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1 Intr oduction

The recognitionand the study of several spatialphenomenatrongly dependon the resolutionat
whichtheanalysigs carriedout. Theavailability of anefficientwayto representhesamephenomena
at differentresolutionsis thereforevery important(from both a mathematicahnd a computational
pointof view). Wavelets familiesof basefunctionsgeneratedby dilation andtranslationof a mother
function, provide a good balanceof localizationin spaceandlocalizationin the frequeny domain,
unliketheFouriertransform(wherethelocalizationin spacas lost) andspline(wherethelocalization
in frequeng is lost). Waveletscanbe usedin a Multiresolution Analysis (MRA), wherethe signal
and the differencefrom the previous resolutionlevel are orthogonal,to provide an efficient tool
for investigatingresolutiondependenphenomenalFour new different GRASSmoduleshave been
createdor the waveletsanalysisandsynthesiswith orthogonakndbi-orthogonalwaveletsbases A
bidimensionalkignalis processednto four sub-imagespne showving the original imageat coarser
resolution(de-noised)while the otherthreerepresenthe difference(noise)betweerthe actuallevel
of decompositiorand the previous level (in x, y and diagonaldirection). In a geomorphological
framawork, by thresholdingthe “dif ferencecoeficients”, this allows to remove objectsat a certain
scalefrom a digital earths surfacerepresentation.Thesetechniquescan be usedin two different
ways: measuremengrrorscan be removed by thresholdingthe differencecoeficients at the finer
scaleandobjectsover the terrain canbe removed by thresholdingthe differencecoeficientsat the
resolutionthat matchesheir dimension. The latter can be appliedalsoto naturalterrainfeatures
to analyzegeomorphologicapbhenomenaat variousscales. Several testshave beencarriedout by
applyingthis techniquedo high resolutionlaserscanelevation data,wherevegetationandartifacts
have beenremoved to obtain a digital terrainmodel. Moreover, in applicationto a river basin,a
geomorphologicanalysishasbeencarriedout, obtainingtheautomaticextractionof scaledependent
featuresandshapes.

2 Wavelets

Signalprocessindiasbecomeanessentiapartof contemporangcientificandtechnologicahctivity.
The conceptof signalspreadsver a lot of fieldsandapplications.Thusa signalcanbe a recordof
temperatureeadingsaswell asarecordof hydrologicalmeasurements:urthermorea signalcanbe
monodimensionakndbidimensional An imageis the bestexamplefor a 2D signal.

For example the numericalrepresentationf animageis createdby sampling,bothin spaceand
in signallevel, theanalog2D signal. Thustheimagebecomesnarrayof brightnesdevels,onwhich
imageprocessings done.

Signalanalysigriesto representhe signalin sucha way thatits featuresptherwisehiddenin its
compleity, areexploited. Thesignalrepresentatiois usuallydoneby approximatinghesignalwith
functionswith “good” propertiesij.e. by representinghe signalwith suitablebasef its space.

Well knowntechniquegor functionapproximatiorare“Fourierseries”and“finite elements”.The
first representshe primarytool in harmonicanalysis particularlyfor linear, time-invariantsystems.
Thefunctionis approximatedy the useof harmonicfunctions:

flz) = Z(am005(27fm37) + (b sin(2rmaz)) = Z Cpp €127 @

Theharmonicfunctionssin(2rmax) andcos(2rmaz) areglobally supportecanddo not shav ary
localizationarywhere. They aredilatedreplicaof the sametwo functions. Theindex m represents
dilation.
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Figure 1: Waveletscreatedfrom the "Mexican Hat" motherwavelet (the thicker one) by dilation
by meansof the coeficients0.5, 1 e 2 (a); by translationusing integersbetween-2 e +2 (b); by
translationanddilation by meansof the coeficient 2 (right), by translationanddilation by meansof
thecoeficients-2 e 0.5 (left) (c).

Ontheotherhandtherearethefinite elementsrepresentedy:
f(@) =3 ang(z—n) (2)

whereg(z) is for examplepiecaviselinear, supportedn theinterval —1 and+1 andcontinuous.

Thefunctionsg(x — n) arecompactlysupportedandthey areall translatedeplicaof the same
function andthey do not shav ary localizationin the frequeny domain. The index n represents
translation.

For the analysisof signalswith differentpropertiesn time?, asit is for nonstationarysignals,in
orderto getthelocal frequeng contentof a signal,FourierandSplinesarenot satishctory Fourier
performsa local analysisin frequeny andfinite elementsn time. To retainthe advantage®f both
finite elementsandFourier series a setof functionswith goodlocalizationpropertybothin time and
frequeny domainis necessary

Thebestcompromisé is suppliedby thewavelettheory

2.1 Waveletsand waveletstransform

The brief introductionabove shaws the reasonof the needof functionswith two parameterspne
referringto dilation andoneto translation.Oneof the mostefficient solutionsis representedyy the
family of waveletfunctions.

Thesewaveletsaregeneratedrom a singlefunction,the “motherwavelet”, by dilation andtrans-
lation (figure 1).

1

_ [ X forlz| <1
9(z) —{ 0 for || > 1] ®)

2or spacelt justdependon the signaldomain.

