Ph. D. in Materials Engineering Statistical methods

Doctoral School of Materials Engineering
Methods of statistical and numerical analysis (integrated course). Part I
Final test - April 2nd 2009

Solution of Exercise 1
The electrical conductivity is given by the formula

o = LI/abV
where:
L =(28401)-10"%m
I = (5.12040.002) - 1073 A
a = (1.0040.01) - 107% m
b = (4.00£0.01)-10"%m

V =(101+1)-107% V.

The estimate of the conductivity is obtained by reckoning the relationship by the estimated
true values L, I, @, b, V of all the factors:
2.8-1073 - 5.120- 1073

LI
—— = = 0.0354851 - 10° = 3.54851-10".
abV ~ 1.00-10-6-4.00-10-6 - 101-10-3

o =

The result is expressed in Q! - m™!. Since the function which defines o is a simple
polynomial, it si convenient to apply the logarithmic differential method to analyze the
propagation of the relative error on @. We have indeed:

Inc =InL+Inl —Ina—1Inb—-1nV

and therefore, by computing the partial derivatives and replacing the absolute errors AL,
Al, Aa, Ab, AV:

Ao AL Al Aa Ab AV 0.1 0.002 0.01 0.01 1
— = =4 =4+ —+=+= = — = 0.058505901 .
o L * 1 * a * b * 1% 2.8+5.120+ 1.00+4.00+ 101

The greatest abosolute error on the electrical conductivity holds then

Ao _ 7 7
Ao = — -7 = 0.058505901 - 3.54851 - 10" = 0.207608774 - 10

o

in such a way that the error interval of o becomes
o = (G+Ac) = (3.54851 + 0.207608774) - 10" = (3.5485 4 0.2076) - 10" Q™' - m~*.

Since repeated measurements are lacking, the precision of the measurement of ¢ can be
estimated by means of the percentage error:

A
ert% = __a -100 = 0.058505901 - 100 = 5.85%
o
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which seems rather small.

Solution of Exercise 2
The computations needed to apply Chauvenet criterion are illustrated in the table below:

® A ABS{Ax) Ax?
786,00 -3,58 3,58 12,84
730,00 42 042 0,17
792,00 2,42 347 5,54
796,00 5,42 6,42 41,17
784,00 -5,58 5,58 31,17
791,00 1,42 1,42 2,01
802,00 12,42 12,42 154,17 Outlier
789,00 -0,58 g,58 0,34
783,00 -6,58 6,58 43,34
785,00 -4,58 4,58 21,01
795,00 542 5,42 20,34
782,00 7,58 7,58 57,51
mean(x): 785,58 st.dew.[x): 65,0221
Outlier
Maximum of ABS{Ax): 12,4167 corresponding to the walue of x: 802,00
Distance z of the oautlier from the mean in standard deviation units: 22,0619
z area from 0 to z residual arez
Probability of a [arger distance from the mean (see table): 2,0600 G,48030 0,03940
2,0700 0, 48077 0,03846
Linearly interpolated value: 2,0616 J,4803%9 0,03922
Mean number of expected events out of 12 measurements: 00,4707

The mean number of outliers is smaller than 1/2. Thus, according to Chauvenet criterion,
the outlier 802 must be rejected as not belonging to the population.

The sample estimates of the mean and standard deviation are immediate:

1 12 1 12
T —= — i = . = — Z‘—_QZ . 221.
T 12;:5 789.58 s = ;(x T)2 = 6.0

The datapoint farthest from the sample mean ¥ is clearly zs,s = 802, as shown by the
ABS(Ax) column in the previous table. It is this outlier that could not belong to the
statistical population of the normal data. The distance of the suspect value from the
mean, in units of s, is given by

Teus —T 802 — 789.58
s N 6.0221

= 2.0619.

The probability that a datapoint is placed at a distance greater than 2.0619 standard
deviations from the mean can be calculated from the table of the cumulative distribution

Stefano Siboni 2




Ph. D. in Materials Engineering Statistical methods

of the standard normal random variable:
P(|zsus — T > 2.0619s) = 1 — P(|zsus — T| < 2.0619s) =
=1-2: P(T < xgys < T+ 2.0619s)
=1-—2-0.48039 = 0.03922.

