metershigher
thanall thepointssurroundingit, is mostprobablydueto ameasurementerror. Suchanerrorcanbe
comparedto a shortburst of high frequency embeddedin a low frequency signal(the main signal,
thelandscape).Throughwaveletdecompositionit is possibleto separatethosetwo signals.Thehigh
frequency canbedeletedanda reconstructionwill thenrebuild theoriginal signalwithout theburst.
Notethattogetherwith thehighfrequency burstall otherobjectsatthatsamescaleareseparatedfrom
the main signal. Sincethe aim is the reconstructionof the terrain surface,objectsover the terrain
have to be removed andthereforethey areheretreatedasnoise. On the DTM11 of figure 11 it is
possibleto notehigh bursts,which obviously arenot part of the naturallandscape,andother less
noisyparts,which representrealobjectson earth’s surface(mostly trees).Figure12 is the resultof
whatexplainedabove. Themapin figure11 hasbeendecomposedthroughmultiresolutionanalysis
(thesignalsweredivided in themain low signalanda high frequency part)andtheresultingdetails
were thresholded.With the aim of deletingonly the high bursts,GRASS’s module“r.stats“was
usedon themapsto getmoreinformationaboutthedetail images(to evaluatefirst thresholdvalues).
Thusit hasbeenpossibleto separatethe noisegeneratedby objectson the surfacefrom the bursts
generatedby to erroneousmeasurements.About 97% of the valuesof the “dif ference”(wavelets
coefficients)rastermapsis insidethe rangeof

C 7&�$ñ � 7 meters.Everythingoutsidethis rangecan
beconsideredanerror. Thus,every valuebelow

C 7&� andabove
� 7 hasbeensetto zeroin themaps

of the differences.As a result the high burstsdisappeared,asshown in figure 12, while the minor
noiseparts(representingtreesandartifacts)remainedunaltered.This factis highlightedin figure13,
which representsthedifferencebetweentheoriginalmapandtheprocessedone12.

11The DTM of this examplewascreatedstartingfrom a setof site data,i.e. east,north coordinateandrelative elevation
value.Thesitewasfirst importedin GRASSwith themodule“s.in.ascii”, thenconvertedto rasterby meansof interpolation,
which wascarriedout by “s.surf.rst”,anothermoduleof GRASS.It canbenotedin figure11, that the interpolationprocess
did not remove themeasurementerrors.

12the“green”planerepresentsthezerovalues
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Figure12: Theresultof thresholdingthemapsof thedifferencesgivenby thewaveletdecomposition.
Thehighburstshavedisappeared,while theminornoisepartsdid not change.

Figure13: Thedifferencebetweentheoriginal map(figure11) andtheprocessedone(figure12). It
canbenotedthatonly thehighburstsappear.

Thesecondexample,which refersto figure14,aimsto cleanup all theobjectsfrom thesurface,
not only the grosserrors. The techniqueis the sameasthe oneusedin the previousexample. The
only parametersthatwerechangedwerethe thresholdvalues,which this time weresetat -1 and1.
Theresultis visible in figure14but becomesevenclearerin figure15,whichillustratesthedifference
betweenthe original mapandthe processedone. Comparedwith figure 13 not only the burstsbut
severalothershapesarevisible. This simpleapplicationcanbe greatlyimprovedby exploiting the
fact thatwaveletsarespatiallylocalized.Thus,couplingfor instancethewaveletanalysiswith tools
of imagerecognition,it is possibleto easilyfilter treesout of anenvironment.
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Figure14: The resultof heavily thresholdingthe mapsof the differencesgiven by the wavelet de-
composition.Thehigh burstsdisappearandtheminornoisepartsaresmoothed.

Figure15: The differencebetweenthe original map(figure 11) andthe processedone(figure 14).
Note the presenceof high burstsanda part of generalnoisethat have beenremovedon the recon-
structedmap.