3Thereis onewell known conceptthat standsin the way of perfection: the uncertaintyprinciple. Originally found and
formulatedby Heisenbeg asa principle of quantummechanicsijt statesthatthe momentumand the position of a moving
particle cannotbe known simultaneously This appliesto our subjectasfollows: the frequeng andtime informationof a
signal at somecertainpoint in the time-frequeng planecannotbe knowvn simultaneously It is impossibleto know what
spectralcomponengxistsin ary giventime location. The bestthat canbe doneis to investigatewhat spectralcomponents
existin ary givenintenal of time. This, onceagain,appliesto everydaylife asfollows (in spacedomain):if you canobsere
awaterwave thatis smoothandeven, spreadut over alarge surfacewith mary evenly-spacedipples,thenyou candefineits
wavelengthvery accuratelywhile its spatiallocalizationis notwell definable Instead awave thatis localizedin oneplace(a
shortburst) doesnt containenougtripplesto accuratelydefineits wavelength.
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Indicatingwith ¢ the motherwaveletandwith j andk theindexesdefiningdilation andtransla-
tion, all theresultingwaveletsaredefinedby:
bik(x) =2 2927z — k) (4)

A baseof L? is formedstartingfrom onesinglemotherwavelet.
Onetechniqueto constructsuchfunctionsis the multiresolutionanalysis.

2.2 Multir esolutionanalysis

Firstintroducedby S.MallatandY.Meyer, the multiresolutionanalysisis a frameawork in which the
differentbasisconstructionsarehold. The multiresolutionanalysisconsidersa function f € L2(R)
asalimit of approximatingunctionsgivenby the projectionof f on space®f decreasingesolution
(figure 2). Thereforethe namemultiresolutionanalysiSMRA).
This concepis definedby:
f= lim P,f (5)
m—o0

whereP,, f withm € Z represents.smoothedrersionof f. Thebiggerthem, thesmoothethe
projection.
A MRA consistof afamily of subspace¥,, C L*(R) with m € Z andthepropertie19]:

~CWhcWcWcCcVo CVoa.. (6)

This conditionstateghatthe closureof the union of the spacesesultsin the spaceof the square
integrablefunctionsin R.

(V=0 (8)

f(z) € Vo <= f(2"z) € Vi 9)
This is the multiresolutioncondition. As m increasesthe spacesV,, correspondo “coarser
resolution”: if the function f is in the basicmultiresolutionspaceVy, thenthe narrowver, coarser
resolutionfunction f(2™z) is in the spacendexedby m.
f(x) € Vy <= f(z — n) € Vj for eachintegern (10)

stateghatif f isin Vp, thantheshiftedfunctionsf(z — n) will bein thesamespace.
Now a certainfunction,the scalingfunction¢ € V4, is necessarysothatthe functionsbuilt by a
transformof thetype:

Gmn(T) = 2*%q§(2*mx —n) (11)

form abaseof V,,,.

The MRA leadsto the constructionof a wavelet basethroughthe definition of the spaced¥,
which arethe “dif ference’betweerntwo subsequent’. More preciselylV,,, is definedasthe orthog-
onalcomplemendf V,,, in V,,_1:

V-1 =V @ Wi, (12)

and

Wi L Vi (13)
Thespaced¥V,,, exhibit asV,, thescalingproperty9
f(z) e W,, = f(2™z) € W, (14)

It is thenpossibleto build afunction(z) in suchaway thatits dilatedandtranslatedrersions
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function f = sinc(z)
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Figure2: Multiresolutionanalysisof thefunction sinc(x).
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Figure3: Thescalingfunctionandwaveletfor the Haarbase

Ymn(z) =27 P27z —n) (15)

form, for a fixed m anda runningn, an orthonormalbaseof W,,. In this way the functions
Ym.n(z) constituteanorthonormabaseof waveletsfor L?(R).

Theexistenceandthe propertiesupport,regularity) of ¢(x) (thescalingfunctionor “the father
of wavelets”)andy () (the“motherof wavelets”)canbestudiedby meanof thesocalledtwo-scale
differenceequation(or dilation equation):

$(x) = V2 hnd(22 —n) (16)
hn = <¢: ¢—1,n> (17)
Y =1 (18)

Infactg € Vo C Vo1, andé_1 , = v24(2x — n), for arunningn, areanorthonormabaseof
V_1. Thereforegp canbe expandedn the form of equationl6. The expressiorfor ¢ in termsof the
samebaseof V_; is:

P(@) = V2 (-1)"Thon16(2x —n) = V2 gnd(2z —n) (19)
where

gn=(=1)"""h_n_1 (20)

whichlinks thefunctionsy and¢. Theequatiorl6 hasbeenstudiedmorein detailby Daubechies
andLagariag6] andotherauthors.Theimportantpointto notein this caseis thatthe choiceof the
coeficientsh,, completelycharacterizeboth¢(x) andiy(z). It is thenreallyimportantto remember
that the computationfor the wavelet analysisand synthesiss performedby the Mallat algorithm
usingthe coeficientsh,, withouttheexplicit evaluationof the ¢(z) andy(z) functions.

2.2.1 An examplewith Haar

A simpleexampleof multiresolutionanalysisis givenby the Haarbase first introducedby Haarin
1910,whenwaveletswerenot evenborn. This precursoitakesthe box function asscalingfunction
(figure3):

_ 1 for0<z<1
¢(z) = { 0 otherwise (1)
Thecoeficientsh,, thatoccurin 16 arethen:
L forn =0,1
= —n)=4 V2 ’
hn = V2 / 9(z)é(z —n) { 0 otherwise (22)

With the equationl9 thewaveletfor the Haarbaseis (figure 3):



6 New GRASSmodulesfor multiresolutionanalysiswith wavelets

1 for0<z <1
P(xz) = -1 forf <z<1 (23)
0 otherwise

In this caseanalysisandsynthesighroughwaveletscanbeillustratedusinga numericalexample,
sincethe decompositiorof the signaloccursby meansof averagingandsubtracting after applying
the normalizationfactor . The simplestexample, which is sufficient for demonstratie reasons,
assumes signalof only two samples, asfor instanceCy = (2,4).