Notice that the probability P = P(ZT < z4ys < T + 2.0619s) is not directly available on the
table, but can be estimated with sufficient accuracy by a linear interpolation scheme:

2.0600 | 0.48030
2.0619 P

2.0700 | 0.48077 2.0619 — 2.0600 P —0.48030
2.0700 — 2.0600  0.48077 — 0.48030

which provides P = 0.48039.

Out of 12 measurements, typically we expect 12 - 0.03922 = 0.4707 outliers at a distance
larger than 2.0619s from the mean. Since 0.4707 < 1/2, Chauvenet criterion suggests that
Tsus must be rejected as not belonging to the statistical population.

Solution of Exercise 3
The sample histogram shows a bell-shaped trend, so that it is rather reasonable to suppose
that the data belong to a normal population:

40

All the empirical frequencies are relatively high (f; > 3), what allows us to apply the X2
test to check whether the population is normal, i.e. the null hypothesis

Hy : the population is normal, with distribution N (u, o)
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versus the alternative hypothesis
Hl : Ho is false .

In this case the sample data are used to estimate the mean and the standard deviation of
the distribution:
mw=m o =S

and the classes of the results (the histogram intervals) are k& = 10 in all. In the presence
of ¢ = 2 constraints on the mean and the standard deviation, if Hy holds true the X? of
data follows approximately a X2 distribution with

n=k—-—c—-—1=10-2-1=17

degrees of freedom. To calculate the X2, we firstly need the expected frequencies in each
class, under the assumption that the normal distribution is correct. The endpoints of the
classes differ from the mean p = ™ by half-integer multiples of o = s, so that the theoretical
frequencies can be derived directly from the cumulative distribution of a standard normal
random variable. For simplicity’s sake, it si convenient to pose

1 e—z2/2

whose values are available on the statistical table of the standard normal distribution.
Denoted with n; the frequency in the i-th class, the expected frequencies are the following:

o . ,

np = 200 - /p(z)dz = 200 - /p(z)dz = 200 - <% —/p(z)dz) _
— 200 (% — @(2)) — 200 (% — 0.47725) — 4550

ns = 200- _/1'5]0(2) dz = 200- / p(z)dz = 200+ (9(2) - @(15)) =

= 200 - (0.47725 — 0.43319) = 8.812
—1

ng = 200 - / p(z)dz = 200 -
-1.5

= 200-(0.43319 — 0.34134) = 18.370

—
ot

p(z)dz = 200+ (9(1.5) ~ @(1)) =

= —
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—0.5 1
g = 200 - / p(2)dz = 200 - /p dz = 200 - (@(1) —q>(o.5)) -
—1 0.5
— 200 (0.34134 — 0.19146) = 29.976
0 —0.5
ns = 200 - p(z)dz = 200 - / p(z)dz = 200- ®(0.5) =
—0.5 0

= 200-0.19146 = 38.292

whereas, owing to the symmetry of the normal distribution with respect to the mean, the
other theoretical frequencies are symmetrically equal to the previous ones:

Ng = Ny = 38.292 ny = Ng = 29.976 ng = Ny = 18.370
Nng = Ng = 8.812 nio = N1 = 4.550.

We can then compare the empirical frequencies f; and the expected ones n; for all the
classes, as summarized in the table below:

i class of E Boroey | e,
1 m < m — 2.0s 4 4.550
2 m—20s<m<m-—1.5s 10 8.812
3 m—15s<m<m—1.0s 23 18.370
4 m—1.0s <m<m—0.5s 30 29.976
5 m—05s<m<m 31 38.292
6 m<m<m-+0.5s 35 38.292
7 m+05s<m<m+1.0s 29 29.976
8 m+1.0s<m<m+ 1.5s 22 18.370
9 m+1.5s<m<m+ 2.0s 12 8.812
10 m—+2.0s<m 4 4.550

The X2 of the sample is given by:
10 N2
w2 = ST g e
The table of the X? cumulative distributions provides the critical values:
X2[1_a](7) = X2[0.95}(7) = 14.067 for a = 0.05
X2[1_a](7) = X2[0.99}(7) = 18.475 for a« = 0.01.
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In both cases the X2 of the sample is smaller: we conclude that, with both the significance
levels of 5 and 1%, the null hypothesis cannot be rejected. The sample data suggest that
the distribution of the Young modulus of the polymer is normal.