5.2 Applications in geomorphology

5.2.1 Multir esolutionand geomorphologicalproperties

As asecondexampleof filtering, thealluvial fanin figure16wasdecomposedandreconstructedsub-
tractingfrom it all shapesrecognizedby themultiresolutionanalysis.The imageis a representation
of a 2x2 metersDTM of analluvial fan in Piemont(Italy). It is interestingto notethatat this high
resolutionthe incisionof thestreamandotherdetailsappear. Thesedetailsareobviously important
to studyof someaspects,but irrelevantto others.Also in this casewaveletscanhelpto removeparts
irrelevantto thestudyat thecurrentresolutionwhilst emphasizingothers.

Figure17 containsthe mapwhich characterizesthe local topographyasconvex (red), concave
(yellow) andplanar(blue) (calculatedwith the Horton-libraries[15]). Figures18 and19 represent
thereconstructedmapafter removing four levelsof differences.Thesameappliesto figures20 and
21, for whichsevenlevelsof differencecoefficientswerediscarded.

Note the statisticalself similarity of convex andconcave partsof the topographymoving from
oneresolutionto theother.
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Figure16: DTM of analluvial fan.Theincisionof thestreamthatcreatedit is well visible.

Figure17: Themaprepresentingconvex (red),concave(yellow) andplanar(blue)zones.
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Figure18: Reconstructedmapfrom which four levelsof differenceswereremoved.

Figure19: Representationof convex, concaveandplanarzonesof themapin figure18.
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Figure20: Reconstructedmapfrom which sevenlevelsof differenceswereremoved.

Figure21: Representationof convex, concaveandplanarzonesof themapin figure20.

5.2.2 Badlands,an exampleof coexistenceof phenomenaat various scales

A perfectexamplefor the “cohabitation”of phenomenaat differentscalesis the fractal landscape
of the badlands.This particularkind of topographyappearson oneside of the valley, due to the
geomorphologicalconformationon thehydro-graphicleft (mapin figure22). Sincethebadlandsare
anexampleof heavy erosionof thelandscape13, it is importantto beableto localizethemin space.

The fact that the badlandsexist at a rathersmallerscalecomparedto the restof the landscape,

13Thefactthatbadlandspresentahigh valley density, is reflectedon thehydrologicalresponseof thebasin.



PaoloZatelli, AndreaAntonello 23

makesit possibleto separatethat informationfrom therestof thesignalby multiresolutionanalysis.
The result is an automaticlocalizationof badlandsin space.Figure23 highlights the badlandsby
superimposingthe map containingthe differencecoefficients (in purple) obtainedby the wavelet
decompositionon theoriginalmap.

Figure22: Badlands,anenvironmentwhich containsphenomenaat differentscales.

Figure23: Localizationof badlandsby meansof multiresolutionanalysis.

5.2.3 A deeperinsight into geomorphology: looking for an objective identification of an allu-
vial fan

Theaimof thefollowing applicationis to modify aDTM in orderto analyzeits propertiesat various
scales,trying to obtaingeometricalinformationaboutshapesat the resolutionat which theanalysis
is carriedout. In this specificcasetheaim wasto smoothout analluvial fan(figure24).
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Figure24: The alluvial fan usedin section5.1.2(herereportedfor comparisonwith figure 25 and
figure26).

Figures25 and26show thesamefanat two differentlevelsof resolution.

Figure25: Thereconstructedfan,aftertheremoval of two levelsof differencecoefficients.
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Figure26: Thereconstructedfan,aftertheremoval of sevenlevelsof differencecoefficients.

Theassumptionis thatby removing all theminor scalephenomenafrom thefana conicalshape
would remain,which would thenbe recognizableautomatically. In order to be recognizableon a
computationalway the resultingsmoothedshapehadto be mathematicallydefined. In the caseof
a fan the resultingform shouldbe a cone. Oneof the mathematicaldefinitionsof the conestates
thatfollowing theline of maximalslopethetangentialcurvaturedecreaseslinearlywith thedistance.
By applyingtheGRASSmodule“r.profile” on theprocessedversionof thealluvial faneight radial
sections,all startingfrom thesamepoint,wereobtained.

Figures27 is anexamplefor comparisonbetweenasectionof theoriginalandprocessedmap.