Thetwo resultareshovn belown. Averagedsignal

(n=§:mmqmn=hmmum+mn%my=?+§4=3 (24)
anddifferences
D=3 g(n)Coln) = g(0)Co(0) +g(1)Co(0) = —52+ 34 =1 25)

Thesynthesigprocesss performedoy invertingthe equation®24 and25. Thusthe original signal
canbereconstructedvithout lossstartingfrom anaveragedversionof the signalandthe differences
betweerthetwo levelsof resolution.

2.3 The caseof araster map

The typical signalin a GIS is a rastermap, which is a bidimensionalsignal of finite dimensions.
Somechangego the algorithmareneeded.on the onehandthe signalis no moremonodimensional
andon theotherhandthe signalis of finite length,which impliesborderhandling.

2.3.1 Extensionto bidimensionaldomains

Switchingfrom themonodimensionaheorywherethesignalbelongsto L?( R) to thebidimensional
(L?(R?)) doesnotraiseparticulardifficultiesof theoreticahature but thealgorithmgetsmoretricky
dueto the managementf a majornumberof indexesfor the coeficients.

Therearedifferentmethodso handlethe bidimensionakase.Herethe tensorialproductof two
multiresolutionanalysess used. It is the mostwidely usedmethodin applicationsasit allows the
combinationof only functionsof the samescalein z andy, usingfor ¥ only oneindex relatedto the
scalé.

In this way a multiresolutionanalysissimilar to the onein section2.2 is carriedout: the spaces
V., with m € Z arespannedy F(z,y) anddefinedas

V() = Vo ® VE) (26)

and

F(z,y) € Vo < F(2™z,2™y) € V,,, (27)

Thespaced/,, have thenthefollowing properties:

..CV,CViCVogCV_1 CV_s... (28)

V. = L*(R?) (29)

3

Vi =0 (30)

3 )

Sincethetranslate®f ¢ areabasefor 4, their product

(I)O;nz,ny (z,y) = ¢p(x —ng)d(y — ny) (31)

4In this caseonly onelevel of decompositiortanbe performedpecausevery following sublevel startsfrom the averaged
signalsof the previousones.With only onesampléit is impossibleto obtainanaveragevalue.
5¥ is thebasefor 1.2 (R?)
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with n,,n, € Z is abaseof V, andcanbe thoughtof asthe translationof & by meansof the
vector(n,, n,) € Z2. Thereforethe basefor ary level m of resolutionis givenby

(I)m;nm,ny (z,y) = Pmn. ¢m,ny (32)

For the orthogonakcomplemenof V,, in V,,, 1, W,,, thefollowing applies:

The spaceW,,, canbe thoughtof ascomposedf threepart®. The baseof eachof theseparts
resultsfrom the multiplication of the scalingfunction andthe wavelets,which arebasesf V;,, and
W,, themseles.It is thenpossibleto definethreewavelets:

(z,y) = o@)(y)
U(z,y) = ()o(y) (38)
Vi z,y) = Y(@)(y)

wherebyh, v andd indicatethe directions(horizontal,vertical anddiagonal)in the rastermap.
The notationof 38 allows to highlight discontinuitiesn the directionsin which suchdiscontinuities
effectively appear

2.3.2 Limitation to finite length signals

The signalsdiscussedofar have infinite length. This modelis reasonablé appliedfor exampleto
datastreamdor audiosignalsasthehugelengthof thesesignalscanberegardedasinfinite. However,
in otherapplicationsasfor examplein imageprocessingdatastreamsreof finite length.

Again, sinceonly evennumberedsamplesanbe processedperiodicpaddingis alwaysapplied,
thesignalis first extende by addinganextrasamplesqualto thelastvalueontheright. Thedifficulty
of handlingafinite signalliesnotin treatingthesignalitself but it is rathercreatedy thepresencef
the supportfrontiers. In orderto apply thetechniqueslevelopedsofar, the signalhasto be properly
extended.Thereareseveralpossibilities:

zero padding: the extensionby zerosassumeshatthe signalis zero outsidethe original support.
Thedisadwantagds thatdiscontinuitiesareartificially createdattheborders;

extensionby periodicity: this works ratherwell if the original problemis periodic or closeto it.
This methodhowever leadsto discontinuitiesattheborders;

extensionby reflection: with this methodthereis no discontinuityof the signal. No jump is intro-
duced justacorner sincethefirst derivateis not continuousattheboundary

Techniquesor the artificial extensionof imagesbeyond givenboundariessuchasperiodization
or zero-paddingleadto significantcodinginefficiencies.An effective stratgy for handlingbound-
ariesusing symmetricalwaveletsis to extend the image via reflection. This techniquepreseres
continuity at the boundariesand usually leadsto much smallerwavelet coeficientsthanthe other
techniques.

specialedgeprocessing: an alternatve approachs to modify the filter nearthe boundaryin order
to calculatethe coeficientsnearedges.The aimis to constructdifferentfilters for innerspace
andboundaries.