The formal conclusion is supported by the good superposition between the theoretical
distribution and the histogram, as shown in the figure:

40

Pay attention to the way the theoretical distribution is calculated (solid curve). In the
histogram the class 2 is centred at = 2 and the class 9 at x = 9. The centre of the class
2 must correspond to the point

w—200 + pu—1.50

T = 5 = u—1.750

and that of the class 9 to the point

pw+1.50 + p+2.00
xr =
2

= u+ 1.750

so that the parameters p and o of the normal distribution are determined by the linear

equations
w—1.750 = 2 w+1.750 =9

which provide
po= 5.5 o = 2.0.

The normal distribution which must be superimposed to the histogram is then

1 2
o~ (3-5.5)/8

p(z) = ﬁ
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Solution of Exercise 4

Since n = 400 > 30, we can apply the theory of large samples and it is not required that
the statistical population is normal.

(a) The confidence level is 1 — a = 0.67, so that a = 0.33 and

0.33

% —= = 0.165 — = 0.5-0.165 = 0.335.

DO —
|
| R

From the table of the standard normal distribution we derive the following linear interpo-
lation scheme:

(1-a)/2 2o

0.33308 0.97

0.33500 20.33

0.33646 0.98 0.33500 — 0.33398 2035 — 0.97

0.33646 — 0.33398  0.98 — 0.97

which provides the critical values
20.33 = 0.9741 .

The confidence interval for the mean p of the weight of the bolts turns out to be

_ s _ S
T—2033—— < < T+ 2033—=

vn Vn

with the sample mean and standard deviation given by
T =747 s = 0.15

while n = 400. By inserting all the numbers, we obtain therefore

0.15 0.15
747 — 09741 - — < p < 747 — 0.9741 -

V400 40

8

and finally
74627 g < p < 74773 g.
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The same confidence interval can be expressed in the equivalent form:

w = (7.4700 +0.0073) g .

(b) In this case the confidence level holds 1 — a = 0.99, so that «/2 = 0.005 and

l—a 099

= 0.495.
2 2

From the table of the standard normal distribution we get then, to a good approximation,
Za = 20.01 = 2.58

since

N

.58
1

V 2“

o

The CI of the mean becomes

_ s _ S
T—2001—F—= < < T+ 20.00—=

vn T Vn

ie.
0.15 0.15
747 — 258 — < pu < 747 + 258 —
V400 a V400
and finally

74507 g < pu < 74894 ¢g.

An alternative expression puts into evidence the absolute error:
uw = (7.470£0.0194) g.

The confidence interval with confidence level of 99% is obviously larger than that at con-
fidence level of 67%.

Solution of Exercise 5
The number of the sample data is n = 22, and therefore the sample mean turns out to be

_ 1 &
V = —ZW — 1.5715045.

n
=1
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We can then determine the residuals of the data with respect to the mean and the relative
squares:

v -7 [ -T2
1 1.5710 —0.0504545 0.0025457
2 1.5742 0.2695455 0.0726548
3 1.5751 0.3595455 0.1292729
4 1.5686 —0.2904545 0.0843638
) 1.5712 —0.0304545 0.0009275
6 1.5734 0.1895455 0.0359275
7 1.5682 —0.3304545 0.1092002
8 1.5718 0.0295455 0.0008729
9 1.5737 0.2195455 0.0482002
10 1.5757 0.4195455 0.1760184
11 1.5668 —0.4704545 0.2213275
12 1.5703 —0.1204545 0.0145093
13 1.5729 0.1395455 0.0194729
14 1.5668 —0.4704545 0.2213275
15 1.5725 0.0995455 0.0099093
16 1.5696 —0.1904545 0.0362729
17 1.5742 0.2695455 0.0726548
18 1.5711 —0.0404545 0.0016366
19 1.5729 0.1395455 0.0194729
20 1.5711 —0.0404545 0.0016366
21 1.5689 —0.2604545 0.0678366
22 1.5731 0.1595455 0.0254548

from which we deduce the sample variance:

1 <& —
2 2 —4
= E V: —V)* = 0.0653093 - 10
n—1 1—1( )

and the sample estimate of the standard deviation:
s = Vs2 = 0.2555569 - 1072,

The sample cannot be considered large, since the number of data is smaller than 30. It
is then necessary to reckon the correct confidence interval for the mean, by using the
hypothesis of the normal population. For the same reason, the sample variance s? cannot
be regarded as essentially equal to the variance o2 of the population, as prescribed by
the weak law of large numbers (Kintchine’s theorem) for large samples: an appropriate
confidence interval is needed also for o2.
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(a) The CI of the mean, with confidence level 1 — «, writes