Figure27: Comparisonof sectionA of theoriginal map(figure24, theblue line) andthesmoothed
one(figure26).

A certainregularizationis clearlyvisible,however theapplicationof thewaveletanalysisgener-
atessomeartificial patternswhichmake thecurvatureanalysisimpossible.Furtherinvestigationsare
requiredfor theindividuationof thesuitablewaveletbase.

Theseapplicationsarejust blueprintsandthey would all needfurtherstudiesandtesting. They
shouldbeseenasahint to understandthegreatpossibilitiesthatliesbehindmultiresolutionanalysis.
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5.3 A brief observation on compression

Oneof thefeaturesfor which waveletsareoftenpraised,is thepossibilityof datacompression.Two
differentmethodsarepresented:ð The DTM of an alluvial fan was decomposedin its smootherrepresentationand the three

detailmaps.Theaim wasto compress14 theraster, changingall thevaluescontainedinsidea
certaininterval aroundzeroto zero.This increasesthenumberof zerovaluesin thedifference
maps,whichincreasesthecompressionfactorof thedata.Decomposingtheoriginalrastermap
(1600Kbytesof memory)with waveletsresultedin four files of 437,329,254and182Kbytes,
which is alreadya compressionof 25%,sincethesumof thefour files gives1202Kbytes.At
this point testswith differentthresholdintervals werecarriedout: to increasethe numberof
zerovaluesin thefilescontainingthedifference,all thevaluesbetween-0.001and+0.001were
setto zero. This resultedin a global compressionof 40%. The samewasmadewith ò 9 u 9 7
and ò 9 u 7 . This resultedin a compressionof 56%in thefirst caseand60%in thesecond.It is
importantto note,thatthis impliedthecompressedversionof theoriginalfile not to beasingle
file, but a setof four files. Thesmoothedversionof theoriginal file alwayscountsa quarterof
thebitesof theoriginal, while thesizeof thefiles containingthedifferencesdependstrongly
on the width of the usedthresholdinterval. So the comparisonis not betweentwo files, but
betweenthe original file anda packageof four files, sincethedifferencewould be otherwise
hiddenby theGRASScompressionalgorithm.ð A secondtestof compressionwascarriedout by convertinga rastermapinto a “jpg” image.
This imageformat is ableto bettercompresssmoothdata. For comparison,the two images
taken in considerationwere the alluvial fan of figure 16 andits smoothedversion,obtained
by decomposingfor threelevelsandreconstructingafter the detail partswereremoved. The
conversionto jpg compressedthe original file from 1600Kbytesto 20Kbytes,whereasthe
smoothedimageoccupied18.5Kbytes,gainingacompressionof 7%.

A final judgmentof theeffectivenessof thesetechniquesmusttake into accountthemeasurement
of thesignalpowerlossdueto thethresholdingto ensureagoodapproximationof theoriginalsignal.

6 Conclusions

Four new moduleshavebeencreatedin GRASSfor themultiresolutionanalysis.This moduleshave
beendevelopedwith the OpenSourceapproach,startingfrom somebaseroutinesavailable in the
Internet.Theproceduresarenow fully integratedin GRASSandthereforethey canbeusedtogether
with theotherterritory analysisfunctions.

Somepreliminaryapplicationshave beencarriedout only to demonstratethepotentialityof the
tool.

Futuredevelopmentinclude:ð enrichthe librariesof basesof waveletsto make thetool suitableto a wider rangeof applica-
tions;ð further investigationof the selective filtering techniquewith real surfaceapplications,in par-
ticular for theurbanenvironment;ð setupawaveletcompressionprocedurefor rasterdatain GRASS,with analyticalcontrolof the
signalpower loss;ð applicationof the multiresolutionanalysisto the automaticshaperecognitionfrom a digital
terrainmodelfor geomorphologicalinvestigation.In particularit will be necessaryto find a
waveletbasecompatiblewith thenumericalelaborationsfor thegeomorphologicalanalysis.

A moredetaileddescriptionof themodulesprogrammingandof thenumericalexperimentscan
befoundin [1].

14GRASSby default compressesthefiles
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