6This canbe deducedrom thefollowing:

Vin-1 = Vm-1®Vm-1 (34)
= (Vm @ Wm) ® (Vm (&) Wm) (35)
= Vm ®Vm S [(Wm ®Vm)@(vm ®Wm)@(Wm ®Wm)] (36)

= Vm®Wn (37)
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#2(z) 92 (y) $2 ()2 (y)
¢1(z) Y1 (y)

V2(2)d2(y) P2(2)2(y)
Y1(x) 1 (y) Y1(2)91(y)

Figure4: Analysisof a bidimensionakignalwith waveletsthatwereobtainedoy meansof multipli-
cationof two multiresolutionanalysis. The basedor thelevelsm = 1, 2 arehighlighted.
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2.4 Biorthogonal wavelets

An efficient way of choosinga multiresolutionanalysisis to requirethe orthogonalityof the V and
W spacedelongingto thesameresolutionlevel. A sufficientconditionfor amultiresolutionanalysis
to beorthogonais

Vo L W, (39)

This canbeaccomplishedby choosinga suitableorthogonakcalingfunctionsuchas

<#(),0(-—n)>=6, (40)

which meansthat the translatesof the “father” function are mutually orthogonal. Under this
conditionit is possibleto demonstrat¢hatthe samepropertiesas40 apply for the wavelets(basisof
W) andthatthe W; spacesiremutually orthogonal[11] for eachresolutionlevel.

Theuseof orthogonalvaveletsputsastrongconstraironthepropertiest is possibleto requirefor
thebasis:for exampleit is possibleto demonstratéhatthe Haarwaveletis theonly real-valued,com-
pactlysupportedsymmetricandorthogonalvavelet. In orderto bypassuchlimitationsbiorthogonal
waveletscanbe consideredThis methodintroducesa dual scalingfunction ¢ anda dualwavelet)
to generate dualmultiresolutionanalysiswith subspacésV,,, andW,y,.

Vm © Wm = Vm-1 (41)

is valid andso

Vi @ Wi, = Vi1 (42)

Thesearedirectsumsbut generallynot orthogonalsums. The subspace¥,,, andW,, have zero
intersectionsbut they arenot perpendicularinstead,

Vi lW,,  and Vi, LW, (43)

hold,andasaconsequence

Wi dWy  for  m#m' (44)

The key point of the biorthogonalmultiresolutionis that even if the scalingfunction and the
wavelet are not orthogonal the multiresolutionanalysisis . The resultis a methodwith different
coeficientsfor analysisandsynthesisvith moreflexibility in the constructiorof thewaveletbases.

2.5 Comparisonbetweentheory and practice

In this sectionthe theoryabove will be comparedo an exampleof dataprocessing.As previously
mentioned at eachlevel of decompositiorthe algorithm suppliesa signal at coarsemresolutionas
well asthedetailsin the horizontaldirection,thedetailsin theverticaldirectionandthedetailsalong
thediagonal.

Figure5 shovswhathappenatthefirst level of awaveletdecompositionTheimportanceof the
threeimagesdepictingthedifferencecoeficientsfinally becomeslear They localizeroughchanges
(shapeshndgenerallynoise,therebyshaving the differencebetweenthe presentandthe previous
level. Let's call theimageat coarseresolutionA, theimageatits right Dy, theoneattheleft bottom
D, andthelastoneDs. D; representshe detailsin the horizontaldirection;indeedin thisimagethe
horizontalbordersarenotvisible, sincea horizontalborderhasdiscontinuityin the verticaldirection.
For Ds it is thereverse sinceit representshe detailsin the verticaldirection. Finally D3 represents
thedetailsin bothdirectionsandin somesensedhe slantededgesof theimage.

"V is spannedy {$(t — k)}, f/] by {$(29t — k)}. Thecoeficientsh(k) addto 1 asin the orthogonalcase.The new
multiresolutionobeys to the sameconditionsasbefore.
8Sincether subspacearemutuallyorthogonal,

Wi LW, and Wiy LW, (45)

ConsequenthyW,, = Wy, and Vi, = Vi,. Thus, the primary and dual functions generatethe sameorthogonal
multiresolution.
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original image coarse grained

N

detail of original detail of coarse grained

Figure5: Summaryof the previoussectionsin theimageshawing thedifferencecoeficients D, the
missingof horizontallines canbe noted,while in D, thereareno verticallines. Thisis dueto the
factthat D, representthedifferencegshapesjn thehorizontaldirectionand D, thosein thevertical
directions.Moreover D3 containghedetailsalongthediagonal.
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3

Implementation

The stepsof theimplementatiorphasecanbe summarizedasfollows:

1.

5.

looking for the appropriatealgorithmsinside an Open Sourceprojectwhich is dedicatedto
signal processing. This was found in the Megawave project[7]. The algorithm had been
writtenin C, whichis the programmindanguageusedin the GRASServironment,too.

. extractingthesealgorithmstransformingtheminto standalongrograms.The interfacefunc-

tionswith the systemwhich werepreviously embeddedn the kernelof Megavave, hadto be
rewritten.

. performingthe suitabletestson the programs.Two kinds of testswerecarriedout: oneaimed

atverifying the numericaloutputof a waveletdecompositionthe otheraimedat verifying the
wholealgorithm,in bothanalysisandsynthesig1].

. portingthe codeinside GRASS.The programshadto be adaptedn orderto make useof the

GRASSfunctionsandlibraries. The guidelinesfoundin the programmingmanualsuppliedby
the GRASSdevelopmenteamhave beenadopted9].

testingtheportto GRASS.

Four new GRASSmoduleswerecreatedor the waveletsanalysisandsynthesiswith orthogonal
andbio-orthogonalvaveletsbhases.

4 The modules:featuresand usage

4.1

r.wavelets

In this chapterthe featuresusageandproblemsof the new modules

r.owave.dec
r.owave.rec
r.biowave.dec

r.biowave.rec

will bediscussed.