— S

V- t[l—%](n—l)% <Sp <Vt

S
gln=1 /5

and for a = 0.10, n = 22 has therefore the limits

- 0.002555569
V—t[0_95](21)% = 15715045 — 1721 - ———— = 1.5705669
_ 0.002555569

V+t[0,95](21)% = 15715045 + 1721 - ———o— = 15724422

so that the confidence interval becomes
1.5705669V < p < 1.5724422V

or, equivalently,
u = (1.5715045 £ 0.0009377) V .

It is understood that, for all practical purposese, an approximation of the type
(1.57150 4+ 0.00094) V

can be considered more than satisfactory.

(b) The confidence interval of the variance takes the form
1
still with o = 0.10 and n = 22. Therefore:

(n—1)s* <o® < (n —1)s?

X2 (g)(n-1)

1

— — 91&% = 21 - 0.0653093 - 10~ = 4.19790 - 10~
1

21 52 21 - 0.0653093 - 1074 = 11.83242 - 1076

. S —
X2(0 05)(21) 11.591

and the CI of the variance is expressed as
419790 - 1075V? < 0? < 11.83242 - 1076 V2.

The required CI of the standard deviation is obtained by taking side by side the square
root of the previous inequality:

2.048877 - 1072V < ¢ < 3.439828 - 1073V.
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Solution of Exercise 6
The plot of the data suggests that the quantities ¢ and F are described by dependent
random variables (i.e., correlated, owing to the hypothesis of normal random variables):

10,00

9,00

8,00

7,00 *

6,00 * #

F 5,00

4,00

3,00

2,00 i

1,00 -

0,00 . . . r
0,00 5,00 10,00 15,00 20,00 25,0C

The sample means ¢ and F of the two quantities are given by:

112

12
_ 1 -
=15 E = 10.873333 F = 2 E F;, = 5.245833

i=1
and allow us to calculate the sum of products of residuals

12

SSer = Y (c; — ) (F; — F) = 193.762967
=1
and of the relative squares:

12

SSec = Y (c; — ) = 478.332867
=1
12

SSpr = Y (Fi —F)* = 83.992492,
=1
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as illustrated in the following table:

Statistical methods

C F D¢ DF Dcn2 DF~2 Dc * DF
20,23 8,53  9,356667 3,284167 87,547211  10,785751  30,728853
8,17 3,82 -2,703333  -1,425833 7,308011 2,033001  3,854503
6,01 3,62 -4,863333 -1,625833 23,652011 2,643334 7,906969
9,93 6,23  -0,943333 0,984167 0,889878 0,968584  -0,928397
13,55 7,57 2,676667 2,324167 7,164544  5,401751  6,221019
17,89 7,20 7,016667 1,954167 49,233611 3,818767 13,711736
12,19 6,05 1,316667 0,804167 1,733611 0,646684  1,058819
1,83 1,10  -9,043333  -4,145833 81,781878 17,187934  37,492153
21,72 9,46 10,846667 4,214167 117,650178 17,759201 45,709661
11,39 5,59 0,516667 0,344167 0,266944  0,118451  0,177819
3,23 1,66 -7,643333 -3,585833 58,420544 12,858201 27,407719
4,34 2,12 -6,533333  -3,125833  42,684444  9,770834  20,422111
10,873333 5,245833 478,332867 83,992492 193,762967
c mean F mean
r= 0,966686
= 11,942756
The linear correlation coefficient becomes
- SS.r 193.762967  0.966686.

- VSSee VSSFF - VA4T78.332867 1/83.992492

As both ¢ and F' may be assumed normal, we can check the null hypothesis
Hy : c and F' are stochastically independent
against the alternative hypothesis
H; : cand F are stochastically dependent

by using the random variable

-
t = vVn—2——
V1—1r2

that, if Hy holds true, follows a Student distribution with n — 2 d.o.f. In the present case

we get:
0.966686

V1 —0.9666862

t =+v12 -2 = 11.942756 .

The critical region takes the form

[t > th-ajm-2) = tp.or5)(10) = 2.228
for a significance level a = 5%, while it becomes

[t > th—ajm-2) = tp.005)(10) = 3.169
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when the requested significance level is a = 1%. In both cases Hy must be rejected! We
conclude therefore that a correlation presumably exists between the degree of crystallinity
¢ and the resistance to traction F'; due to the positive sign of the correlation coefficient,
which is very close to +1, the relation must be direct.

Solution of Exercise 7

The temperature data are not affected by appreciable random errors, whereas the relative
values of resistivity are the outcomes of independent normal random variables. It is then
possible to apply the standard theory of linear regression, with the further simplification
due to the homoscedastic character of the model — we may assume that all the random
variables which describe the resistivity at different temperatures share the same variance.
That is way the regression straight line is calculated by putting the temperature 7' along
the abscissa axis and the resistivity p along the ordinate axis:

p=p+trT-T)

where T denotes the arithmetic mean of the measured temperatures, while ;1 and & are
the parameters of the regression model. We recall that a model of this form ensures the
stochastic independence of the best-fit estimates m and ¢ of the regression parameters p
and K.

Notice that the sample consists, as often in common laboratory practice, in multiple mea-
surements at a constant temperature: many measurements of resistivity have been per-
formed at each given value of 7T'. This circumstance does not constitute an obstacle to
the application of the standard linear regression model, provided that all the pairs (73, p;)
with the same T' are regarded as distinct. According to this criterion the whole number of
sample data is thus n = 26.

(1) Regression straight line
Since the standard deviations are equal, the X2 fitting reduces to the usual least-squares
fitting and the best-fit estimates m and ¢ of the parameters can be written as

1 . =1
m = — E pi = 2.815384615 q = = 0.002273762022
n

=1 Z(Tz _ T)Q

with n = 26 and T = 956.1538461. The regression straight line, calculated by the least-
squares method, is therefore:

p=m+q(T—T) = 2.815384615 + 0.002273762022(T — 956.1538461) =
= 0.641318312 4 0.002273762022 1" .
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(13) Confidence intervals for the regression parameters
By definition, the sum of squares around regression holds:

n

SSAR = > [m+q(Ti = T) — pi]* = 0.2809376284.

=1

At the significance level 1 — a € (0, 1), the CI of the parameter  and that of the slope x

take the form:
it /l SSAR
Ho=m [1-3](n—2) nn—29

n -1
— SSAR
K =q + t[l—%](n—Q) [ E (TZ — T)2:|

=1

n—2
In the present case we have o = 0.05, n = 26 and the confidence intervals become then:

SSAR

1
n=m + t[0.975}(24) %7

26 “19SAR
24

K = q % t[0.975)(24) [Z(Tz —T)?

i=1
where:

m = 2.815384615
g = 0.002273762022

SSAR = 0.2809376284
26
> (T, = T)* = 3.034415385 - 10°
=1

t[0_975}(24) - 2064 .

Inserting the numerical values and performing the calculations we deduce that:

— the CI at 95% of the parameter y is

2.815384615 + 0.04379478051 = [2.771589834,2.859179396]

— the CI at 95% for the slope x holds
0.002273762022 £+ 0.0001281951256 = [0.002145566898,0.002401957150] .
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It is certainly appropriate to leave out the less significant digits, physically meaningless,
and introduce the physical units, to conclude that:

p o= [2.7716,2.8592] 107" Q- m = (2.8154 + 0.0438) 107 Q- m

while
k= [2.145567,2.401957]10731077Q - m - K~ ' =

= (2.273762 £ 0.128195)1071°Q-m - K~' .

(1i1) Confidence region
The model being homoscedastic, the CI at a confidence level 1 — « for the prediction of
p = po at a given T = Ty can be calculated by the general formula:

— SSAR
E(,Oo) = m—+ q(To — T) :Et[l_%](n_g) \/V m
where, more specifically, we have:
m = 2.815384615
q = 0.002273762022
1 &
T = — T; = 956.1538461
t1-2)(n—2) = t[o.975](24) = 2.064
1 1 1 (Tp —956.1538461)?