41.1

r.owave.dec

“r.owave.dec”computeghe orthogonalwavelettransformof arastemmap.

Synopsis:
r.owavedecinput=mage output3\avTrans filterl=ImpulseResponse
filter2=EdgeRi filterpathfilterpath
[FilterNorm=n] [NumReer] [Haar=h] [Edge=€]

D

escription:

r.owavedec computesthe two-dimensionaldiscretewavelet transform (WavTrang of the floating

point

rasterstoredin thefile Image, accordingto the pyramidalalgorithmof Mallat. The coeficients

of thefilter's impulseresponsarereadfrom thefile ImpulseResponsélhe coeficientsof the the
filter's impulseresponsdor specialedgeprocessingarereadfrom the file EdgeRi Thefilters are

store

din thefolder filterpath

Options:

r - specifiegthe numberof levelsto processn thedecomposition.
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¢ h - enablego continuethe decompositiorup to level h with the Haarfilter. In otherwordsthe
filter containedn ImpulseResponsis replacedoy the Haarfilter for the decompositiorfrom
level NLevel+1upto level h. It mayhapperthatthe decompositiorwith the Haarfilter begins
at a lower level (NLevel, NLevel-1) if the size of the filter in ImpulseResponsis too large
comparedo the sizeof theimage. In this case the the decompositiorwith ImpulseResponse
is performedasfar aspossible andthenimpulseResponsis replacedby the Haarfilter. This
optionenablego getwavelettransformawith alargernumberof levels.

e e- specifiegheedgeprocessingnode(seesection2.3.2)

— 0: zeropadding
— 1: periodization
— 2: reflexion
— 3: specialedgeprocessing
¢ n - specifiesthe normalizationmodeof the filter impulseresponses coeficients(if the filter
coeficientsdo notaddto 1, they have to benormalized)
— 0: nonormalizationoccurs
— 1: normalizationof thesum
— 2: normalizationof thesquaresum
Output:
The modulegivesasoutput(WavTrans)four imagesfor every processedevel, N_output_1lrepre-
sentingthe rasterdataat coarseresolution,N_output_12N_output_2landN_output_22the detalil

data.N standdor thelevel of decompositionputputis the namegivento thefile duringruntimeas
input parameter

Notes:

¢ thechoiceof the waveletbaseis doneby selectingthe correspondindilter. In this work Haar
wasusedfor sometestsand Daubechies[Bfor the applications;

¢ in additionto the input parametersbove, during runtimethe programasksa pathwherethe
file with theinformationnecessarfor reconstructiorfwith r.owave.rec)is stored.

4.1.2 r.owave.rec

“r.owave.rec’reconstructs rastermapfrom anorthogonalwavelettransform

Synopsis:
r.owaverec

Description:
r.owaverec reconstructs rastermap from a sequencef subimagesforming a wavelet decompo-
sition, accordingto the pyramidal algorithm of S. Mallat. The rastermapis written into the file
RecomplmageWavTransis the prefix nameof a sequencef files containingthe coeficientsof a
wavelet decomposition.The coeficients of the filter's impulseresponseare readfrom the file Im-
pulseResponsd he coeficientsof thefilter's impulseresponsdor computingthe edgecoeficients
arereadfrom thefile EdgelR

Options:(seeoptionsat sectiond.1.1)

e 1 - specifiegshe numberof levelsto process

¢ h - specifiegshe numberof haarlerelsto process
e e- specifiegheedgeprocessingnode

e n - specifiegthenormalizatiormode
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Output:
The modulegivesasoutputthe reconstructedastermap calledoutput_reconstructedyhereoutput
is thefilenameprovidedduring runtimeasinput parameter

Notes:
o theprogramrunswithoutcommandine parametergheinteractive useis mandatory;

e during runtimethe first thing the programasksfor is whetherthe auxiliary file producedby
r.owave.deds availableor if theseinformationshave to be suppliedmanually In thefirst case
only the nameandthe pathof the auxiliary file arerequired.

4.1.3 r.biowave.dec

“r.biowave.dec’computeghe biorthogonalwavelettransformof arastemrmap.

Synopsis:
r.biowavedecinput=Image output2\avTrans filterl=ImpulseResponsel
filter2=ImpulseResponsefliterpath=filterpath
[FilterNorm=n] [NumReer] [Haar=h] [Edge=€]

Description:
r.biowavedeccomputeshe two-dimensionabliscretewavelet transformof the floating point raster
mapstoredin thefile Image, accordingto the pyramidalalgorithmof Mallat, usingfilter banks(Im-
pulseResponselmpulseResponsgassociatedo biorthogonabaseof wavelets.

Options:
e for r, h andn optionsseeoptionsat4.1.1

e e- specifiegheedgeprocessingnode(seesection2.3.2)

— 0: zeropadding
— 1: periodization
— 2: reflexion
— 3: specialedgeprocessing
Output:
Themodulegivesasoutputfour rastemrmapsfor every processetkevel, N_output_1lrepresentinghe
rastermapat coarserresolutionN_output_12N_output_2landN_output_2Zhedetailrastermaps.

N is for thelevel of decompositiorand outputis the namegivento thefile duringruntimeasinput
parameter

Notes:

e in additionto theinput parametersbove, the programasksruntimea pathwhereto storethe
file with theinformationusedfor reconstructiorfwith r.biowave.rec);

4.1.4 r.biowave.rec

“r.biowave.rec’reconstructs rastermapfrom a biorthogonawavelettransform.