V=ld-—ot—  (Ty-T?2 =1+— =
LT — (T -T) 26 1 3034415385 - 10°
> (1 =T)
=1
— 1.038461538 + 3.295527715 - 10~ 7 (T — 956.1538461)2

n

SSAR = > [m+q(T; —T) — pi]” = 0.2809376284 .
=1

The CI for the prediction of p at T'= T{y becomes then:

po = 2.815384615 + 0.002273762022 (T — 956.1538461) +

0.2809376284

+2.064 - \/1.038461538 + 3.295527715 - 10~ (T — 956.1538461)2\/ 2

and performing the calculations reduces to:

po = 0.641318312 + 0.002273762022 Ty £
+ 0.2233104403\/1.038461538 + 3.295527715 - 10~ 7(Tp — 956.1538461)2

Stefano Siboni 15




Ph. D. in Materials Engineering Statistical methods

In the following figure the regression straight line is superimposed to the experimental
points:

P

4.0

p=m+q(T-T)

o

35
3.0

2.5
m = 2.8154 £ 0.0438

q = (2.273762 £ 0.128195) 107
T = 956.1538461

2.0

1.5

-

400 | 600 ' 800 " 1000 1200 1400 ' T
The confidence region for predictions, at the confidence level of 95%, is shown in the figure

below (by exaggerating the factor V for clarity’s sake)

Y

P

confidence region at 95%

-

T T T T T T
400 600 800 1000 1,200 1400 T

The regression straight line of the model is marked in red, while in blue and in black
are represented the upper and lower boundary of the confidence region, respectively. The
width, measured parallel to the p axis, of the confidence region is minimum for 7' =T =
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956.15 and tends to increase monotonically on the right and on the left of that point. To
better stress the effect on the graph, the term (Ty — T')? which appears in the expression
of V of the definition, has been enlarged by a scale factor 60.

(1v) Confidence interval for a prediction
The CI at a confidence level of 95% for the prediction of p at T = 1170 can be obtained
by posing Ty = 1170 in the previous formula

po = 0.641318312 4 0.002273762022 11 +
+ 0.2233104403\/1.038461538 + 3.295527715 - 10~ 7(Tp — 956.1538461)2 .

We have therefore:
po = pii7o = [3.072410226, 3.530829532] = 3.301619879 + 0.229209653
i.e., dropping the less significant digits and introducing the unit of measure,
pii7o = [3.07,3.53]1077Q-m = (3.304+0.23)107'Q - m.

In the following figure the CI at 95% is simply the intersection of the confidence region at
95% with the vertical straight line of equation 7' = 1170:

p Fy
confidence interval

at 95% for p
1170

[
1
[mn]
o

T T T T T T T T T T
400 [0t %00 1000 1.200 1400 T

1170

(v) Goodness of fit
The goodness of fit ) of the regression model is defined by the relationship

—+o0
Q= [ paaryix®
NSSAR
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where p,,_o stands for the X2 distribution with n—2 d.o.f. This is because, if the regression
model is correct, the normalized sum of squares around regression

"1 SSAR
NSSAR = Y —[m+qzi —F) —u]* = —;

— =
o o
=1

constitutes a X? random variable with n — 2 d.o.f. To evaluate the goodness of fit it is
crucial to know the common value of the standard deviation o = 0.09, since we need to
determine the NSSAR, and not simply the SSAR. In the present case we have n = 26
data and the regression model is based on two parameters, ¢ and x; as a consequence, the
NSSAR obeys a X'? distribution with n—2 = 24 d.o.f. For the given sample the normalized
sum of squares around regression holds

SSAR  0.2809376284

NSSAR = =
R o? 0.092

= 34.68365782.

On the table of the upper critical values of X? with v = 24 d.o.f. we find

Probability {X? > 33.196} Probability {X? > 36.415}
0.10 0.05

so that a simple linear interpolation scheme:

33.196 0.10
34.6836 Q
36.415 0.05 34.6836 — 33.196  Q —0.10

36.415 —33.196  0.05 — 0.10

provides the required estimate of Q:

34.6836 — 33.196
= 0.10 + (0.05 — 0.10 = 0. 44517 .
@ * ) 36415 —33.106 (07689344517

A more accurate value of ) can be obtained by a numerical integration

+oo
Q = Probabilita{ ¥? > 34.68365782} = / paa(X?) dXx?

34.68365782

for instance by using the Maple command line

1 — stats[statevalf, cdf, chisquare[24]](34.68365782);
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which leads to the “exact” value ) = 0.0732313109. The goodness of fit of the regression
model is thus equal to about 7.3%, a value that , if the regression model were rejected,
would express the probability of a type I error.

Solution of Exercise 8

Let us denote with p; and s the mean values of the two samples, that is the “true values”
of electrical conductivity for the first and the second treatment, respectively. Let p = 11
be the number of data y1,...,y, of the first sample and g = 14 that of the data z1,..., 2,
of the second sample.

We want to test the hypothesis Hy : pu1 = po (the two treatments do not modify sig-
nificantly the electrical conductivity of the material) against the alternative hypothesis
Hi : py # pe (the two treatments yield materials with a different electrical conductivity).
The significance level we choose is of 5%.

Since, by hypothesis, the populations can be assumed to be normal but the variances are
not necessarily equal, the test variable is

y—z
B Lo 1o
—sy+§sz

and for Hy true follows approximately a Student distribution with a number of d.o.f. equal
to

2
(-
"= 1 <S§)2 1 <s§)2 .
N + - | =
p—1\p g—1\gq
In this case we get
1< 1<
7 = _Zyi — 5.572727 7 = _sz — 6.362143
X q “
=1 Jj=1

1

DI —7)? = 0.437422

‘an[\')
I
]
-M’B

s
I
—_

1

1 (zj —%)? = 0.916049

V)
n N
Il
Q
<.
-
i

so that the number of d.o.f. of the test statistics, if Hy holds true, turns out ot be

<0.437422 N 0.916049)2
11 14 _
n 1 <0.437422)2+ 1 <0.916049 5 = 22.7022297 .
10 11 13 14
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The rejection region writes

{t<—tpaymU{t>tn_ajm}

with o = 0.05 and n = 22.7022297, and therefore we need the t-value

ti—g](n) = t[0.975](22.7022297)

which obviously is not tabulated, as the number of d.o.f. is not an integer. From the table
we get, however,

t[0.975}(22) = 2.074 t[0_975}(23) = 2.069

and thus we can apply a linear interpolation scheme

22 2.074
22.7022297 | t[0.975](22.7022297)
23 2.069 92.7022297 — 22 t0.975)(22.7022207) — 2.074

23 — 22 - 2.069 — 2.074

which provides the relationship

22.7022297 — 22
23 — 22

and finally the required critical value

t[0.975](22.7022297) = 2.0705 .

The critical region of Hy becomes then
{t <-2.0705} U {t >2.0705} .

On the other hand, the test variable takes the value

D72727 — 6.36214
f 5.572727 — 6.362143 94339

1 1
— - 0.437422 + — - 0.91604
\/11 0.437 +14 0.916049

which falls within the rejection region of Hy. The values of electrical conductivity which
can be obtained by the two temperatures of treatment are significantly different, at the
significance level of 5%.
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The detailed calculations are illustrated in the table below:

y_i Z_ i Dy Dy~2 Dz Dz~2

5,52 6,33 -0,052727 0,002780 -0,032143 0,001033

6,30 5,89 0,727273 0,528926 -0,472143 0,222919

5,00 5,25 -0,572727 0,328017 -1,112143 1,236862

5,80 7,70 0,227273 0,051653 1,337857 1,789862

6,45 7,66 0,877273 0,769607 1,297857 1,684433

4,38 544 -1,192727 1,422598 -0,922143 0,850347

5,25 7,10 -0,322727 0,104153 0,737857 0,544433

6,02 7,48 0,447273 0,200053 1,117857 1,249605

4,77 5,95 -0,802727 0,644371 -0,412143 0,169862

5,68 5,05  0,107273 0,011507  -1,312143 1,721719

6,13 6,47 0,557273 0,310553 0,107857 0,011633

6,10 -0,262143 0,068719

5,24 -1,122143 1,259205

7,41 1,047857 1,098005
mean of y = 5,672727
mean of z = 6,362143
var. of y = 0,437422
var. of z = 0,916049
numd.o.f. = 0,0110666
dend.o.f. = 0,0004875
d.of. = 22,7022297
critical t = 2,0705
sample t = -2,4339

Remark

In the previous calculations we have assumed that the variances of the two statistical
populations are unequal. In principle, we could test such an assumption by using an
F-test. The test statistics is

F =

C/:)|Cn
W@ N

and the null hypothesis Hy : 0 = 03 is accepted, at a significance level o, if

Flajp-1,4-1) < F < Fli_g)(p-1,4-1) -

In this case the value of F' for our samples is

_0.437422

= — =04
0.916049 0477509

whereas p = 11, ¢ = 14 and a = 0.05. Therefore, the acceptance region becomes

0279081 - F[0.025}(10713) < F < F[0_975K10713) - 3249668
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since
F[0.025}(10713) = 0.279081 F[0.975}(10713) = 3.249668 .