Synopsis:
r.biowaverec

Description:
r.biowaverecreconstructa rastermapfrom a sequenc®f subimagegorming a waveletdecompo-
sition, usingfilter banksassociatedo biorthogonalbasesof wavelets. The imageis storedin the
file Recomplmge. WavTransis the prefix nameof a sequencef files containingthe coeficients
of awaveletdecomposition.The coeficientsof thefilter's impulseresponsesarereadfrom thefile
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ImpulseResponseihdimpulseResponse?2
Options:(seeoptionsat sectiond.1.1)

e 1 - specifiegshenumberof levelsto process

e h - specifiethe numberof haarlevelsto process
e e- specifiegheedgeprocessingnode

e n - specifiegthenormalizatiormode

Output:
Themodulegivesasoutputthereconstructeémagecalledoutput_reconstructeeyhereoutputis the
nameindicatedduringruntimeasinput parameter

Notes:

e theprogramrunswithoutcommandine parametergheinteractive useis mandatory;

e during runtimethe first thing the programasksfor is whetherthe auxiliary file producedby
r.biowave.decis availableor if theseinformationshave to be suppliedmanually In the first
caseonly nameandpathof the auxiliary file arerequired.

5 Applications and ideas

In this sectionsomeof the featuresof multiresolutionwill be presented Most applicationsreferto
digital terrainmodel(DTM) processingbut, asmentionedn the previous chaptersthe possibilities
of waveletsarenot limited to geomorphologyand2D signals.Waveletsare usedin variousfields of
application for examplein solvingboundaryalueproblemsfor differentialequationg5], in fractal
models[5], in medicalstudies[14] andin the analysisof seafloorbathymetry[8]. Thislist is by no
meansexhaustve.

Thesectionis dividedinto two part,thefirst coversthemainfeaturesof multiresolutionanalysis,
thesecondpresentsdeasandthe advantage®f multiresolutionin geomorphology

5.1 How multir esolutionworks in practice
5.1.1 Application to an artificial ervironment

For this applicationa syntheticdigital surfacemodelof 1 meterresolutionhasbeencreatedeaturing
objectsof known dimensions.Figure 6 shavs this mapandits nine objects. Thefirst, front row of
objectshas,from left to right: a 6x4, 4x4 and4x6 metersbase.The objectsof the secondrow have
dimensionof 20x15,15x15and15x20meters.For thelastrow the baseof the objectsis of 70x50,
50x50and50x70meters.

The aim of this applicationis to remove only objectsat a certainscale. The resolutionof the
original rasteris 1x1 meter sotheresolutionof thefirst level of decompositiowould have been2x2
meters,the secondsublerel 4x4 metersandthe third level 8x8 meters. Cleaningup the detailsby
thresholdinghe “dif ference”coeficientsobtainedfrom the secondsublevel, thefirst line of objects
disappears.

Figure? representtheimageaftertheproces®f decomposingsettingto zerothesublesel details
andreconstructing Sincethereareno objectsat thatscale(2x2), the reconstructednapis identical
to the original oné.

9The change®f color andshapearea matterof borderhandling.
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Figure8: Theresultof cleaningup the detailsof the secondevel of decompositiorandreconstruct-
ing: thefirst row of objectsdisappears.

Figure6: Theartificially createdmage,on which thefirst line of objectswill bedeleted.

Figure 7: First level of analysis: noneof the objectsmatchesthe scaleof the first sublesel (2x2
meters).

At thesecondsublesel (figure 8), thefirst row of objectsdisappearsThemaphadbeenprocessed
for two sublevels andthe detailsof the secondsublesel hadbeensetto zero. Figure 9 shaws that
by processindor threesublevels, cleaningup the detailsof the third sublevel andreconstructinghe
map, thefirst row of objectsappearsgain. This is very important,sinceit proofsthatit is possible
to manageandmodify objectsat a certainscale without excessve interferingwith the othersurface
features.

By cleaningup the detailsat every level, all objectsdisappea® asshawvn in figure 10.

10The accuray dependsnthe numberof levels of decompositiorperformed.
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Figure9: Theresultof cleaningup thethird sublevel: thefirst row of objectsdoesnotmatchthescale
of theanalysiswhichis why they werenot deleted.

Figurel10: Theresultof cleaningup all thesublevels: asexpectedheobjectsdisappeaateveryscale.
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Figure 11: The digital terrain model derived from the laserscardata. High burstshighlight the
measuremergrrors.

5.1.2 Error handling and denoisinglaserscandata

Laserscantechniqueprovideshigh densityelevationdata,but the errorsoccurringin thesedatacan
have a big influenceon landscape&epresentation-or examplean elevationvalue,200 metershigher
thanall the pointssurroundingt, is mostprobablydueto ameasuremerdrror. Suchanerrorcanbe
comparedo a shortburstof high frequeny embeddedn a low frequeny signal (the main signal,
thelandscape)Throughwaveletdecompositiorit is possibleto separatehosetwo signals.The high

frequeng canbedeletedandareconstructiomwill thenrekuild the original signalwithout the burst.

Notethattogethemwith thehighfrequeng burstall otherobjectsatthatsamescaleareseparateffom

the main signal. Sincethe aim is the reconstructiorof the terrain surface,objectsover the terrain
have to be removed andthereforethey are heretreatedasnoise. On the DTM*! of figure 11 it is

possibleto note high bursts,which obviously are not part of the naturallandscapeand otherless
noisy parts,which representeal objectson earths surface(mostly trees).Figure 12 is the resultof

whatexplainedabove. The mapin figure 11 hasheendecomposethroughmultiresolutionanalysis
(the signalsweredividedin the mainlow signalanda high frequeng part) andtheresultingdetails
were thresholded. With the aim of deletingonly the high bursts, GRASSS module “r.stats"was
usedon the mapsto getmoreinformationaboutthe detailimages(to evaluatefirst thresholdvalues).
Thusit hasbeenpossibleto separatéhe noisegeneratedy objectson the surfacefrom the bursts
generateddy to erroneougneasurementsAbout 97% of the valuesof the “dif ference” (wavelets
coeficients)rastermapsis insidethe rangeof —13 + 21 meters.Everythingoutsidethis rangecan
be considerednerror. Thus,every valuebelov —13 andabove 21 hasbeensetto zeroin the maps
of the differences.As aresultthe high burstsdisappearedasshawvn in figure 12, while the minor

noiseparts(representingreesandartifacts)remainedunaltered.This factis highlightedin figure 13,

which representshe differencebetweerthe original mapandthe processedne*?.

11The DTM of this examplewas createdstartingfrom a setof site data,i.e. east,north coordinateandrelative elevation
value. The sitewasfirst importedin GRASSwith the module“s.in.ascii”, thenconvertedto rasterby meansof interpolation,
which wascarriedout by “s.surf.rst”, anothermoduleof GRASS.It canbe notedin figure 11, thatthe interpolationprocess
did notremove themeasuremergrrors.

2the“green” planerepresentshe zerovalues
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Figurel2: Theresultof thresholdinghe mapsof the differencegivenby thewaveletdecomposition.
Thehigh burstshave disappearedyhile the minor noisepartsdid not change.

Figure13: Thedifferencebetweerthe original map(figure 11) andthe processedne(figure 12). It
canbenotedthatonly thehigh burstsappear

The secondexample,which refersto figure 14, aimsto cleanup all the objectsfrom the surface,
not only the grosserrors. The techniqueis the sameasthe one usedin the previous example. The
only parametershatwere changedwverethe thresholdvalues,which this time weresetat -1 and 1.
Theresultis visible in figure 14 but become®venclearerin figure 15, whichillustratesthedifference
betweenthe original mapandthe processeadne. Comparedwith figure 13 not only the burstsbut
several othershapesrevisible. This simpleapplicationcanbe greatlyimproved by exploiting the
factthatwaveletsarespatiallylocalized. Thus,couplingfor instancethe waveletanalysiswith tools
of imagerecognition|it is possibleto easilyfilter treesout of anervironment.



Paolo Zatelli, AndreaAntonello 19

Figure14: Theresultof heavily thresholdingthe mapsof the differencesgiven by the waveletde-
composition.The high burstsdisappeaandthe minor noisepartsaresmoothed.

Figure 15: The differencebetweenthe original map (figure 11) andthe processedne (figure 14).
Note the presencef high burstsanda part of generalnoisethat have beenremoved on the recon-
structedmap.

5.2 Applicationsin geomomphology
5.2.1 Multir esolutionand geomorphological properties

As asecondexampleof filtering, thealluvial fanin figure 16 wasdecomposedndreconstructedub-
tractingfrom it all shapesecognizedby the multiresolutionanalysis.Theimageis a representation
of a2x2 metersDTM of analluvial fanin Piemont(ltaly). It is interestingto notethat at this high
resolutionthe incision of the streamandotherdetailsappear Thesedetailsare obviously important
to studyof someaspectsbut irrelevantto others.Also in this casewaveletscanhelpto remove parts
irrelevantto the studyat the currentresolutionwhilst emphasizingthers.

Figure 17 containsthe map which characterizeshe local topographyas corvex (red), concae
(yellow) andplanar(blue) (calculatedwith the Horton-libraries[15]). Figures18 and19 represent
thereconstructednapafter removing four levels of differences.The sameappliesto figures20 and
21, for which sevenlevelsof differencecoeficientswerediscarded.

Note the statisticalself similarity of corvex and concave partsof the topographymoving from
oneresolutionto theother
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Figure16: DTM of analluvial fan. Theincisionof the streamthatcreatedt is well visible.

Figurel7: Themaprepresentingorvex (red),concae (yellow) andplanar(blue) zones.



Paolo Zatelli, AndreaAntonello

Figure18: Reconstructedhapfrom which four levelsof differencesvereremoved.

Figure19: Representationf corvex, concare andplanarzonesof themapin figure 18.

21
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Figure20: Reconstructedhapfrom which sevenlevelsof differencesvereremoved.

Figure21: Representationf corvex, concare andplanarzonesof the mapin figure 20.

5.2.2 Badlands,an exampleof coexistenceof phenomenaat various scales

A perfectexamplefor the “cohabitation” of phenomenant differentscalesis the fractal landscape
of the badlands. This particularkind of topographyappearson one side of the valley, dueto the
geomorphologicatonformationon the hydro-graphideft (mapin figure 22). Sincethebadlandsare
anexampleof heavy erosionof thelandscap¥, it is importantto be ableto localizethemin space.
The factthatthe badlandsexist at a rathersmallerscalecomparedo the restof the landscape,

13Thefactthatbadlandsgresent high valley density is reflectedon the hydrologicalresponsef the basin.
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malkesit possibleto separatéhatinformationfrom therestof the signalby multiresolutionanalysis.
Theresultis an automaticlocalizationof badlandsn space. Figure 23 highlightsthe badlandshy
superimposinghe map containingthe differencecoeficients (in purple) obtainedby the wavelet
decompositioron the original map.

Figure22: Badlandsanenvironmentwhich containsphenomenat differentscales.