The above critical values are not available on the table of the Fisher cumulative distribu-
tions and should be calculated by appropriate numerical tools. In particular, the following
Maple commands are applicable:

stateval ficdf, fratio[10,13]](0.025)

stateval ficdf, fratio[10,13]](0.975)

which provide Fjg.25)(10,13) and Fjo.975)(10,13), respectively. An alternative way to carry
out the calculation makes use of the Excel function FINV, which gives the inverse of the
Fisher cumulative distribution. Pay attention, however, that the Excel definition of the
Fisher cumulative distribution with (n1,ns2) d.o.f. takes the form:

—+ 00

PRl = / Ds o (F) dF

F
and differs from the usual one:

F
PTL1,TL2<F) = /pn17n2<F) dF
0

so that PnEl’f‘;gl(F) = 1 — Py, n,(F). As a consequence, the critical values Fjg.025](10,13)
and Flo.975)(10,13) that we need are obtained by digiting in an Excel worksheet cell the
commands

= FINV(0,975; 10; 13) = FINV(0,025;10;13)

respectively: the p-probability values 0.025 and 0.975 are interchanged.

However the calculation is made, since the value of the F' statistics falls within the accep-
tance region:
0.279081 < 0.477509 < 3.249668

we should conclude that the variances o3 and o5 are equal at the significance level o = 5%.

As a conclusion, a rigorous unpaired t-test with equal variances could be applied.

Solution of Exercise 9

In this case it seems natural to apply a paired t-test for the comparison of the means, be-
cause the quantity is measured prior to and after the treatment on each sample. Therefore,
values relative to the same sample will be coupled:

(y,-,z,-) izl,...,n

denoting with y; the values measured before the treatment and with z; those measured
after the treatment, on all the n = 8 samples. We check the hypothesis Hy : 1 = uo,
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that the treatment has no effect on the mean value of the measured quantity, versus the
alternative hypothesisHy : pu1 # pe that the claim is not true. The test variable is

T

t=+n

n

1
Y (yi—z—y+2)?

n—1

=1

which, for Hy true, follows a Student distribution with n —1 = 7 d.o.f. The critical region,

with significance level «, is of the form
{t < —tn-g1m-1} U{t = tp-g)m-1)}
and for n =8, a = 0.02 becomes

{t <—-2.998} U {t > 2.998}

since
ti-g1n-1) = to.99)(r) = 2.998.

In the present case, we obtain:

8
>z = 1.0188
=1

<
Il
| =
<
Il
e
(0]
>~
w
(0]
N
Il
o | =

while

1 .9 1
—— > (=% —F+7)° = = 0219600 = 0.03137143

=1

and therefore

1 n
S (i — 2z —y+7)? = V0.03137143 = 0.1771198

n—1

=1

so that the test variable takes the value

0.8438 — 1.0188
= . — —2. 4 .
=8 0.1771198 7946
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Here is the table of the detailed calculations:

y_i Z_i y_ i-z_i d_i =y_i-z_i - mean(y.z) d in2
1,02 1,16 -0,14 0,0350 0,001225
0,95 1,04 -0,09 0,0850 0,007225
0,73 0,85 -0,12 0,0550 0,003025
0,96 1,10 -0,14 0,0350 0,001225
0,79 1,09 -0,30 -0,1250 0,015625
1,01 0,93 0,08 0,2550 0,065025
0,42 0,95 -0,53 -0,3550 0,126025
0,87 1,03 -0,16 0,0150 0,000225
mean(y-z): -0,1750 st.dev.(y-z): 0,177120
Student t = -2,7946
mean(y) = 0,8438
mean(z) = 1,0188
var.(y-z): 0,03137143
st.dev.(y-z): 0,1771198

The calculated value does not belong to the rejection region, because
—2.998 < —2.7946 < 2.998,
and therefore we cannot exclude, with a significance level of 2%, that the mean value of

the quantity is the same before and after the treatment. The null hypothesis cannot be
rejected.
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