Figure23: Localizationof badlandsy meansof multiresolutionanalysis.

5.2.3 A deeperinsight into geomormphology: looking for an objective identification of an allu-
vial fan

Theaim of thefollowing applicationis to modify aDTM in orderto analyzeits propertiesat various
scalestrying to obtaingeometricainformationaboutshapest the resolutionat which the analysis
is carriedout. In this specificcasetheaim wasto smoothout analluvial fan (figure 24).
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Figure24: Thealluvial fan usedin section5.1.2 (herereportedfor comparisorwith figure 25 and
figure26).

Figures25and26 shav the samefanat two differentlevelsof resolution.

Figure25: Thereconstructedlan, aftertheremoval of two levelsof differencecoeficients.
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Figure26: Thereconstructedian,aftertheremoval of sevenlevelsof differencecoeficients.

Theassumptioris thatby remaoving all the minor scalephenomendrom thefana conicalshape
would remain,which would then be recognizableautomatically In orderto be recognizableon a
computationalway the resultingsmoothedshapehadto be mathematicallydefined. In the caseof
a fan the resultingform shouldbe a cone. One of the mathematicablefinitionsof the conestates
thatfollowing theline of maximalslopethetangentiakturvaturedecreasebnearly with thedistance.
By applyingthe GRASSmodule“r.profile” on the processedersionof the alluvial faneightradial
sectionsall startingfrom the samepoint, wereobtained.

Figures27is anexamplefor comparisorbetweera sectionof the original andprocessednap.

Figure27: Comparisorof sectionA of the original map (figure 24, the blue line) andthe smoothed
one(figure 26).

A certainregularizationis clearlyvisible, howeverthe applicationof the waveletanalysisgener
atessomeatrtificial patternsvhich make the curvatureanalysismpossible Furtherinvestigationsare
requiredfor theindividuationof the suitablewaveletbase.

Theseapplicationsarejust blueprintsandthey would all needfurther studiesandtesting. They
shouldbeseenasa hint to understandhe greatpossibilitiesthatlies behindmultiresolutionanalysis.
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5.3 A brief obsewation on compression

Oneof thefeaturedor which waveletsareoften praised,s the possibility of datacompressionTwo
differentmethodsarepresented:

e The DTM of an alluvial fan was decomposedn its smootherrepresentatiorand the three
detailmaps. The aim wasto compres¥ the raster changingall the valuescontainednsidea
certaininterval aroundzeroto zero. This increaseshe numberof zerovaluesin thedifference
mapswhichincreaseshecompressiofiactorof thedata.Decomposingheoriginalrastemap
(1600Kbytesof memory)with waveletsresultedin four files of 437,329,254 and182Kbytes,
which is alreadya compressiorf 25%, sincethe sumof the four files gives1202Kbytes.At
this point testswith differentthresholdintervals were carriedout: to increasethe numberof
zerovaluesin thefiles containingthedifferenceall thevalueshetween0.001and+0.001were
setto zero. This resultedin a global compressiorof 40%. The samewasmadewith  0.01
and 0.1. Thisresultedin a compressiomf 56%in thefirst caseand60%in thesecond.t is
importantto note,thatthisimplied the compressedersionof theoriginalfile notto beasingle
file, but a setof four files. Thesmoothedrersionof the originalfile alwayscountsa quarterof
the bitesof the original, while the sizeof the files containingthe differencesdependstrongly
on the width of the usedthresholdinterval. Sothe comparisonis not betweentwo files, but
betweerthe original file anda packageof four files, sincethe differencewould be otherwise
hiddenby the GRASScompressioralgorithm.

e A secondestof compressiowascarriedout by corvertinga rastermapinto a “jpg” image.
This imageformatis ableto bettercompresssmoothdata. For comparisonthe two images
taken in consideratiorwere the alluvial fan of figure 16 andits smoothedversion,obtained
by decomposindor threelevels andreconstructingafter the detail partswereremoved. The
cornversionto jpg compressedhe original file from 1600Kbytesto 20Kbytes,whereasthe
smoothedmageoccupiedl8.5Kbytesgaininga compressiornf 7%.

A final judgmentof the effectivenes®of thesetechniquesnusttake into accounthe measurement
of thesignalpawerlossdueto thethresholdingo ensurea goodapproximatiorof theoriginal signal.

6 Conclusions

Four nev moduleshave beencreatedn GRASSfor the multiresolutionanalysis.This moduleshave
beendevelopedwith the OpenSourceapproachstartingfrom somebaseroutinesavailablein the
Internet. The proceduresirenow fully integratedin GRASSandthereforethey canbeusedtogether
with the otherterritory analysisfunctions.

Somepreliminaryapplicationshave beencarriedout only to demonstratehe potentiality of the
tool.

Futuredevelopmentnclude:

e enrichthelibrariesof baseof waveletsto make the tool suitableto a wider rangeof applica-
tions;

o furtherinvestigationof the selectve filtering techniquewith real surfaceapplicationsjn par
ticular for theurbanernvironment;

e setupawaveletcompressiomprocedurdor rasterdatain GRASS with analyticalcontrolof the
signalpowerloss;

¢ applicationof the multiresolutionanalysisto the automaticshaperecognitionfrom a digital
terrainmodelfor geomorphologicainvestigation.In particularit will be necessaryo find a
waveletbasecompatiblewith the numericalelaborationgor the geomorphologicahnalysis.

A moredetaileddescriptionof the modulesprogrammingand of the numericalexperimentscan
befoundin [1].

14GRASSby default compressethefiles
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